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INTRODUCTION

The International Baccalaureate is a high quality programme of study that tries to
bring together the best features inspired from various educational systems around the
world; the IB Diploma is recognized for university entrance in most countries. In this
book, past IB examination questions can be found in each of the Review Exercises
and the Problem Supplement. The questions have been selected from papers for
Standard Level Mathematical Studies (SMS), Standard Level Mathematics (S) and
Higher Level Mathematics (H).

The original edition of this book, published by Gage (Canada Publishing
Corporation) in 1989 was designed primarily to cover the Ontario Academic Credit
called Algebra and Geometry. It so happens that this course was almost entirely a
subset of IB Higher Level Mathematics at that time. The coverage of Vectors and
Complex Numbers is thorough, and clearly explained for students in their last years
of secondary education.

Teachers will find that the most relevant chapters for the IB HL Mathematics course

are 1, 3, 5 and 6, although some of the notions in chapter 2 are necessary. All Matrix
and Transformation work is found in chapter 7, and all Complex Numbers in chapter
10. Chapter 9 on Induction also covers a section of the IB HL Mathematics syllabus.

One characteristic of this book is that it tries to pay tribute, both by taking a historical
approach where appropriate (as in the case of Complex Numbers), and by mentioning
their names, to the many mathematicians who have led the evolution of these ideas
for the last 500 years or so.

The book was reprinted with modifications in 1994. Although it has become the
norm to publish entirely new textbooks as often as possible, then to discard them as
quickly as possible, the authors believe that the best textbooks are those that are
continuously revised, corrected, and updated.

The new text-searchable version of the book is now available on the web at
http://ginestier.hostned.ws

Jean-Paul Ginestier
Duino, Italy
August 2004
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Text Organization

¢ The text is divided into 10 chapters.

o In Search of sections within each chapter encourage students to
investigate and explore challenging topics individually, or in small
groups.

o Making Connections pages relate mathematics to other fields and
disciplines, and encourage a greater understanding of the nature and
purpose of mathematics.

e The problem supplement at the end of the text provides an opportunity for
students to synthesize the skills and ideas acquired throughout the
course.

o The answer key provides answers for all exercises, reviews, and
inventories, as well as for the problem supplement.

o The glossary provides definitions of relevant mathematical terms.
o The index lists topics and main concepts for easy reference.

Chapter Organization

e Each chapter begins with a discussion of a problem which can be solved
using the mathematics developed throughout the chapter.

e Teaching material is clearly separated from exercise material.
s Worked examples enhance the understanding of each topic.
e Colour is used to highlight generalizations, rules, and formulas.

» Mathematical terms appear in boldface type when they are first
introduced. All relevant terms are defined in the glossary.

e Italic type is used for emphasis.

¢ Exercise material is carefully sequenced from questions that utilize and
apply knowledge to those that develop critical thinking skills.

 The main concepts covered in each chapter are listed concisely in the
Chapter Summary.

e The Chapter Inventory provides students with an opportunity to test their
skills and understanding of the mathematical concepts in the chapter.

e The Chapter Review provides additional opportunities for students to
apply their problem-solving skills.

¢ IB questions (numbered in colour) are to be found at the end of chapters,
and in the problem supplement.
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CHAPTER ONE

Introduction to Vectors

In the first seven chapters of this book, you will be studying the algebra of
mathematical objects called vectors.

Vectors are among the most recent inventions in mathematics that you will
encounter in high school. Indeed, vector analysis was only fully developed
at the turn of the 20th century. Unfortunately, very few properties and
theorems in vector analysis are named after their originators. To compensate
for this, a short history of the development of vectors is presented here.

In 1843, the famous Irish mathematician Sir William Hamilton invented
an algebraic system that he thought could model any physical situation. He
called the elements of his algebraic system quaternions. (Complex numbers,
which you will study in chapter 10, form a subset of quaternions.)
Hamilton, with his followers, attempted to apply the theory of quaternions
to many areas in mathematics, and to use these to describe physical
phenomena. A movement was created, which kept quaternion theory in
the forefront of mathematical research until the end of the century.

Around the same time, the German mathematician Hermann Grassmann
published a treatise, called Die Ausdehnungslehre, discussing much more
general extensions of the number system than Hamilton’s quaternions.
(These extensions include complex numbers, quaternions, vectors, and
matrices. The general name for these objects is hypernumbers or holors.)
However, Grassmann’s work was considered incomprehensible at the
time of its publication, in 1844.

In 1881, the American mathematician Josiah Willard Gibbs, who was the
first professor of mathematical physics at Yale, used ideas based on the
works of Hamilton and Grassmann to publish a pamphlet called Vector
Analysis. At first, Gibbs’ ideas were rejected strongly by the supporters of
quaternions, who maintained that their theory was ‘complete’, and that
vectors were unpalatable ‘hermaphrodites’.

The self-taught English scientist, Oliver Heaviside, like Gibbs, found
quaternions unsatisfactory for the description of many physical
phenomena in mechanics and electromagnetism. Despite his lack of a
formal education beyond the age of 16, he started producing original and
entertaining scientific papers in 1872, at the age of 22. The works that he
published between 1893 and 1912 firmly established the superiority of
vectors over quaternions to explain electromagnetic theory.

Today, vector analysis is an important part of mathematics. Furthermore,
any physicist or engineer must have a firm grasp of the methods and
symbolism of vector analysis.
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HAMILTON was portrayed by a contemporary artist with his mace of office as President
of the Royal Academy of Ireland. He was Royal Astronomer of Ireland from 1826 to 1865.




4 Chapter One

1.1 What is a Vector?

In mathematics, you often deal with numbers. However, many of the
concepts used are not just numbers, or numbers alone. For example, lines,
points, sets, matrices are not numbers.

Vectors are objects that generally need more than one number, to be
defined. In this way, they are similar to points. However, vectors have
other qualities that make them radically different from points. The nature
of vectors should become apparent through the examples of statement$
below, as you shall see presently.

Note: Each statement makes use of a single number.

She is 60 km out of town.

The wind is blowing from the northeast (that is, from bearing 045°).
The elevator is stuck on the 12th floor.

The temperature in the office is 25°C.

The truck drove 5 blocks away from the Post Office.

The rocket moved in a straight line away from the earth with a speed of
5000 km/h.

R SR

Some of these statements require more information to be complete,
whereas others do tell you everything you want to know with the single
number gontained. You will see the idea of a vector emerging from those
statements which appear incomplete.

In 1, you need to know in which direction the 60 km is; thus you need to
know another number, the bearing. (The bearing of a object is its direction
measured clockwise from north in degrees, and expressed as three digits.)

N
RW g0 kM 080"
—— ’V’
town [

The diagram indicates that she is 60 km out of town, on a bearing of 080°.
You need the two numbers, 60 and 080. The 60 km describes her distance
from the town. The two numbers 60 and 080 describe her displacement
from the town.

In 2, you know where the wind is coming from, but you do not know its
speed. The statement is incomplete. You need another number.

N ,,
s/ / from 045°
/ P / r
¥’ ¥’
¥ ¥
The diagram indicates a speed of 15 km/h as well as the bearing 045°.
1 cm represents 10 km/h.
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In 3, you do have complete information. 2
The single number 12 tells you ¥
exactly where the elevator is. ]

In 4, you again have enough information.
The single number is 25.

In 5, direction must be considered.
After travelling 5 blocks, .
the truck may be ™
in many different places.

If it is at point P as the diagram indicates, it would be more informative to
have, for example, the two numbers 3 and 2. These numbers tell you
respectively how far west and south it is. Or, the two numbers could be the

length of OP = V32 + 22 = V13, and the bearing of OP, namely 236°.

In 6, besides the number 5000 representing the speed, one or two other
numbers indicating the direction of travel of the rocket would be needed.

R

rocket

Observe the following about the preceding examples: Whenever more than
one number was needed, a specific direction was involved, and it was
convenient to draw a line segment with an arrow on it.

These ‘directed line segments’ represent vectors.

» head ortip

nde
tail naont
/

¢ The length of the directed line segment represents the magnitude of the vector.
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NOTATION

In the diagram, the directed line segment CD is twice as long as the
directed line segment AB. If AB represents a magnitude of 5, then CD will
represent a magnitude of 2 X 5 = 10.

o |

A

o D
The direction of the line segment, as indicated by the arrow, represents the

direction of the vector.

(Any two parallel lines with arrows pointing the same way are said to
define the same direction.)

Thus,

§ ide eClic U

A directed line segment gives you a ‘picture’ of a vector. The vector can
also be represented by two (or more) numbers, as you saw in the examples.
You will be investigating that type of representation further in section 1.3.

A vector can be represented by a single letter like this: v. Note that an
arrow is put over the “v”; this is to indicate that v represents a vector.

A similar notation is also used for the vector u represented by the directed
line segment joining a point P to a point Q: you can write u = PQ.

Note: In some texts, vectors are represented in bold print, without an
arrow, thus: v.

The length or magnitude of a vector is a real number. (Any real number is

called a scalar, to distinguish it from a vector.) The length of the vector v

is denoted by |v]. The length of the vector PQ is denoted by |PQ|.

Note: In some texts, the length of the vector vis represented by v, and the
length of the vector PQ by PQ.
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An Important Property of Vectors

Take another look at the directed line segments representing the vectors in
the examples 1, 2, 5, and 6 above. In statement 2 about the wind, many
directed line segments were drawn, although there is only one ‘wind’!
This indicated that the wind does not blow on only one point. The
directed line segments all represent the same vector.

Indeed, one of the most important attributes of a vector is that it has
magnitude and direction only. It does not have a particular place. Because a
vector can be represented by any one of a family of directed line segments
having the same length and direction, the following is true.

A veclor is everywhere. A directed line segment representing a vecior can be
drawn where you want.

Translations and Vectors

You have studied translations before, and you will be seeing them again in
more detail in chapter 8.

A translation is a transformation in which a figure or an object is moved
to any other position, without altering its shape or size and without turning.
(Instead of saying that an object is translated, you can say that it is shifted
or displaced.)

y

, g
T/ o

For example, the triangle ABC is translated to the triangle A’B’C’ in the

xy-plane above. The translation is depicted by the vector v.

Indeed, there is a one-to-one correspondence between translations and
vectors. It may help you to understand better that a vector is everywhere if

you imagine translating the entire plane with the vector v, then drawing
the infinite number of equal directed line segments showing the
translation of every point in the plane.

O — —_— ——=

Here, v=AA" = BB’ = CC’, etc.
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DEFINITION

Example

Solution

SUMMARY

Thus, any directed line segment with the appropriate magnitude and
direction will represent the vector correctly. This leads to the following
definition of the equality of vectors.

Two vectors are equal if and only if they have the same magnitude and the
same direction.

Alternatively,

two directed line segments that have the same length and the same
direction represent the same vector.

Given AB = u,|CD| = |u|, PQ = v, with line segment PQ parallel to line
segment AB, as shown.

B
) Q
v v
C
P
A

Justify the following: a) AB + BA
b) CD*u
c) uxv

a) Although |AB| |BA| the direction of ABis opposite to the d1rect10n
of BA. Therefore the directions are not the same. Thus, AB * BA
b) CD and u have different directions, thus are not equal.

¢) |u|+#|v| thatis, u and v have different lengths. Thus u and v are
notequal. M

Any number of parallel lines with arrows pointing the same way define a
particular direction.

A vector is everywhere; it can be represented by any directed line segment
which has the correct magnitude and direction.

Equal vectors have the same magnitude and direction.



1.1 Exercises

1. Which of the following should be

represented by vectors?
‘a) weight
b) frequency

-¢) velocity
d) volume (of a solid)
e) volume (of a sound)
f) age
g) temperature change
h) distance

- i) displacement
j) capacity

-k) force

~1) acceleration

2. Most calculations done on a small scale,
compared to the size of the earth, assume
that the earth is flat.

With that assumption, which of the
following can be considered directions?
a) east c) downtown
b) up d) next door

In reality, knowing the earth to be
approximately spherical, which of the
above are directions?

3. If |;| = 2, state the value of the following.
a) |ul b) [w| c) |AB|
— "

N

4. A directed line segment of length 0.5 cm
pointing directly downwards represents a
weight of 10 newtons (N). Use the same
scale to draw directed line segments to
represent the following.

a) Juan is pushing upward with a force of

100 N.

b) Helen is pulling a sled westward with a

force of 80 N.
c) The briefcase weighs 25 N.

1.1What is a Vector? 9

5. Given that AB = v and PQ = v, what can you

say about the line segments AB and
PQ?

. a) If;—v, does it follow that|;|=|;l7

Explam

b) If|u|—|v| does it follow that u = v?
Explain.

. The vector representing the displacement

from Montréal to Québec can be described
by its magnitude, namely 245 km, and its
bearing, namely 041°. Describe in a similar
manner
a) the displacement from Québec to
Montréal,
b) the displacement from Québec to
St Célestin, given that St Célestin is
exactly halfway between Montréal and
Québec.

8. State, with reasons, whether or not the

following pairs of directed line segments
represent the same vector.

a) d) /
7 X
b) e)

A\N |
<) 4:

f)
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10.

11.

12.

Chapter One

. ABCD is a square. State, with reasons,

whether or not the following statements
are true.

a) Ac=BD
b) AC=DB
¢) |AC|=|BD|

Given that M is the midpoint of segment
PQ,

a) give reasons why QM = MP

b) state any other vector equality from the

diagram.
P

o'/,w'/‘

In the triangle ABC, P is the midpoint of
AB, and Q is the midpoint of AC. If AP =u
and AQ = v, express PB and QC in terms of
.
v

u and v.
u
y A

/ Xo

o
PQRS is a parallelogram whose diagonals
intersect at I. Assuming all the properties

of a parallelogram, state, where possible,
another vector equal to

B

a) PQ d) RQ
b) PR e) IQ
c) PI f) sQ
S R
I
Q

13. In question 12, if|PQ| = 5,|PS| = 4, and
|PI| = 3, state the value of each of the

following.
a) |QP| b) |QR| c) [|RI|

14. OADBECFG isa rectangular solid where
0A = a OB = b and oc= c. Name all
the other vectors equal to a, b and c

c E
F G!
ic
| b
a -0 - B
A D

15. For each of the following, name and draw
three representatives of the vector depicting
the translation from figure f to figure f’,
whereA — A’, B — B/, etc.

a)
f c
f c A,ﬁ \ 5
A B
b)
f % 2 Q
P R Pe SR
S S

16. In question 15 a), what would the diagram
look like if all the possible representatives
of the translation vector where drawn?
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1.2 Three-dimensional Space

Vectors can be represented by directed line segments. In two dimensions, a
directed line segment drawn on a page represents a vector. In three
dimensions, a vector could be modelled by a pencil held above your desk,
with the point indicating the direction of the vector. To understand
vectors better, you need familiarity with three-dimensional space,

and with diagrams on a plane surface that represent three-dimensional
objects. You must learn how to represent three-dimensional objects

on paper, so as to produce a visual impression of the third dimension.

In two-dimensional coordinate geometry, or 2-space, you are accustomed
to the xy-plane. The figure shows how the point A = (5,2) is represented.

The x and y axes are both real number lines. Thus, the set of points in this
plane can be called R x R or R?, that is, the set of all ordered pairs of real
numbers.

In three-dimensional coordinate geometry, or 3-space, you use three
mutually perpendicular axes x, y, and z. The xy-plane becomes part of the
Xyz-space. By convention, you put the y and z axes on the paper, and you
try to give the impression of the x-axis rising out of the page at right angles
to the paper.

The coordinate system using the triple (x,y,z) is said to form a
right-handed system. Use your right hand as a model. Stretch out the
thumb and the first two fingers. Let the positive x-axis be represented by
your thumb, and the positive y-axis by your first finger. Then the direction
of the positive z-axis will be represented by your second finger.

Z |
1o0
e B T | ——
e
5
X A

If you followed the same instructions, using your left hand instead of the
right, you would find the z-axis pointing in the opposite direction. That is
why it is important to define the triple (x,y,z) in a foolproof way. If you use
an (x,y,z) system, instead of saying that the point A of the xy-plane has
coordinates (x,y) = (5,2), you say that its coordinates are (x,y,z) = (5,2,0).
The point B, shown on the same diagram, has coordinates (5,2,3).



12 Chapter One

3-space is not difficult to imagine, since it is all around you. In fact, any
rectangular room, such as your classroom, gives you a good framework for
imagining a 3-space coordinate system.

In the drawing shown, Maria is sitting at her desk, facing the blackboard.
There are windows on the wall to her left. The corners are represented by
the letters as shown. If you choose the point O as origin, then you could
represent the x-axis by OA, the y-axis by OC, and the z-axis by 0G.

A

In this figure, the floor OABC is the xy-plane; here, every point has
coordinates (x,y,0).

The blackboard wall OCFG is the yz-plane; points here have coordinates
0,y,2).

The window wall OADG is the zx-plane; points here have coordinates
(x,0,2).

Once you have specified a unit of measurement along the axes, any point
in the room can now be described by its three coordinates.

For example, suppose you choose the unit as 1 metre. Maria’s left hand, L,
is 3 m from the blackboard, 2 m from the window wall, and 1 m above
the floor. Hence the coordinates of L are (x,y,2) = (3,2,1).

The drawing of the classroom above illustrates the three essential rules of
mathematical 3-dimensional drawing.

For a 3-dimensional mathematical drawing;:
1. do not overlap distinct lines

2. keep verticals vertical

3. keep paraliels parallel

It is especially important to mark right-angles according to these rules.
Observe how some of the right angles at 0, A, B and C are marked in the
figure. Incorrectly drawn right-angle markers can lead to very confusing
3-D drawings. Producing a good drawing is more of a challenge in 3-D
than in 2-D. It requires practice, and sometimes more than one attempt.
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So far you have only looked at positive values along the axes of your 3-space.
In the diagram above of a classroom, any point in the room could be
specified by its three positive number coordinates.

How can you represent the points outside the room?

If you use negative numbers too, a 3-space coordinate system will allow
you to specify any point in space, in the same way that a 2-space
coordinate system allows you to specify any point in its plane.

The two-dimensional plane is divided by the axes into four quadrants.
Points whose coordinates are all positive are found in only one of these
quadrants.

Y | positive coordinates 4
in this B .
quadrant 0 positive coordinates

= X / in this y
octant
X
Three-dimensional space is divided into eight octants (from the Greek

“octo”, meaning eight). Points whose coordinates are all positive are
found in only one of these octants.

The set of all points in 3-space, regardless of the signs of their coordinates,
is called R X R X R or R>.

Plot the points A = (2,—3,—4) and B = (-1,5,6) in a 3-space coordinate
system, and draw the segment AB.

To locate A, proceed 2 units along the positive x-axis, then 3 units parallel
to the negative y-axis, then 4 units parallel to the negative z-axis.

-

B is located in a similar fashion.
The points A and B can be joined to obtain the segment AB. MW

Note: From the diagram, it looks as if AB passes through 0. However, this
is not the case; but this does show that you can sometimes have
difficulty in interpreting a 3-dimensional drawing. You must
beware of the pitfalls of a drawing in perspective.

You cannot yet prove that AB does not pass through 0. However, the
methods shown in chapter 5 will allow you to do that.
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terdi > .

Look again at your classroom. Without making any specific reference to
the ‘origin’ and the ‘axes’, you can discover other important facts about
lines and planes in 3-space.

L

You know that any two distinct points determine a straight line. Similarly,
any three distinct points, not all on a single straight line, determine a plane.

B4

In the classroom drawn below, whenever you name any two points, you
are identifying a unique line containing those two points:

“the line AE” (a diagonal across the back wall).

Whenever you mention three points, you are identifying a unique plane
containing those three points:

“‘the plane AEB” (the back wall).

A

§
tions

You can see that the plane of the ceiling (EFG or DEFG) and the plane of
the floor (OABC) never meet. These are parallel planes.

However, the floor and the front wall (OCFG) do intersect. The points of
the straight line OC lie in both of these planes, as the diagram shows.

intersection

Two planes are either parallel, or they intersect in a straight line.

Since any straight line can be the intersection of two planes, the following
converse is true.

Any straight line is contained in an infinite number of planes.
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Intersections of Lines

In the drawing of the classroom, the lines BC and CF meet at the point C.
Note that they are in the same plane BCFE.

The lines BC and EF are parallel—they never meet.

Although the lines BC and OG never meet, they do not seem to fit the
notion of ‘parallelism’. Indeed, they are not parallel, and they do not
intersect. Such lines in space are called skew lines. You can draw skew

lines as follows.

Two distinct parallel lines in 3-space never meet, but are in the same plane.
This is not the case for BC and 0G, so they are skew. On the other hand,
the lines BC and EF, which also never meet, are in the same plane BCFE, so
they are parallel.

Given two distinct lines, L, and L,, in 3-space, there are three possibilities.

1. L, L, meet; therefore they define a plane. They are coplanar.
2. L,, L, are parallel; therefore they do not meet, but they are coplanar.
3. L, L, are skew; they do not meet, and they are not coplanar.

Intersections of Lines and Planes

In the drawing of the classroom, the line CF meets the floor OABC at the
point C.

In general, a line intersects a plane in a single point. The diagram shows
the line L crossing the plane IT at the point A. (The dotted line indicates
that part of L which is behind I1.) A line perpendicular to a plane is
perpendicular to all the lines in that plane.

PR - l A4 _iL Z,
L
|

: .
Some lines and planes never meet. For example, the lines EF, ED, DF never

meet the plane of the floor. In these cases, the line is said to be parallel to

the plane. .
—— line

o4

Three distinct points, not on the same straight line, determine a plane.
Two planes are either parallel, or intersect in a straight line.

Two lines which are neither parallel nor intersecting are skew.

A line is either parallel to a plane, contained in the plane, or intersects the
plane in a single point.
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1.2 Exercises

(The diagram is to be used to answer
questions 1-4.)

. Above is a drawing of a rectangular box
PQRSWTUYV. A is the midpoint of segment
PT, and B is the midpoint of segment RV.
State two lines parallel to each of the

following.
a) TW b) ws c) PR
. State two lines perpendicular to each of the
following.
a) TW b) WS c) AB

. State whether the following pairs of lines
are parallel, intersecting, or skew.

a) TQand WR d) PVand QS
b) TQand SV e) PVand QW
¢) PWand QW f) ABand SQ

. Copy the above drawing and join the line
AB. Does the line AB really pass through $?
What could you do to enhance the
three-dimensional drawing, indicating
precisely whether or not S is on the line
AB?

. ABCDT isa right square pyramid. It is called
“square’’ because it has a square base
ABCD, and “right” because its apex, T, is
vertically above the centre of the base.

10.

11.

12.

a) Draw the pyramid, and locate the centre
0 of its base (the intersection of the
diagonals AC and DB).

b) Join TO, and mark the right angles TOA
and TOD.

¢) Given that M is the midpoint of BC,
join OM, and MT. Mark the right angle
in the triangle TOM.

. In question 5, if AB= 6 cm, and TO = 4 cm,

use the theorem of Pythagoras to calculate
the exact value of the lengths of TM and TB.

. In question 5, name the following.

a) two skew lines
b) the three planes intersecting at point B

Plot the following points in R’.

A(1,1,1)
B(2,0,0)
(0,3,0)
D(0,0,-1)
E(2,0,-3)
F(0,-2,5)
G(-3,-3,-3)
H(1,2,-5)
J(-1,2,5)

. R’ is divided into eight octants. State the

signs of the coordinates (x,y,z) of a point in
each octant.

State the condition that must be satisfied by
the coordinates (x,y,z) of a point

positioned as follows.

a) on the x-axis

b) on the y-axis

¢) on the z-axis

State the condition that must be satisfied by
the coordinates (x,y,z) of a point

positioned as follows.

a) in the xy-plane

b) in the yz-plane

¢) in the zx-plane

How would you describe the set of points
P(x,y,7), given that x = y?
Draw this set in R,
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In Search of Trigonometry as an Aid
To Visualization of 3-Space

The use of trigonometry to solve triangles that occur in three-dimensional
situations should help you to visualize and familiarize yourself with
3-space concepts. To solve triangles that are not right-angled, you can use
the sine law and the cosine law. You will find these described on

page 542.

Examine the following examples and their diagrams very carefully. The
examples should help you to grasp some intuitive notions about angles in
3-space.

Given the rectangular box shown, find, correct to the nearest degree, the
angle between H G

a) the lines BG and BF 715 em
b) the lines BG and BE £ Jﬁ
c) the line BH and the plane ABFE % Ay B
d) the planes ABGH and ABFE. D < 6
0 5cm
/
& 4cm .
a) Since F is a right angle, you can apply trigonometry to the right
triangle BFG. The angle required is  where tanf = % = % =0.4

hence 6 = 22°,

b) The angle ¢ between BG and BE is in triangle BGE which is not a right
triangle. You can use the cosine law to find ¢, if you can determine the
sides BG, BE and GE.

BG is the hypotenuse of the triangle you used in part a), that is, triangle
BFG, thus BG* = BF* + FG* = 5? + 2? = 29, 50 BG = v/29.
Also, the triangle BFE (on the ‘floor’) is right-angled at F, as is the triangle
EFG (on the ‘front wall’). You can find the lengths BE and EG in the same
way.
BE* = BF* + FE* = 5% + 4% = 41, so BE = V41
GE* = GF* + FE* = 2* + 4% = 20, so GE = v 20.
Finally, you can apply the cosine law to the triangle BGE to find the angle ¢.

GE’ = BE* + BG* - (2)(BE)(BG)cos ¢

20 = 41 + 29 —2v41 V29 cos ¢

hence cos ¢ = 41429 ~20) _ 725 01s.. .
2vV41 V29

giving b = 44°,
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c) If you hold your pencil against the paper you are writing on, you will
notice that there are many different angles between the pencil and the
paper. Similarly, there are many different possible angles between BH
and the ‘floor’ ABFE. It depends on which line from B you choose in
the floor!

The angle between a line and a plane means the smallest possible angle
between the line and the plane. This angle will be found between the line
and its perpendicular projection on the plane. In our example, it is the
angle y between BH and BE. Note that BEH is a right triangle. Thus

tany = EH_ 3., _ 0.3123..., soy=17°.
BE /41
H ) — G
N\ 2cm
E b F
v / £\ y 5cm
."" N
A 4 cm B

(In the activities you will be calculating the angle between BH and BF, and
the angle between BH and BA. You will find that both of these are greater
than 17°.)

d) The angle between two planes I1, and I, can be found as follows.
1 Find the line of intersection, L, of the two planes.
2 Choose a point on L, that you will use to find
a line perpendicular to L, in I1;, and a line perpendicular to L, in IL,.
3 The angle between those two lines is the required angle.

point chosen

In Example 1, the line of intersection of the planes is AB. If you choose B
as the point on this line, BF and BG are lines which obey the above
criteria. Thus the angle required is 6, calculated in a) as 22°. |



In Searchof 19

Examp|e 2 The CN tower in Toronto is 553 m high. A person in a boat on

Solution

SUMMARY

Lake Ontario, at a point B due south of the tower, observes the top T of the
tower at an angle of elevation of 8°. At the same time, another person,

ata point C on a bearing 095° from the tower, observes the

angle of elevation of T to be 11°.

Calculate the distance BC between the two people, correct to 3 significant

figures.

Your diagram must indicate bearings at ground level, as well as a vertical
tower. Look carefully at the features of the diagram.

T

East

South

Denote the distance of the first person from the base of the tower by x, and
the distance of the second person from the base of the tower by y.

From right triangles BAT and CAT respectively,

tan 8° = =) andtan 11° = cEE)
x y

thusx = —=>> — 23935 m,andy= —>> 2945 m.
0.1405. .. 0.1943. ..

Note: The distances x and y are written here to 4 significant digits for
clarity of reading. You should retain the actual values using the full
accuracy of your calculator for subsequent use of x and y.

You can now find the distance d between the people by using
the cosine law in the surface triangle BAC. Note that the angle opposite d is
180° — 95° = 85°.

& =x*+ y* — 2)(x)(y) cos 85°

=21625032.67 using full calculatc
sod = 4650 correct 1o 3 s
Thus the distance between the two people is about 4650 m. =]

The angle between a line and a plane is the angle between the line and its
perpendicular projection on the plane.

The angle between two planes I1, and I, is the angle between a line in IT,
and a line in I1,, each line chosen to be perpendicular to the
line of intersection of the planes.
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Activities H @
2cm
Bl e F
D o C
M 5em
4cm B

Give all angles correct to nearest degree, and all lengths correct to
3 significant digits.

1. Given the rectangular box shown, where M is the midpoint of AE,

find the following.

a) the angle a between the lines BH and BF

b) the angle f between the lines BH and BA

¢) the angle y between the lines BH and BM

Note: All your answers should be greater than 17°, which is the value of

the angle between BH and BE, that is, the angle between BH and the
plane ABFE.

2. Given aright pyramid ABCDT, on a square base ABCD, with
AB = 6 cm, and height TO = 4 cm, calculate the following.
a) the angle TAB
b) the angle § between a slant edge (such as TB) and the base ABCD
c) the angle ¢ between a slant face (such as TBC) and the base ABCD.

3. A plane sheet of plywood measuring 1.2 m by 2.4 m is inclined with
its shorter edge at an angle of 30° to the horizontal.
a) How high is the top edge of the plywood?
b) Calculate the angle between a diagonal of the sheet of plywood
and the horizontal.

4. A woman on a frozen lake observes the top of a radio tower, due
north of her, at an angle of elevation of 21°. She then skis for 500 m
on a bearing 065°, and finds herself due east of the tower. Calculate
the following.

a) the height of the radio tower
b) the angle of elevation of the top of the tower from the second
point of observation

5. A flagpole is placed at one corner of a courtyard 25 m long and
20 m wide. The angle of elevation of the top of the flagpole from the
opposite corner of the courtyard is 18°. Calculate the height of the
flagpole, and the angles of elevation of the top of the flagpole from the
other two corners of the courtyard.

6. The angles of elevation of the top T of a vertical post TO are observed
to be a and S from points A and B due west and due north of the post.
If the distance AB = d, show that the height of the post is
d

V(cot* & + cot* ff)
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1.3 Vectors as Ordered Pairs or Triples

A point in a plane coordinate system can be represented by an ordered pair

Draw the vector OA.

This vector, represented by a directed line segment joining the origin O to
a point 4, is called the position vector of point A. Recall from section 1.1
that vectors can also be represented by two (or more) numbers; here, you

could represent vector OA by the same ordered pair, (5,2), as point A. But
beware: it is very important to distinguish between vectors and points.
When writing vectors as ordered pairs, an arrow notation will therefore

be used, as follows: vector 0A = (;i), as distinct from the point A = (5,2).

The entries for the vector OA are called components.
The entries for the point A are called coordinates.

In some texts, vectors as ordered pairs are written as columns, in order to

be distinguished from points, as follows: 0A = [;:I

Indeed, you will be using this notation for vectors in chapters 7 and 8.

Other texts use square brackets for vectors as ordered pairs. Yet others
make no distinction between representing points or vectors. In these texts,
the reader must be vigilant as to which is which, noting the distinction
from the context.

Unfortunately, there is no standard notation. As a student of mathematics,
you should familiarize yourself with the different representations in use.

The vector v, equal to the position vector OA, can be drawn wherever you
like. In other words, it can be represented by any directed line segment
parallel to OA, pointing the same way as OA, and congruent to OA.

V=0A=CD=EF=GH=AB=(5,)
oy Y]

inse=2

In each of these cases, the run from the tail of the vector to the tip is 5, and
the corresponding rise is 2.
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Because vectors can be drawn anywhere, you can draw a vector expressed
as an ordered pair using grid lines only, without an x-axis, a y-axis, or an
origin. The diagram shows the following vectors:

a=G2)
b=(-2,4)

—

I
—
W
~
=]
~

|

TN’
I
—_—
=
|
N
S

|

o
I
T
W
i
|
1=
o

A corresponding result holds in 3-space. Draw the xy-plane in perspective,
with the x-axis coming out of the page, at right angles to it. Again, draw

the vector v = OA.

Because a vector can be drawn where you want, as long as it has the

correct magnitude and direction, the vector v can be represented by
directed line segments hovering above or below the plane, as you can see
from the second diagram.

If you now think of A as a point in 3-space, you would call A by its three
coordinates (x,y,2), thus: A = (5,2,0).

The vector 071, which is the position vector of the point A, would be
represented by an arrowed ordered triple, thus: OA = (5,2,0)

The coordinates of point P(2,3,—4) in the figure are the numbers 2, 3, and -4.

The components of vector 0P = (2,3,—4) are also the numbers 2, 3 and —4.
2 4

Bl . 4P
In general, the point P(a,b,¢), defined in a 3-space coordinate system with

origin 0, has position vector OP = (a,b,c,).

Similarly, the point P(a,b), defined in a 2-space coordinate system with
origin 0, has position vector OP = (a,b).

— - —

The abbreviations OP = p, 0Q = q etc., are often used in problems that
involve the position vectors of different points.
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The set of two-dimensional vectors, or vectors in 2-space, will be
designated by V,.

The set of three-dimensional vectors, or vectors in 3-space, will be
designated by V,.

Equality of Vectors

You saw in section 1.1 that vectors are equal if and only if they have the
same magnitude and direction. Thus, two equal vectors can be represented
by a directed line segment from the origin to the same point, and hence by
the same ordered pair. This leads to the following.

Inv,, (a—,l;) = (;;) ifandonlyifa=randb=s

Similarly, in Vv;,

—

(abec)=(rstyifandonlyifa=randb=sandc=t

Length of a Vector
The length of a vector is defined as the length of a directed line segment
which represents the vector.

Note: The length of a vector is sometimes called its ““magnitude” or its
‘‘norm.”

First, look at an example in 2-space.

Find the length of the vector V= (ﬁ).

v can be represented by 5;, the position vector of the point P(2,3).

— ~
You need to find |OP| = the length of line segment OP.

By using the theorem of Pythagoras,
[vf =|OPF = 2%+ 3% so

Iv| =|0P| =v27 + 3* =13,

In general, in V,,
if v=(xy), then|v|=Vx*+y? V w

A similar result is true for the length of a vector in 3-space.
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Examp|e 2 Find the length of the vector ; =(2,3,4).

Solution ; can be represented by 5, the position vector of the point P(2,3,4).

In the diagram, 0A = CB=2, 0C = AB = 3, and OD = BP = 4. You need to
find |p| =|OP| = length of segment OP.

From the right triangle OBP, OP* = OB* + BP?

but from the right triangle OAB, OB* = 0A® + AB?
= OP* = 0A* + AB* + BP?

and since BP = OD, AB = OC, then OP* = 0A* + OC* + OD*
or |OPF = 2>+ 3%+ 4%=29
thus Ipl=l0P|=v29. W

In general, ifa; = (x,y,z), then 0A = x, OB = y, and OC = z; you have the
following result in V;.

Ifv= (x,y,2), then ICI =Vx'+y'+ 7

X

SUMMARY If Pis a point in a coordinate system of origin O, then E’ is called the
position vector of P.
in 2-space in 3-space
If P = (a,b), then OP = (a,b) If P = (a,b.c.), then OP = (a,b,c)
Vectors (ﬁ) = (;) if and only if Vectors (a,b,c,) = (m) if and only if
the numbersa=rand b =35 the numbersa=r,b=sandc=¢
The length of v= (a) is The length of V= (x,y,2) is

lv|=\/x2+yl lv]= /x2+y2+zl
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A A A A s s

. Write the vectors a, b, ¢, d, s, t,

T (SN

u, v, w represented below, as ordered
pairs.

. On a grid, draw six dlrec[ed lme segments
representing the vector u = (6 2).

. Repeat question 2 for the vector
v=(-3,-5).

—

. Usea grid to draw the vectors a= (3 4),
=(4,-1), c—( 2,5), andd—( 1,-1).

PG

: Calcula[e the lengths of the vectors a, b,
c, and d of question 4.

. a) Given the point P(4,-3), draw the
position vector 5

b) If 70 = (Tj), state the coordinates of
the point Q.

c) If OR = (0,2,—2), state the coordinates
of the point R.

. In a 3-space coordinate system, draw the
position vector p of the point P(2,3,5).

.a) Ona grld draw pomts A, B, and Csuch
that AB = (4 3) and BC = (1 —5)

b) Useyour drawing to express ACas an
ordered pair.
c) Conjecture a rule by which the

components of AC can be obtained

from the components of AB and of BC.

10.

11.

12.

13.

14.

15.

16.

18.
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. A point P, whose position vector is

OP = (1,2), is translated to position P’

according to the vector v = (4,1). What are
the coordinates of P’?

N

Show that the length of v= (; —§> is

1 unit. (v is known as a unit vector.)

Given that OP = (2,x) and that|OP|= 5,

calculate x.

Given thatu = (2,3) and v = (n,-1),
calcula[e the following.

MIM

b) n, given tha[|u| |v|

The position vector of P is OP = (x,y,2).

Show lha[|ﬁ| =vxt+yi+ 2

In a certain city the blocks are 100 m
square. You walk, from a point 0, 4 blocks
east, then 3 blocks north, to arrive at a
point P.
a) How far have you walked?
b) What is the (direct) distance

from O to P?

The vectors ; = (3_,);) and E = (w,—6) are
equal. State the values of x and w.

The vectors a = (2 —1,k) and b= (m,n,7)
are equal. State the values of k, m and n.

. u= (2h=k,~3), and v = (4,h + k). Given

that u = v, calculate the values of # and k.

Use a 2-space coordinate system to find the

vector PQ given the following points.

a) P(0,0),Q(3,2), d) P(3,2),Q(-1,2)
b) P(3,2),Q(0,0), e) P(5-2), Q(-1,-3)
¢) P3.2),Q47) f) Pab), Q.d)
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1.4 Vector Addition

You know that vectors can be represented by directed line segments, or by
ordered pairs or ordered triples of numbers. Vectors will be more useful to
you once you can combine them according to certain operations.

The first operation you will learn will be vector addition. Recall that there
is a one-to-one correspondence between translations and vectors.
To find a definition for the addmon of two vectors, consider two

translations, represented by vectors u and v, performed in succession.
(This is sometimes called the composition of two translations.)

Recall that a vector can be drawn anywhere. To find a vector that
Tepresents the result of performing these translations in succession, let

u= 0P and v PQ Then

the translation from O to P (vector; = 07)
followed by

the translation from P to Q (vector v = PQ)
gives
a “resultant’’ translation from O to Q (vector 0Q).

This idea suggests the following definition of vector addition for vectors
represented by directed line segments.
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DEFINITION Given any three points O, P, and Q: §+E=56

This definition is also called the triangle law of vector addition.

This law states that, if two vectors are represented by directed line
segments such that the tail of the second is the same point as the tip of the
first, then the directed line segment from the tail of the first to the tip of
the second represents their vector sum.

Note 1 Because a triangle is always in a plane, the triangle law works in
V3 as well.
2 If you consider the vectors as displacements, then the resultant or
sum vector is the short cut from the initial point
to the final destination.

Example 1 Given the vectors 4 and v shown, draw a directed line segment
representing the vector u + v,

~

Solution  You must draw at least one of the vectors again, so that the tip of u is
coincident with the tail of v. (It does not matter where you draw them).

The following example will suggest a rule for vector addition for vectors
represented by ordered pairs.
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Example 2

Solution

DEFINITION

DEFINITION

Example 3

Solution

Example 4

Solution

Given the vectors u= (ﬁ) and v= (5,—4).

a) Usea grld to draw u and u wherever you wish; then draw them again
so that OP = u and PQ =v.
b) Express OQ = u + v as an ordered pair.

¢) State an algebraic relationship among u, v, and u + v.

b) @i;+i= (ﬁ)
c) u+tv=023)+5,4)=2+53+(-4)=(7-1). N

It appears that the resultant vector can be obtained in component form by
adding the first components of # and v, then the second components of

u and v.

This leads to the following definition of vector addition in V,, for vectors
represented by ordered pairs.

(@b) + (0.q) = (@ + pb + 9)

Similarly, the definition of vector addition in V; for vectors in component
form is as follows.

(abey+pgr=@+pbtqgctr)

_ .

Given p = (-5,6), 4 = (4,3), and u = (2,3,4), w = (—1,1,5) find

a) ;+Z’ b) ;+;;

a) p+4=(-56)+(23) b) +w = (23.4) + CL15)
=(-5+4,6+3) =2+ (D3 +14+5)
= -(1,49 ®N

An object is displaced according to the vector u = (4,7), then according to
the vector v = (1,—6). What is the resultant displacement of the object?

The resultant displacement is given by u + v

wtv=@&N+(1,-6)= @+1,7-6)=(5,1). W
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Given u = (2,-1,-6), v= (2,5,x), and ; +v= (y,4,-3), calculate the
values of x and y.

U+ v=(2-1,-6)+ (2,5%) = (2 + 2,1 + 5,6 + x) = (4,4,-6 + x)
butu + v = (y,4,-3),
so (4,4,—6 + x) = (y,4,-3).

Thus, from the definition of equality of vectors,
y=4,and -6+ x=-3sothatx=3. W

Note: The calculation of the middle component, 4, confirms that the
arithmetic is correct.

A mathematical object that can be represented by directed line segments,
or by ordered pairs or ordered triples of numbers, is a vector provided that
it obeys the laws of addition defined above.

Such a vector is the ordered triple used to describe the monthly sales of a
realtor, for example,
v = (h,c,b), where h = number of houses sold

¢ = number of condominiums sold

b = number of business locations sold.

Suppose a real estate agent, Jessie LaRue, made the following sales in the
winter of 1989:

in January, j = (2,1,1,),
in February, f = (1,3,0).
She then left town for her annual heliday for the next three months, so she

made no further sales. Indicate, by means of a vector, how many
properties of each type she sold during the winter period.

w = (2+1,1+3,1+0) = (3,4,1)
Thus she sold 3 houses, 4 condominiums and 1 business location. W

Component laws of vector addition:

inVv, in Vv,
(ab)y+@pqg)=(a+pb+gq) (abe)+ (pgry=@+pb+qc+r)

Geometric law of vector addition (the triangle law):
OP + PQ = 0Q
Vectors are mathematical objects that may be represented either

by directed line segments that combine according to the triangle law of
addition, or

by ordered pairs or ordered triples of numbers, that combine by the
addition of components.
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1.4 Exercises 5. In question 4, ifﬁ=z,ﬁ=;, and
AD = w, express each vector sum
1. Given the parallelogram PQRS, use the of parts a)—d) in terms of ;’ Vo
[rlangle law of vector addltlon to SImpllfy - )

6. Redraw the following vectors appropriately
to find a directed line segment representing

2. In the parallelogram PQRS, PQ ~SR > ;, their sum,
and PS = QR = v. What can you conclude

a) PQ+QR, b) PS+ SR.

about thesums u + vand v + u?

3. Given the regular hexagon PQRSTU shown,
where PQ =a,QR= b and RS =cf fmd

the following vectors in terms of a, b %)
and ?
a) FS‘ T Si B
b) UT c
¢) PR U R
d) Us = AV
e) PT b) . O
f) QS P37 Q ¢
4. A parallelepiped is a prism whose opposite
sides are congruent parallelograms. Given
the parallelepiped shown, find a single c)
vector equal to each of the followmg
a) AB+BF d) AB+(CG+FG)
b) AB + FG e) DH+ CB
¢) CG+FG f) HC+ BF
H G

7. lfa=(3,5),b=(2,-7), c= (5,-2), show
thata + b = ¢ by drawing the three

D X
vectors a, b, ¢ on a grid.

8. An object is displaced in a plane according
to the vector u = (TA), then displaced
again according to the vector v= (T,—zi).
a) Salculate the resultant displacement,

A B w. L
b) Draw the three displacements u, v, w,
on a grid.



. Givenp=(23),4=(-1,5), r= (3.,-4),

find the following vector sums.
a) p+q
by p+r

c) g+r
d) r+gq

. Givenu=(0,1,-2), v=(3,-3,7),

= (-4,-5,1), find the following vector
sums.
a) u + v c) v v+ w

b)u+w d)w+v

. What conclusion can you draw from parts

¢) and d) of questions 9 and 10?

. Given that "= (ﬁ) and v = (E)

a) calculate u+v asan ordered pair
b) drawu v andu + von a grld

c) calculate|u| |v| and|u + v|

d) D0es|u| + |v|—|u + v|7 Explain.

. Repeat question 12 foru = (—-1,3),

v = (=2,6). Do you get the same answer for
part d)? Explain.

. Givenu = (2,5),v= @3),w=(1,-2),

p—u+v andq—v+w
a) calculate p+wasan ordered pair
b) calculate u + q as an ordered pair.

What conclusion can you draw from your
results?

. Given u= 3.p.9), V= (-1,p,7), and

u+ v=(2,8,-2), find the values of p
and q.

. The realtor Jessie LaRue, back in town for

July and August, notes j = (1,2,1)
according to the number of houses,
condominiums, and business locations she
sold during July. Her summer sales, for the
two months July and August, are

represented by the vector s = (2,2,1). Write

the vector a, representing her sales in
August, as an ordered triple.

17.

18.

19.

20.

2].
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A skater at a point A on a frozen lake goes
240 m towards the north, then 100 m

towards the east to arrive at point B. Draw
a vector diagram to represent the resultant

displacement AB. What is the magnitude of
this displacement? What is the bearing of B
from A?

A particle is displaced 5 cm along bearing
295°, then 8 cm along bearing 190°. Find
the magnitude, correct to 2 decimal places,
and direction of the resultant displacement.

Two vectors ; and 5 are drawn so that
they have a common tail and form an angle
of 110°. If |p| =
following

7, |5| = 3, calculate the

a) |p + q| correct to 3 51gn1f1can[ d]gl[S

b) the angle § between p and (p + q) to
the nearest degree

Given the rectangular box shown, where

|AB| = 12,|BF| = 4, and |FG| =

the followmg

a) |AB + BF|

b) |(AB + BF) + FG|
¢) Show that

3, calculate

|AB + BF|<|AB| + |BF|
H.
D/
E o
R

12

The relationship in question 20 part c) is
known as the triangle inequality. Why?
There is a special case of three points A, B
and F which make the equality hold true.
How then are the points A, B, and F
positioned?
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M AKING

Between Pigeons and Problem Solving

If six people are in a room, prove that at least three of them are mutual
acquaintances or at least three are mutual strangers.

What does this problem have to do with pigeons? There is a very simple
idea in discrete mathematics called ““the pigeonhole principle” that will
enable you to solve this problem.

In its simplest form the pigeonhole principle is stated as follows.

If m pigeons are placed in k pigeonholes and m > k, then at least one of the
holes must contain at least two pigeons.

To understand the principle, consider the case of m = 3 and k = 2, that is,
three pigeons and two pigeon holes.

The diagrams show all possible situations.

A B B
b Aok

{

At least two pigeons are in one of the holes in each of the four cases.

You can also see the truth of the principle for three pigeons and two
pigeonholes in another way.

Suppose you try to distribute the pigeons as evenly as possible in an
attempt to avoid two pigeons in one hole. Then you would put one pigeon
in A and a second pigeon in B. This still leaves one pigeon to be
pigeonholed, so that one of A or B must contain two pigeons.

The following problems can be solved using the pigeonhole principle.

You have 10 identical red socks and 12 identical vellow socks in a drawer.
It is so dark rhat you cannot see. How many socks must you remove from
the drawer so that you will have ai least two socks of the same our?

Think of the colours as pigeonholes and the socks as pigeons. With only
two pigeonholes (colours), if you select three pigeons (socks) you must
have at least two pigeons in the same hole. This means you must have two
socks of the same colour.

You select, at random, 5 points in the xy-plane whose coordinates are
integers. The poinis can be joined by a (otal of 10 line segments. Prove tha
at leasi one of the line segments contains a third point whose coordinates
are integers.

The coordinates of the 5 points can be separated into 4 classes as follows.
(even, even) (even, odd) (odd, even) (odd, odd)
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Since there are 5 points (pigeons) and 4 classes (pigeonholes), at least two
points must be in the same class. If these points are (a,b) and (c,d), then
their midpoint (a-;—b, %) must have coordinates that are integers. This
is true because a and b will be both even or both odd. Also ¢ and d will be
both even or both odd. Since the sum of two odd numbers and the sum of

two even numbers are each divisible evenly by two, both &Zb and && <

will be integers.

0.5¢cm Zr
B 1cm

!

Divide the square into four congruent squares (pigeonholes). Because of
the pigeonhole principle at least two of the points (pigeons) must be
located in the same small square, say in the top left one. Now the furthest
apart these two points can be is at the corners of a diagonal, say at A and B.

But by the Pythagorean theorem, AB = V0.52+ 0.52=v0.25 + 0.25 = V0.5
Hence there must be at least two points that are at most V0.5 cm apart.

You may wish to try these problems.

1. Five points are randomly selected in an equilateral triangle whose
sides are 2 cm. Prove that at least two of the points are at most a
distance 1 cm apart.

2. 26 distinct numbers are selected from among the first 50 natural
numbers. Prove that at least two of these numbers must be consecutive.

3. How many playing cards must you draw from a deck of 52 playing
cards to be certain that at least two cards are from the same suit?

4. How many students must be in your school to be certain that at least
two of them have the same birthday?

The following problems, the second of which is the problem at the
beginning, need the generalized pigeonhole principle for their solution.
This is stated as follows.

If more than su pigeons are placed in n pigeonholes, then at least one hole
must contain at least s + 1 pigeons.

5. How many students must be in your school to be certain that at least
four of them have the same birthday?

6. If six people are in a room, prove that at least three of them are mutual
acquaintances or at least three are mutual strangers.
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Example 1

Solution

1.5 Properties of Vector Addition

Sulu and Mary met downtown and decided to shop separately before
having lunch together. Mary walked 3 blocks south, then 4 blocks east.
Sulu walked 4 blocks east, then 3 blocks south. Did they then arrive at the
same spot to meet for lunch?

Vector addition has two important properties which you will discover in
the examples that follow.

Given that u = (i,_l’:) and v = (5,-1), find the following.
a) u+ v, geometrically as a directed line segment, and algebraically as
an ordered pair

b) v+ u also geometrically and algebraically.
¢) Draw conclusions from your results.

geometric algebraic

utv=023)+ G-l
=2+53-1)=(72)
v+u=(51)+@23)

60 o =(5+2-1+3)=(72)
c) OB=PR=(7.2), u+v=v+u u+v=v+u=(72 N

Thus, you can add two vectors in either order and obtain the same
resultant vector.

This holds true for any vectors. By virtue of the diagram below (diagrams
of Example 1 combined) the triangle law of vector addition
is sometimes known as the parallelogram law of vector addition.

Given any vectors # and v, the following property holds.
u+v v+u
Vector addition is thus said to be commutative.

Note: The triangle law also shows that commutativity holds, as follows.
u + v = OA + AB OB
and V+u=0C+CB=0B
(Observe that this can be checked on the above diagram.)
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Solution

1.5 Properties of Vector Addition

Given u = (T,i), V= (5,~1), and w= (1,-1), find the following.

a) [u + v] + w, geometrically as a directed line segment, and
ilgebraically as an ordered pair

b) u + [v + w], also geometrically and algebraically.

¢) Draw conclusions from your results.

geometric algebraic
a) [u+vl]+w=0R [u+vl+w

=[G +52-D]+(1,-1)
=@+ (1D

= (9r0)
IR v;v-‘
b);+[;+;]=5—§ ;+[;+§]

=(.2)+ 6+ 1,-1-1)]
- (3.2) + (6,-2)
= (9.0)

<) [u+vli+w=u+[v+w] [u+vitw=u+[v+w]

The following property holds true for any vectors u, v, and w
(n+1v)+ W=+ (v +u)

Vector addition is thus said to be associative.

The Associative Property of Vector Addition

leen en any three vectors u, vand w, draw the vectors so that u = 0P

v PQ and w QR The triangle law shows that associativity holds as
follows.

(OP+ PQ) + QR = 0Q + QR = OR
and OP + (PQ + QR) = OP + PR = OR
(Observe that this can be checked on the above diagram.)

Since the operation of vector addition is associative, you do not need the

brackets. You have a perfectly clear meaning foru + v + w,

namely, ut+v+w=@u+v)+w.

This means the addmons are performed in order one after the other.
Similarly, p + q + r + s + ... also indicates that the additions are to be
performed in order, one after the other.

35



36 Chapter One

Example 3

Solution

SUMMARY

Thus, you can add any number of vectors (as long as they have the same
dimensions), as follows.

Geometrically, use the triangle law repeatedly, with each vector’s tip joined
to the tail of the next one, as shown in the diagrams below. This law, for
adding more than two vectors represented by directed line segments, is
known as the polygon law of vector addition.

— q
v o N .
w p r
E‘ . _pw s
g
(7+ ~f t),)‘: +/s‘ t
iy p)rq+r

Algebralcally, add the respective components, for example,
(35)+(4 ~6)+(-2,8)=(3+4-2,5 6+8)—-(57)

The polygon law of vector addition can also be expressed as follows.

R (S U N —

For any points A, B, C, D, E: AB + BC + CD + DE = AE

Note: The polygon is not necessarily in one plane; a polygon that does not
lie in a plane is known as a skew polygon.

Given the vectors # = (5,2,0), v = (0,6,0), w = (0,0,-4),

a) find u+ ; + 3

b) showa geometrlcal interpretation of this sum by drawing the tail of
the vector u at the origin O of a 3-space coordinate system.

[

a) utviw b) Using the polygon law,
=(5,2,0) +(0,6,0) + (0,0,-4) OP + PQ + QR = OR
=(5+0+02+6+00+0-4) 7
= (5,8,-4) o) 2

This is a good example of a skew polygon (OPQR is a skew quadrilateral). W
Vector addition is commutative: u + v=v + u

Vector addition is associative: (u + v) + w=u+ (v + w)

(thus brackets are not required for multiple additions.)



1.0 E!

. Name a single vector equal to each of the

followi .
o] ngEgSUmS D u c
a) u+v A[ 7_\
- 4 v
b) v+u Alt=s B
u

. Repeat question 1 for the following sums.
a) E+§+?+?+?
b) ptq

c) ptg+r

d) E+§+?+§

e) q'+ p f
A — B
p
. a) State the commutative law for vector

addmon

b) Use any two vectors u and v
to illustrate geometrically that
vector addition is commutative.

c) Use [he vectors u = (—3,5) and

V= (4 1) to illustrate algebraically that
vector addition is commutative.

. a) State the associative law for vector
addition.

NN

b) Use any three vectors u, vand w
to illustrate geometrically that
vector addition is associa[ive

c) Uselhevectorsu—( 35) v-(4 1),

andw = (2 -7)
to illustrate algebraically that
vector addition is associative.

. State which of the four usual operations
in R, namely addition, multiplication,
subtraction and division, are commutative
and associative.

If an operation does not have either the
commutative property or the associative
property, give an example to demonstrate
this. (Such examples, used to prove that a
property does not hold true, are known as
counterexamples. One counterexample is
sufficient for disproof.)

10.

11.

12.
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a) State whether or not the operation of
exponentiation is associative in R. That
is, state whether or not it is true that,
for any three real numbers a, b, ¢,

[ah]c = g

b) If exponentiation is associative, prove
it. If it is not, disprove it by using a
counterexample.

. Slmpllfy the following.

a) AP+ PC c) AD+DC+CB
b) YZ+ XY d) QR+ RQ

. Given any five poims in in space P Q, R, S T,

a) explain why PQ + QR + RS + ST PT

b) simplify PQ + QR + RS + ST + TP.

¢) What is the magnitude of your answer
to b)?

d) Are there any special cases in which
any of the answers to a) or b) do not
hold true?

Given the rectangular box shown, calculate
the followmg

a) |AB+BF+FG| HA 1 G
b) |BF + FE + EH| /2
= E L ) F
—=C
5

c) |BF+FG + GH| p
d) |AB + BF + FE|

Fmd u+ v +w m the followmg cases.
a) u—(2 -5), v—(l 3), w—( 61)
b) u—(003) v-(44 l) w—(ll—z),

a) Show a geometric interpretation of
each of the sums in question 10.

b) Which of the above cases, if any, glve
an example of a skew polygon?

Given the skew quadrilateral OPQR where

—a

= (5,2,0), PQ = (0,6,0), and
= (m), calculate

a) 0Q|

b) |OR],

c) the angle QOR.
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1.6 Vector Subtraction

The Zero Vector

InvVv,, , Suppose 4. u= (Ti) and v = (-5,-3),
thenu+v—(5 3)+(-5,-3)=(5-53-3)= (00)
The vector (0 0) is called the zero vector of V,: (0 0) =

L

The vector v = (-5,-3)
is written —u and is called

the opposite of u.

Geometrlcally, if the triangle law is used:
PQ + QP PP
thus PP = 0 = (0,0) p

In general, v= (a_,;) and —v = (—a,—b) are called opposite vectors, and
(a,b) + (—a,—b) =

These concepts hold ina 51m11ar fashion in V;: —v= ( a,—b,—c) is the
opposite of vector v= (a.b c) and the zero vector is 0 = (0,0,0).

The vectors v and —v are said to have opposite directions.

Subtraction of Vectors

The subtraction of vectors is defined by
‘adding the opposite’ vector.

Thus
u—v=u+(—v)

The geometric interpretation
of this is shown in the diagram.

Now the zero vector can be defined by

- -

u—-—u=0

As an example of vector subtracuon if u u= (8 6) and v= (3 2),
u—v—u+( v) (86)+( 3, 2) 8-3,6-2)= (54)

In general, (a,b) — (p.9) = (@,b) + (—p,~4) = (@ — p.b — q).

Thus vector subtraction in component form is carried out as follows.
iny,, invs;,
(a,b) — (p.q)=(a-pb—q) (a,b,c) — (p.g.r)=(a—pb-qc-r)
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Solution
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a) Calculate the vector (5,6) — (1,4).
b) Demonstrate this subtraction by using a diagram.

) GH-04 b)
-G 16—
=(4,2) (7,—4\)

Notice | that the dlagram indicates
thatOQ 0P = po. N

This is a universal result, and is known as the
subtraction form of the triangle law.

(Watch the order of the letters carefully.)
PQ = 0Q - OP

Note: When the law is written this way, any other single letter could be
substituted for 0. This very important property allows you to choose
an origin, and this can help you through some tricky vector
problems which you will encounter later.

The subtraction form of the triangle law can also be written as follows,

o

using the abbreviations OQ q, OP = p

PQ=q-p

Use the subtraction form of the triangle law to simplify the following.
a) ED - EF
b) CD+ BC + AB

a) UsingE as origin, and applying the law directly,
ED - EF = FD
b) Use any origin O, and the abbreviations 0A = Z, 0B = E, 0C=c.
Then CD + BC + AB
—d-c+c-b+b-a
-d-a
AD W
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Example 3

Solution

RULES

Example 4

Solution

a) Given the points in 2-space A = (2,3)and B = (7,4),
find the vector AB.

b) Given the points in 3-space P = (2,0,—1) and Q(-3,4,1),
find the vector E

a) You can use the pomts to determme the following position vectors.
Since A = (2,3), 0A—a—(23) y
Since B=(7,4), 0B = b = (7,4)
Now ﬁ = E = 2 .

~ (74) - 23) 1 422 P
= (5,1 NN e F ol
G.1) to/ it
11/ "b |
‘i’O_ 1( T T TTTX'

b) Ina 51m11ar manner, the position vectors of P and Q are respectively
= (2,0, l)andq—( 3,4,1).

Thus PQ = q = p =(-3,4,1) - (2,0,1) = (-5,4,0. W

In this example, you have used vector subtraction. Be careful not to
attempt to ‘subtract points’. Such an operation has not been defined.

The example leads to the following rules.

In V,, given points P, = (x,,y,) and P, = (x3,y3),
the vector PP, = OP, — OP, = (x; — X.,¥, — ¥1)-
Thus |P,P,| = \/(xz -x) + (- »)?

InV;, ngen pomts P, = (xl,yl,zl) and P, = (X3,Y2,22),

the vector P\P, = OPZ OPl (X, — X1,¥2 — Y122 — 2b).
Thus|P\P,|= ﬁxz - )(1)2 + ) — yl)2 +(z, - 21)2

If vector RS = (-1,4,6), and the point § = (1,2,6), find
the coordinates of R.

Let R = (x,y,2), so that r = (x,y,2).

Since RS= s—r
(-1,4,6)= (1,2,6) — (x,y,2)
thus xy.2)= (1,2,6) - (-1,4,6)
= 220

Hence the coordinates of R are (2,-2,0). W
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You might note that examples involving vector subtraction can be resolved
usmg vector a addmon For instance, in Example 3a), you could state that

AB = AO+OB~—OA+OB—(2 3)+(74) (Sl) as before.

However, you will find that handling subtraction and addition equally
well gives you a lot more flexibility.

Further Properties of Vector Addition

Observe that, given any vector v,

N N

v+0—vand0+v—v

Because of this property, the zero vector is called the neutral element, or
the identity element for vector addition.

N

Observe also that, glven any vector v,
v+( v) Oand( v)+v-0

Because of this property, (-v) and v are called inverses of each other, for
vector addition.

u = (a,b) and —u = (—a,—b) are opposite vectors in V,

v = (a,b,c) and —v = (-a,—b,—c) are opposite vectors in V,
The sum of two opposite vectors is the zero vector.

Subtraction of Vectors

a0 A

ST=0T-0S=1-s

@b) - (p.4) = @-pb—q)inV,

(abe)y —wqry=(@—-pb—qc—r)inV; O



42

Chapter One

1.6 Exercises

1.

Determine whether the following are true
or false.

a)Z)—E—)TC:=A_C:
b) AX - ZE X
c) CA XA CX
d) —AX - XC = AC

. If Q, R and $ are any points, express the

vector RS in terms of QR and QS.

. Simplify by using the subtraction form of

the trlangle law.
a)OP OR
b)QZ QX
c)AD+CB+DC
d) AB + CA + BC
e) OB - OA + BC

. PQRS is a plane quadrilateral, and 0 is any

other point in space. Express the following
yectors in subtraction form, using position
vectors with origin O.

a) PQ Q
b) QR
c)R_§
d) RP

S

. ABCD isa asquare and Ois any point. If

04 = a OB b and OC = ¢, express the
vector OD d in terms of a, b and ¢

(Hint: Recall that in a square, AB = DC
write these vectors as subtractions.)

. Use the propertles of vector addition to

prove that (- q) + (p + q)

. Given p = (2,3), q = (7—1,5), 7= (3,-4),

find the following.
a) P-9q c) r-p
b) g-r d) p-r

10.

11.

12.

14.

15.

16.

17.

18.

. Givenu = (0,1,-2), v= (3,-3,7),

w = (—4,-5,1), find the following.
a) u-v
b) v—-w

c) w—u
d) u-w

. What conclusion can you draw from parts

¢) and d) of questions 7 and 8?

Given the vectors of questions 7 and 8,
simplify the following.
a) ptqr-r
b) p—g+r

Givena = (11,-2,k), b= (m,n,é), and
a — b= (5,0,1), find the values of the real
numbers k, m, and #.

Given the points P(2,3), Q(7,4), and
R(-1,1), use vector subtraction to
determine the following vectors in
component form.

a) PQ b) QR

) w—v+u
d) u-v-w

c)fP

. Use the answers of questlon 12 to calculate

the sum PQ + QR + RP Explain your result.

Given the points L(1,0,-7), M(2,2,9) and
N(-3,-4,6), use vector subtraction to
determine the following vectors in
component form.

a) LM b) MN c) NL

lee.l thatRls at(12,10), Sisat(15,11),

and OP RS find the coordinates of the
point P.

Repeat question 15 for R(6,—1,3) and
$(2,-5,-1).

Given the points A(2,5), B(3,-1), C(—4,6),
D(0,2), find the coordinates of the point M
such that OM = AB - CD.

Given two perpendicular vectors # and v,
whose magnitudes are not necessarily the
same,

a) find|u + v|in terms of ju|and |v|

b) show that|u + v|=|u — v|.
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1.7 Multiplication of a Vector by a Scalar

Consider the vectors u= (1 2), V= (P 4) W= (5 10)

Is there any relationship among them7 .

By vector addition, you can see that
v=u-+u

A A A A

andw=u+u+u+u-+u.

It seems natural to write
v =2u

and w = 5u

Note: u, v, and w are all in the same direetion‘(that' 'i's,'pé'rail'lel:éﬁdw o
pointing the same way).

In the last section, you saw that the vector —u had the same length as u,
but the opposite direction. You can think of —u as being the same as —1u.

Similarly, —v has the same length as v, but the opposite direction. Thus
—v=-2u.
Although these give rise to an unusual combination of symbols
w=5u
vector real number vector

this operation is accepted. It is called multiplication of a vector by a scalar
or scalar multiplication of a vector.

Ifkisa posmve scalar and uisa vector, then ki i is a vector in the same
direction as u, with length k times the length of u.

If k is negative, then the d1rect10n of ku is reversed (that is, the direction of ku
is opposite to the direction of u) and the length of ku is |k| times the length of u.

In general,
the vectors u and ku are parallel;
the length of vector ku is |k|luf.

Note: |k| means the absolute value of the real number k, whereas Ju|
means the length of the vector u.

This should not lead to any confusion, because both length and absolute
value are always numbers (scalars) greater than or equal to zero.

In some texts, a distinction is made by writing the length of the vector u
as||ull.



44 Chapter One

Example 1

Solution

DEFINITION

Example 2

Solution

Example 3

Solution

Scalar multiplication can also be defined for vectors in component form,
as shown in the following example.

Calculate the following by using vector addltlon, given u= (1, 3)
a) v=2u b) w= 5u

a) v=u+u=(13)+(1,3)
= (2,6)=@x1,2x3)or
2(1,3) = 2 x 1,2 % 3)

b) w=u+u+utu+u=(13)+(13)+(13)+(13)+(13)
(1+1+1+1+13+3+3+3+3)
= (5,15)= (5 1,5 X 3) or
5(13)—(5><15><3) [ |

This leads to the following definition for the multiplication of a vector in
component form by a scalar.

k(x,y) = (kx,ky) in V, or k(x,y,2) = (kx,ky,kz) in V,

Find the lengths of vectors u= (T,i), V= (2_,6) and w = (5,15) of Example 1,
to verify that the length of a vector ka equals |k| times the length of a.

lul=VIZ+ 32 =10

|;| =V2+6*=V40=2V10= 2|;| as expected.

|;| =V5*+ 152 =250 =5V10 = 5|u| as expected.

An alternate way of calculating |w| is to use some factoring:
|;;| =52+ (3 x 5) = V5%(1? + 3%) = 5V10, as before. W

You can now combine the operations of vector addition and
multiplication by a scalar.

Express as a single vector 3(1,-6,4) + 2(5,0,5) - 4(1,1,f).

3(1,-6,4) + 2(5,0,2) — 4(1,1,1)
=(3,-18,12) + (10,0,4) — (4,4,4)
—(3+10-4,-18+0-4,12 +4 - 4)
=(9,-22,12) N
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At this point, you will look at an example which will illustrate the various
properties of the operation of multiplication of a vector by a scalar.

= S N
Given the vectors 4 = (2,0,-3)and v = (1,-6,-2), calculate the
following.

a) 5(4u) b) 5u+Vv) c¢) 2+3)u

N s e s
a) 5(4u) = 5(4%2,4%x04X -3 = 5(8,0,—12) = (40,0,-60).

Note that this result is the same as

(53x4)u= 20(2,0,-3) = (20 X 2,20 X 0,20 x [-3]) = (40,0,-60).

IR N D N
b) 5+ v)=52+10-6-3- 2) = 5(3,-6,-5) = (15,-30,-25).
Note that this result is the same as
54 + 5v=5(2,0,-3) + 5(1,-6,~2)
e A SN N
=(10,0,-15) + (5,-30,-10) = (15,-30,—25).

c) @+3)u=5u
butalsoZu+3u=u+u+u+u+u=5u,
because vector addition is associative.

R ek b
5u = 5(2,0,-3) = (10,0,~15) il

-

The above example suggests the following properties of multiplication of a
vector by a scalar.

For any vectors ;, ;, and scalars k, m:
1. k(mu) = (km)u
2. k(@ +v) =k + kv

-

3. (k+m);=k;+mu

smmntD—AD+Z§—E§

Using vector subtraction from a common origin O, and the abbreviations
P gt =

—_

OA=-a,0B=b,0C=c,0D=4,
BD-AD+AB-CB=d-b
—d-b-
=c—b

—_
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1.7 Exercises 5. The points A, B, C are such that AB = (2,—3)
and BC (4 6)
1. Copy the vector a shown onto a grid. a) Express BC in terms of AB

b) Express AB in terms of BC

c¢) Show that the points A, B, and C must
lie on the same straight line (that is,
points A, B, C are collinear).

6. Using the points of question 5, calculate the
followmg vectors m component fo form.

a) BA b) AC c) ca
On the same grid, draw representatives of
the fon'owing vectors. 7. Express each of the following as a single
2a - vector. ,
32 a) 52,-1)+23.2)+(-7,1)
52 b) (1,-4,-3) — 4(2,3,-5) + 2(2,2,2)
- 1 5
5 ¢) ~2-71)+2(3,2,1
a ) S@TD)+2(3.2.1)
-a

8. Given the vec[ors; =(2,1,-3), V= (1,0,4),
w = (4,1,5), express each of the following

2. Given ul||v, pl|g, butu ¥ p, state :
as a single vector.

which of the following are parallel to u.

a) B a) zu—ilv +_x2w,
b) - b) u+2v-w . o
- ¢) What does your result in b) indicate
) 4p) about the vectors ;, ;, and ;;?.
d) -5¢9

9. Given the vectors of question 8, calculate
the followmg

a) |3u—4v+ 2w|
b) |u+2v—w|

3. ABCDis a parallelogram and M 1s the
midpoint of BC. If AB = 2u and BM = v

express the following vectors in terms of u N L
and v. 10. Given the vectorsu = (-1,3) and v = (2,1),

a) AM illustrate, both algebraically and
b) BC geomemcally, that

¢) AD a) B(Eu) 6u,é R

d)b_é b) 4(u+v)=4u + 4v

e)a ¢) B+1)u=3u+u

11. Simplify each of the following.

4. Draw on a grid the vectors p=(3-5), a) 3v+d4v-6v
il < B
= (2,5), r= (6,-15), s = (—4,10). b) 2(u - 2v)+4v
Wthh of these vectors are parallel? c) —S(u R 2v) + Su + 9v
Which are in the same direction? d) 3u—v+2w- (u = v) = 2(u + w)



12. Simplify the following, by using a common

13.

14.

15.

et

origin O and vector subtraction.
a) R’—FC+B§

b) E+Eﬁ+§:—ﬁi

c) AD - BC + DC — 24B

Given that b = ka, where k € R is not zero,
use the properties of scalar multiplication

to prove that a= % ;
Prove the properties
k(mu) = (km)u

k(u + v) = ki + kv

(k + myu = ku + mu,

for any scalars k, m and vectors u, v.

Given any non-zero vector v, calculate the

length of % v.
vl

YT 6 ‘—1\
~-nmnm
T3 [ R
= ICD 6

his<TY (R R
= ¥ ‘-‘—" {

16.

17.

18.

Multiplication of a Vecior by a Scalar 47

a) If A is the point (2,3) and B is the point
(8,1), calculate in component form the

vector@=%5f+%5§.

b) Plot the points O, A, B, M in a 2-space
coordinate system of origin 0.

c¢) Show that M is the midpoint of AB.

Given any three points O, A and B,a pomt

Mis posmoned such that MA + MB = 0

a) Express MA in terms of MB.

b) How are the points 4, B, and M related
geometrically?

c¢) Use vector subtraction, with origin O,

to find 07\/i in terms of a and 53

Given the two vectors # and v, and

|u| = 4. Find the value of |u + v|
in each of the following cases.

a) v= 3u

b) v= —Su

c) u and 1% perpendlcular |v|

d) u perpendicular to (u + v) |v1
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1.8 Applications of Vector Subtraction and
Multiplication by a Scalar

You can now apply the properties you have learned, to solve certain
geometric problems by using vectors.

Most problems can be solved by using vector addition. However, the
technique of using the subtraction form of the triangle law, together with
a common origin, unravels many geometric problems quite neatly. For

clarity, the abbreviations OA = 4, OB = b,. .. are used for the position
vectors of A, B,...

Examme 1 ABCDisa quadrilateral in which AB is parallel to and congruent to DC.
Prove that sides AD and BC are also parallel and congruent.

- s

Solution LetO be any point. Let 0A = Z, OB = b, 0OC=¢, and oD =4d.
Cc

B
Write a vector equality from what is given in the problem.

AB = DC
Writing as subtractions, Z S Z =c-d
rearranging, 2 = Z = ?— Z
that is, AD = BC

hence AD is parallel to and congruent to BC, as required.

Alternative Solution

Using vector addition, AB + BC = AC )]
and AD + DC = AC ®
so from ) and @), AD + DC = AB + BC ©)
but DC=AB @ [given]

so ® - @ gives AD = BC, as required. H
Note: This example proves the following property of a parallelogram.

If a quadrilateral ABCD is such that AB = DC and AB||DC, then that

PROPERTY quadrilateral is a parallelogram.
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The next example uses vector addition, and the above property.

Examme 2 A parallelogram ABCD is such that AB =u and AD = V. ACis produced to
E, and CA is produced to F such that FA = CE= w.

a) Express the vectors FB and DE in terms of u u, v, and w.
b) Hence show that FBED is a parallelogram.

Solution ”

D _c

—_a e — =

a) FB=FA+AB=w+u
DE DC+CE—u+w

b) FB = DE from a)
Hence, FB = DE and FB||DE.
Thus, by the above property, FBED is a parallelogram. |

Examp|e 3 OABCisa quadrilateral with 04 =a, 0C = ¢, and OB =2a+c.
B

a) Express the vectors AB and CB in terms of aand ..
b) Draw geometric conclusions about the quadrilateral.

Solution a) Usmg the subtraction form ¢ of the trlangle law, with O as origin,
AB OB 0A—(2a+c)—a—a+cand
CB= OB oc-= (2a+c)—c—2a

b) Thus CB is in the same direction as a and twice the length of a.In
geometrical terms, that means that CB is parallel to OA, thus the
quadrilateral is a trapezoid. W
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Example 4 Intriangle OAB, M is the midpoint of side OA and N is the midpoint of
side OB. Prove that the side AB is parallel to segment MN, and that the
length of AB is twice the length of MN.

PENNEEN - —

Solution Choose 0 as origin, and use the abbreviations 0A = a, OB=b, OM = m,
ON n O

A B

Write vector statements from what is given in the problem.
®m=%aand®n=%z
Subtracting the equations @) - Q),

) O
2 2
1 —_ —_
=—(b-a
)
thus W\J %A_ﬁ
which proves that AB is parallel to MN, and is twice the length of MN, as
required. W

Note: In this example, you have proved the midpoint theorem.

THEOREM In any triangle, the line segment joining the midpoints of any two sides is
parallel to, and half the length of, the third side.

Example 5 IfMisthe m1dp01nt of AB, and O is any point, find an expression for OM

in terms of 04 and OB B
Solution
Use the abbreviations OA = Z 0_15 b and OM m Since M is the
midpoint of AB, the lengths AM = = MB, and AM||MB,
thus AM MB
m-a=b-m
2m=a+b
m=-a+ Z [
2
Note: This example gives the followin m1d- oint formula. If M is the
FORMULA o LR

midpoint of AB, and O is any point, then OM = %OA + ;a&
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1.8 Exercises 7.

1. OABC isa quadrllateral in Wthh
OA 2v —u OC =4, and OB 2v,
Express AB and CB in terms of u and v
and thus describe the quadrilateral.

2. Describe the quadrilateral of question 1,
given thatlz; - _;;l = |;;|.

10.

3. OABC is a quadrilateral in which 0A = Z,
3& = Z, and OB = a + %; Express AB

and 5 in terms of ; and ;, and thus 11
describe the quadrilateral.

4. In the diagram, OP p and OQ q Itis
also known that OS 20P OT 4OQ and

QR = 3QP. R

a) Express the following vectors in terms 13.

of pand ¢:
0S8, 0T, QP, TS, QR, OR, TR.
b) Hence show that the points 7, S and R

are on straight line.

5. Given that ﬁa = 25§, andﬁ = 23, use
vectors to show that AQB is a straight line.
A

R S
Q

» B
6. Assuming that the opposite sides of a
parallelogram are parallel and congruent,
prove that vector addition has the
commutative property. That is, prove that
for any vectorsuand v, u + v=v + u.

12.

If ka + mb - (k + m) o= 0 prove that
(a = c) and (b = c) are parallel vectors.

. Points A and B are the midpoints of sides

PQ and SR respectively of parallelogram
PQRS. Prove that PBRA is a parallelogram.

. In parallelogram PQRS, prove that
QS + RP = 2RS.

D, E and F are the midpoints of sides AB,
BC and CA respectively of a triangle ABC.
If Ois s any p01nt , prove that

0A+OB+OC OD+OE+OF

. Given any quadrllateral ABCD (which may

be skew), let K, L, M, and N be the
midpoints of sides AB, BC, CD, and DA
respectively. Prove that KLMN is a
parallelogram.

Given a quadrilateral ABCD (which may be
skew), let M be the midpoint of AC and N
be the midpoint of BD.

— 2 =y =

a) Show that AB+AD+ CB+CD= AMN.
b) IfM anc\i N coincide, show that
AB = DC.
c¢) Whatkind of a quadrilateral is ABCD if
M and N coincide?

Given a tetrahedron (a triangular pyramid)
ABCD, let P be the midpoint of AB and W
be the midpoint of CD. M is the midpoint of
PW. The position vectors of A, B, C, D, M

PN G

from some origin O area, b, ¢, d, m
respectively.

Show that_n;= i<2+3+2+ 2)
A

)
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1.9 Unit Vectors—
Standard Basis of a Vector Space

In this section, you will learn how to express vectors of V, and V; in terms
of certain vectors whose length is 1 unit.

Any vector whose length is 1 is called a unit vector.

Find the lengths of 7 = (1,0) and j = (0,1).

|?| =v1*+0*=1and similarly,

|]| =1
7and ] are thus unit vectors. Wl

If you draw these vectors with their tails at the origin, O, you can see that
they are unit vectors along the x and y axes respectively.

Write the vector v = (4,2) in terms of 7 and j, using the operations of
vector addition, and multiplication by a scalar.

V= (ﬁ) is the position vector of point C(4,2).
OB = 4, s0 ﬁ 4_1", and

BC=2, so BC 2]

But v = OB + BC

S0 (4,2) —4i+ 2]. |

A similar property holds true for any vector.

If P = (x,y) is any point in 2-space, then

55= x?+ y71_§ the position vector of P or

(x.y) = xi +yj

Every vector of V, is equal to a position vector. Hence, every vector of V,

can be expressed in terms of the vectors i 7and j. For this reason,
i and j are called the standard basis vectors of V,.
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In Vs, the unit vectors along the x-axis, and y-axis, and z-axis are called 1
] and k respecuvely, where

i=(1,0,0), j=(0,1,0), and k = (0,0,1).

Similarly, every vector of V; can be expressed in terms of these three
vectors according to the following property.

If P = (x,y,2) is any point in 3-space, then

OP = xi + yj + zk is the position vector of P or

xy2)=xi+yj+zk

For this reason, 1, j and k are called the standard basis vectors of V;.

These basis vectors, whether in V, or in V;, are all perpendicular or
orthogonal to each other.

Furthermore, because they are all unit vectors, they are called normed
vectors.

These words are combined and used to describe the set of vectors {7,j} as
an orthonormal basis of V,.

Similarly, the set of vectors (_1:,}:,7;) is an orthonormal basis of V.

You will study other bases of V, and V; further in chapter 2.

Other Unit Vectors

a) Find a unit vector in the direction ofu= (3_,4).

b) Verify that your solution is a unit vector.

a) The length |;| = V3% + 42 = V25 = 5. You must find a vector that has

the same direction as ;, but whose length is only % ofI;;I. Call this

=2 (A~ (3,3>.
5 5 55

-

vector ¢,: thene,==-u=

-~ 2 2
b) |e,)= 3) 4 (L) - w=ﬁ= 1, as required. W
5 25

5
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in general, given a vector v,

N N

. . . . L 1
the unit vector in the directionof vise.= = v

Replacing v by its unit counterpart e, is called normalizing v.

Examp|e 4 Normalize the following.
2 v-(25)
b) w=(0.2,0.2,0.1)

Solution a) Lete, be aunit vector in the direction of v. Because

(v =V(=2)? + 52 = V29,

P U Wy ( ' )
V_—— = T — \T4« = e —
V29 V29 V29'V29
b) Let e, be a unit vector in the direction of w Because
lw|=v0.22+ 0.22 + 0.12=v0.09 = 0.3,

= N

e.=Lw=1%0202,01)= (2,2,1)
03773 338

Examme 5 Normalize 4;, where v is any vector.

Solution Let the unit vector in the direction of 4v be e,,

=e¢. B

ThlS last example shows that there is only one unit vector in the direction
of v. In other words, the unit vector in the direction of v does not depend
on the length of v.
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Vector Spaces

The properties of vectors that you have learned so far will now allow you
to define the following.

A vector space V is a set of mathematical objects called vectors, together
with two operations, called vector addition and multiplication by a scalar,
having the following properties.

Vector Addition

Al. Visclosed under addmon u, v €y \Y lmplles o+ v €V

A2. Addition i is associative: u + (v + w) (u + v) +tw

A3. TherelsaOe\/such[ha[forallue\/ u+ O—u

A4. If u € V, then there exists “ue \/ such [ha[ U+ (- u)

AS. Addition is commutative: u + v = v + u

(These properties mean that V is a commutative group with respect to
addition.)

Multzplzcatzon of a Vector by a Scalar

MI. Ifuev keR then ku € V

M2. (km) u = k(mu) k meR

M3. k(u + v) ku + kv

Ma. (k + m) u = ku + mu

MS5. There exists 1 € R such that 1u = u

Whenever you work with vectors, you are working in a “vector space”.
You have been doing just that in this entire chapter. What you have above
is a summary of all the properties of vectors, valid for V,, and Vs, and any
other vector space. You may need to refer back to these properties in the
chapters to come.

Note: Just as a vector is different from a point, a vector space is not a set of
points such as R* or B’. (There are no points in a vector space.)

A vector whose length is 1 is a unit vector (or a normed vector).

{?j} where i = (Td) and 7= (BT)
is the s[andard baSlS for [he vector space \/2

{_1‘,]);} where i = (1 0,0), ] =(0,1,0), and k= (0,0,l),
is the standard basis for the vector space Vv,
These sets of vectors are called orthonormal bases.

InV, pq)=pitaj
Inv;, (pqr)y=pi+qj+rk

To normalize v is to find the unit vector ¢, in the direction of v:
= [ =
€= =V

vl
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Chapter One

1.9 Exercises

1.

Express the following vectors as ordered
pairs.

a) i+ ]
b) -5i+ 7
c) -2j
Express the following vectors of V, in terms
of i and]
a) u=(2, 7)
b) v=(61)
¢) w=(3,0)
Express the following vectors as ordered
tr1ples
a) i+ 27+ 3k
b) 4i-
c) —f—i

. Express the following vectors of V; in terms

of i, jand k.

a) u=(2-4,6)
b) v=(0,-1,-1)
w = (0,10,0)

c) w=
S1mpl1fy the following.

a) 6(31—]) c) 5(31 k)

b) —2(-i+j-k  d) V2(/2i+ V8})

. S1mpl1fy the followmg

a) 5(1 +j) 3(21 —])
b) —(41

<) %(3?+ 57— k) + %(—?—f— )+

-~

27+ k) +2(i - 5k) - 2j

. Which of the following are unit vectors?

(-1 -1-1
d""(rrr)

10.

11.

12.

13.

14.

15.

16.

. Normal1ze the following vectors.

a) u—(3 —4) d) z=(LL])

b) 1= (0.1,0,0) e) E= (/7.3)
c) w=(2,6,-1) f) g=(5,-4)

RN

. Given the non-zero vector r = (x,y,2),

prove that the unit vector in the direction of

ris e,=(i,}i z)
[rl|r|]r]

Find the unit vector in the direction of PQ

in each of the following cases.

a) Pis the point (-3,6) and Q is the
point (4,1)

b) Pis the point (2,-3,5) and Q is the
point (1,-1,0)

Given that;= (-5,12), V= (%,2,—6) and

w = (2,0,7), find the unit vectors e,, e,, e,
in the directions of u, v, w respectively.

e, and e, are two perpendicular unit
vectors. Calculate the followmg lengths

a) |e1+e2| b) |e1+2e2|

If % = (4,1,~2) and v = (0,3,3), find the
unit vector in the direction of each of the
following.
a) u+v b) 3u—-v c¢) u-4i-j
For any ve V; and any k € R, prove that

the unit vector in the direction of v
is equal to the unit vector in the direction

of kv.

IfOA 21—3]—kand

OB =i+ Jj- k show that the vector AB
is parallel to the xy-plane.

Ifu= (l,—‘6> and; (—£ 1) prove
2 2 R R 2

that the vectors u and v form an
orthonormal set.
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In Search of Vectors
as Classes of an Equivalence Relation

This section attempts to show how vectors as particular mathematical
objects can be manufactured from elementary mathematical building
blocks.

Relations and their Graphs

When you link certain elements between two sets, you say that you are
setting up a relation between the two sets.

A relation is often described by a sentence.
Example

“....is exactly divisible by....” between the set S = {2,3,4,5,6} and itself
creates the following relation.

2—->2,3—>3,4-> 2, etc,

where the arrow replaces the words ““is exactly divisible by”.

The set of all ordered pairs satisfying the sentence defines the relation, as
follows.

R=1{(2,2), 3.3). (4,2), (4,4), (5.5), (6,2), (6,3), (6,6)}

The relation can be graphed, or represented pictorially, in different ways.
Here are two examples.

.’. R o

'f" e . S H Lt
O I R
’4{ 5- T B W, |
‘ 5,4._‘ *
T S
S 23456 S
arrowgraph Cartesian graph

However, a relation “from S to §”” can also be called a relation “in §”.
The above relation in S can be graphed with the following special type of
arrowgraph.
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Equivalence Relation in a Set

An equivalence relation in a set S has the following properties. It is
1. reflexive (forallxe S, x — x)

2. symmetric (x > y =y —> X)

3. transitive (x > yandy > z=x—> 2)

Example

Consider the relation in the set of whole numbers, W, defined by “. . .has
the same remainder on division by 3 as..."”.

Observe what happens as the arrows are placed in a diagram.

¢ A set of subsets called a partition naturally forms.

¢ Each subset (or element of the partition) is called an equivalence class
for the relation.
Good names for the equivalence classes here would be

{0,3,6,9,, . _) = “the ClaSS Of 0 = 0,
{1,4,7,...) =“theclassof1” =1, and

{2,5,8,...} =“theclassof2”=2.

You could call these classes “remainders”.

Notice that 0 = 3, I = 4, etc., and that these classes are infinite sets.
* The partition is the set of classes W; = {0, 1, 2}.

(The classes in this example are sometimes called the “‘integers modulo 3”)
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Vectors

Consider the set D of all directed line segments in a plane. (Denote the
directed line segment from A to B by AB.)

In this set, consider the relation defined by

“AB — PQ if and only if ABQP forms a parallelogram.”

You will have the opportunity to verify that this is an equivalence relation.

The diagram shows that the directed line segments AB, PQ, RS satisfy the
relation. There are many others! The ““class of AB” = {AB, PQ, RS,. ...}

—

Another name for this class is the vector AB.

From this precise definition of a vector in a plane, you can see that
‘drawing’ a vector would actually cover the entire plane. Thus the vector is
effectively everywhere. That is what allows you to draw a directed line
segment representing the vector wherever you choose.

Activities

1. Verify that the relation defined by “AB — PQ if and only if ABQP is a
parallelogram”’, in the set of all directed line segments of a plane, is an
equivalence relation.

That is, verify that this relation is
reflexive (AB — AB),

symmetric (AB - PQ = PQ — AB), and
transitive (AB — PQ and PQ — RS == AB — RS)

2. Describe the partition created by each of the following equivalence

relations. 0

a) “is similar to” in the set of all triangles

b) ‘has the same mother as” in the set of all Canadians

¢) ‘isin the same class as” in the set of children attending a public
school

d) “is parallel to” in the set of all straight lines

e) ‘‘is congruent to” in the set of all line segments in a plane

f) “(p,q9) > (v’.q') ifand only if p + g" =q + p"” in the set of ordered
pairs of whole numbers W X W

g) “(p.q9) - (p’.q’") if and only if pg” = qp’” in the set of ordered pairs
of integers 7 x [Z — {0}] (that is, the ordered pairs (p,q) wherep, g
are integers and g # 0).
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e Any number of parallel lines with arrows pointing the same way define
a particular direction.

¢ Any real number is called a scalar, to distinguish it from a vector.

® A vector is everywhere: it can be represented by any directed line
segment that has the correct magnitude and direction.

cquality anda Lengts
¢ Equal vectors have the same magnitude and the same direction.

¢ If Pis a point in a coordinate system of origin O, then OP is called the
position vector of P.

in 2-space in 3-space
o If P = (a,b), then OP = (a,b) o If P = (a,b,c), then OP = (a,b,c)
¢ The length of V= (xj) is ¢ The length of v = (x,y,2) is

v =Vl + 5 W=Vt +2

Vector Additio 1d Sub

Hon ai fraction

o geometrlc law of vector addition (the triangle law)
OS + ST OT

o geomemc law of vector subtraction (the triangle law)
ST oT - OS = t— s

e component laws of vector addition and vector subtraction

inVv, inV,
(@b)+ (p.g)=(@+pb+gq) (@abc)+ (pgry=@+pb+qc+r)

(@b) - (p.q) = (@~-pb-q @be) - (pgr)=(@-pb-qc-r)
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Multiplication of a Vector by a Scalar

A

elfkisa scalar and u is a vector, then ku is a vector parallel to u, whose
leng[h 1s|k||u|

(u and ku have the same direction if k > 0, but have
opposite directions if k < 0.)

¢ In component form, k(;,:\;) = (kx,ky) in V, or k(x,y,z) = (kx,ky,kz) in V.

Unit Vecltors
* Any vector whose length is 1 is a unit vector (or a normed vector).
¢ To normalize v is to find the unit vector ¢, in the direction of v:

e,=—=<1V
vl

¢ Given the standard basis vectors

i=(1,0)and j = (0,1) 7=(1,0,0), j=(0,1,0) and k = (0,0,1)
of \/2, then of V;, then
(pq) pi+qj waqr)=pi+qj+rk

Vector Spaces

A vector space V is a set of mathematical objects called vectors, together
with two operations, called vector addition and multiplication by a scalar,
having the following properties.

Vector Addition

Al. Vis closed under addmon u v E \% 1mplles u+ v €V

A2. Addition is associative: u+ (v + w) (u + v) + w

A3. TherelsaOE\/suchlhalforallue\/ u+0-u

A4 Ifuce V, then there exists “uE v such thal u+ (- u)

A5. Addition is commutative: Utv=v+u

(These properties mean that V is a commutative group with respect to
addition.)

Multiplication of a Vector by a Scalar

MI.Ifu €V, k €R, then ki € V

M2. (km)u = k(mu), k, m € R

M3. k(i + v) = ku + kv

M4. (k + m) u = ku + mu

MS5. There exists 1 € R such that lu=u
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Inventory

Complete each of the following statements.

1. A number of arrowed parallel lines with the arrows pointing the same
way is said to define a

2. A___ hasbothlength and direction.
3. Areal numberiscalleda_____, to distinguish it from a vector.

4. A vector can be representedbya__ line segment. A vector can
also be represented by an or an of numbers.

5. Two directed line segments represent the same vector if they have the

same______ and the same

6. If (ﬁ) =(-3,y),thenx=__  andy=__ |

7. A plane can be determined by three distinct non-collinear __, or
by two distinct _____ lines.

8. In a three-dimensional mathematical drawing, you must keep
vertical,and ______ parallel.

9. Skew lines are lines that are neither nor

—

10. Given P(2,-3,4), then the position vector OP =

11. If v = (2,2,-1), then the length of the vector v, written _____ is
equal to

12. The vector sum (1,-7) + (-1,9) =

13. The vector sum E + GH =

14. The vector difference ;V? - NZ =

15. The product of the scalar 5 and the vector (2,1,4) is

16. Ifﬁ =uand CD = k;, where k is a scalar, then the lines AB and €D
are___ The length of the vector ku is

17. Given the points P(3,8) and Q(1,6), the vector ﬁ in component form
is

18. A vector of length oneiscalleda___ _ vector.

19. The vector v = (4,—3) can be expressed in terms of the standard basis

vectors i and j as follows. v =

20. Normalizing v means findingthe ___ vector e, in the direction
of v.If v=(4,-3), then ¢, =




Review Exercises

1. M is the midpoint of segment AB, P is the

midpoint of AM, Q is the midpoint of MB.

a) Give reasons why AP = PM.
b) State all other vectors in the diagram

equal to AP.
¢) State all vectors in the diagram equal to

—_—

BM.

. In the square ABCD, P, Q, R and S are the
midpoints of AB BC, CD and DA

respectively. If AP =uand BQ = v,
express the followmg in in terms of u and v
a) PB b) RC C) DR d) QC e) AS

3. ABCD is aregular tetrahedron, thatis, a

solid made up of four congruent equilateral

triangular faces. Its apex, D, is vertically

above the centre of the base. The midpoints

of AB, BC, and CA are M, N, and P

respectively.

a) Draw the tetrahedron, and locate-the
centroid O of its base (the intersection
of the medians AN, BP, and CM of the
triangular base).

b) Join DO, and mark the right angles
DOA, DOB, and DOC.

c) List the other right angles defined in
the diagram.

10.
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In the tetrahedron of question 3, calculate

the following.

a) the angle between two edges (such as
angle DAB)

b) the angle between an edge and a face
(such as angle DAN)

. In the tetrahedron of question 3, name the

following.
a) a pair of skew lines
b) the three planes intersecting at point D

. In a 3-space coordinate system, draw the

position vector ; of the point P(-1,2,3).

. A point P, whose position vector is

= (5,—2,—4), is translated to position P’

by the vector v = (1,2,3). What are the
coordinates of P'?

Find k so that the length of the vector

- < 1 2
V= —_-,—"
23

k) is one unit.

. Given thatu = (-2,2,5) and v = (k,—1,-3),

calculate k, where 2ju|=|v|.

An object is displaced in a plane according
to the vector u = (2,-3), then displaced

again according to the vector v = (6,1).

a) Calculate the resultant displacement,
w.

b) Draw the three displacements ; ; w
on a grid. R

¢) Calculate|w|.
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11.

12.

13.

14.

15.

16.

17.

Chapter One

Given the regular octogon ABCDEFGH
shown, where AB = ; BC = ; D= v?,
and DE = z, find the followmg vectors in
terms of; ; ;1; and z.

a) E::
b) GF
c) XI:'
d) GE
e) AE

Givenu = (k,4,m), v = (1,n,-8), and

u +v = (-3,4,-2), find the values of k, m
and n.

A boat starts at a point A and sails 600 m
on bearing 045°, then 400 m towards the
east to arrive at point B. Draw a vector
diagram to represent the resultant

displacement AB. What is the magnitude of
this displacement? What is the bearing of B
from A?

Simplify the following by using the
subtracuon form of the triangle law.
a) QP QR

b) XA - XY + AY

Given the points L(5,6,—3) and M(-8,11,4),
use vector subtraction to determine the

—

vector LM in component form.

Given any four points A, B, C, and D in
space, express the following vectors in
subtraction form, using position vectors
with origin A.

a) BC b) CD ¢) BA

PQRS isa parallelogram and O is any point.
If OP p, OR =r,and OS = s express

—

the vector QO in terms of p, r and s.

18.

19.

20.

21.

22,

23.

24.

Givenu = (5,-6,-3), v = (2,0,4),
w= ( 1,2,-5), find the followmg

a)u—v d) 2u—3v

b)v—w e)u+2v+3;1;
S " l__\ - —

c) w—u f) Eu—V—ZW

The points P, Q, R are such that
PQ=(4-1 2) and PR = (12,-3,6).
a) Express QR in terms of PQ

b) What can you say about the points P, Q
and R?

Find the coordinates of the points P, Q, and
R, of question 19, given that OP = (3,0,-1).

Given the two vectors # and v, and

|[v|= 5, find the value of |u + v| in each of
the following cases.

a) 3v = 2u
b) v = —u
c) u and v are perpendlcular,

and |u|
Given the parallelepiped shown, state a
single vector equal to each of the following.
a) AC AD

b) AB AD
c) BF CG
d) AC EH
e) HD GB

The diagonals of a quadrilateral bisect each
other. Prove that the quadrilateral is
parallelogram.

ABCD is a rectangle and PQCD is a
parallelogram. Prove that ABQP is a
parallelogram.



i5.

26.

27.

28.

Slmpllfy the followmg
a) 6(-i + 2]) 3(31 N 4])
b) 10(41 +2j - Sk)

1, .= -~
-=(16i—4
2( 7

-6j+ 3k
Find the unit vector in the direction of PQ
in each of the following cases.
a) Pis the point (-1,-2) and
Q is the point (1,3)
b) Pis the point (4,3,-3) and
Q is the point (6,-5,-1)
¢) Pis the point (a,b,c) and
Q is the point (d,e,f)

;,, ;z, and 2, form an orthonormal set.
Calculate the following lengths.

a) |e 1t e;|

b) Ie, + e, +;,|

c) les+ 36|

d) le, - 2e, - 3¢,

In triangle OAB, points P and Q divide the

side AB into three equal segments with P
closer to vertex A than to B.

a) Show that Xa = ﬁ

_ s s

b) Prove that OP + 0Q = OA + OB.

LA vector having the same magnitude as

—61+8kls
37 +4j - 5k
—31+4k

A.
B.

C. —6i+4j+4k
D. 107 + 10j + 10k
E

. -10j
*(83 H)

* For information about these questions, see the
introductory pages of this book.
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30. In a three dimensional rectangular

Cartesian co-ordinate system, the points O,
A, C and D have co-ordinates (0,0,0),
(6,0,0), (0,6,0) and (0,0,6) respectively.
OABCGFED is a cube, as shown in the
figure.

The points P and Q are the mid-points of
[AE] and [FG] respectively.

x/

a) Write, in column vector form, each of

the vectors OP and 56
b) i. Find the square of the length of each
of the vectors OP and 0Q.

ii. Show that PQ = 36 units.
iii.Examine whether OPQ is a right
angled triangle, giving a reason for
your result.
¢) Given that the points R and S are the
midpoints of [BP] and [CQ]
respectively,

i. prove that OR = %O_P; + —;—5? and

ii. find the length of RS.

d) An ant walks from P to Q along the
surface of the cube. By considering the
net of the cube, or otherwise, find how
far the ant walks, given that the
distance travelled must be as small as
possible.

(87 SMS)
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The photographs show two cities A and B. The streets of city A run east to
west and south to north. The streets of city B go east to west and southwest
to northeast.

1f you wish to loca[e an intersection P in city A you can use origin 0 and
posmon vector ¢ OP The diagram shows two perpendlcular unit vectors

i and j where| 1] equals one city block east to west, and |]| equals one
city block south to north.

City A

Smce mtersecuon P is three blocks east and two blocks north of 0,
OP = 31 + 2]

Every intersection point in city A can be expressed as a combination of a
scalar times i, plus a scalar times j. Such a combination is called a

linear combination of vectors i and j.

Observe that the vector 37 depends on vector 1. Vector 31i is described

as being linearly dependent with vector i.

Recall that 3x + 2y is a linear expression, and that 3x + 2y = k defines a
linear relation.

To locate an imersection Q in city B you will need origin 0 and two unit
vectors u and v These vectors are not perpendicular to each other.

Observe that |u| is one city block east to west while| v| is one city block
southwest to northeast.

City B

Smce the pomt Q is three blocks east and two blocks northeast of point O,
OQ = 3u + 2v. Again Vector OQ is called a linear combination of vectors

u and v and the vector 3u is described as being linearly dependent with
vector u.

In this chapter you will learn more about the linear combinations of
vectors and about the dependence of vectors on each other.
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2.1 Linear Dependence of Two Vectors

Vectors are not directed line segments but vectors can be represented by
directed line segments. A vector in V, can also be represented by an
ordered pair; a vector in V; by an ordered triple. There is a relationship that
is derived from the directed line segment representation of a vector. This
relationship is called linear dependence.

Suppose a ar aand b can be represented by the parallel directed line
segments PQ and RS respectively.

3/”" a =
p Q / v /’/’a’*// v
R b T

In this situation you can write ZHE. But every directed line segment
which is congruent to, parallel to, and in the same direction as ﬁ
represents the vector a.In particular, the directed llne segment sV =a.
Because the three points R S, and V are collinear, a and b are called

collinear vectors. Note that a and b can also be described as being parallel.
Thus, for vectors there is no distinction made between vectors that are parallel
and vectors that are collinear. The symbol || when used with vectors can be
read either “parallel to” or “collinear with”’.

Two vectors that are collinear or parallel are linearly dependent vectors.
The zero vector 0 is parallel and linearly dependent with every other vector.

DEFINITION Two vectorsZandgare linearly dependent if and onlyifg“E.

What is the algebraic condition for two vectors to be linearly dependent”’
In sectlon 1.5 you learned that every scalar multiple of a is parallel to a.

Hence a and sa, s € R, are linearly dependent. Also, any two vectors that
are linearly dependent are parallel, and so one vector must be a scalar
multiple of the other vector.

An Algebraic Condition for Two Vectors to be Linearly Dependent

Two non-zero vectors a and b are linearly dependent if and only if
b= sa for some s € R.

Examp|e 1 Given ? = 3a and d= 22, prove that ?and d are linearly dependent.

Solution  Geometric Proof
You must prove that clld
Smce ¢ ¢and d are each scalar multlples ofa a, each vector is parallel to a.
But c||a and d||a implies that c||d.
Thus, ¢ andd are linearly dependent.
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Algebraic Proof
You must prove that ¢ is a scalar multiple of 4 or that d is a scalar
multiple of c.

-

) IR -~ ]
Since ¢ = 3a, thereforea = ;c.

Thus, d=2a 2(1?> = E?.
L _13 3

Therefore, ¢ and d are linearly dependent. W
In Example 1, you proved that
d-2cor

—_ 3 —
3d=2cor
3d+(-2)c=0

Thus, real numbers m = 3, and k = -2 exist such that md + kc = 0. This
leads to the following alternate form of the first algebraic condition.

Another Algebraic Condition for Two Vectors to be Linearly Dependent.

Two vectors a and b are linearly dependent if and only if m, k € R exist,

not both equal to 0, such that ma + kb = 0.
Proof of this algebraic condition
Part 1 Given a and b are linearly dependent,

prove m, k € R exist, not both equal to 0, such that ma + kb = 0.

Proof: aandb linearly dependent = b= p;, forsomep e R
=>b-pa=0
= (-pla+()b=0

Therefore, m = —p, k = 1 exist, not both 0, such that ma+kb=0

Part 2 Given m, k € R exist, not both equal to 0, such that ma + kb = 6
prove a and b are linearly dependent.

Proof: Atleast one of k and m cannot be 0.
Suppose k = 0, then ma + kb = 0 can be written

kb = —ma or
b=-"4
k

Thus, a and b are linearly dependent
Note: If m and k are both zero, the statement ma + kb = 0 would imply

that Oa + Ob 0 This statement is true for all vectors a and b
whether or not they are linearly dependent.

69
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Examp|e 2 Which of the following vectors are linearly dependent with a= (1,2,-3)?

-

b=(48-12),¢c= (—% -1, ) d=(2,4,-5)

Solution You must ch check to see Wthh vectors are scalar multiples of vector a.
= (4,8,- 12) 4(1,2,-3) = 4a
Therefore, banda are linearly dependent.

c= (—1,-1,3) =-112-3y=-1a
22T 2

Therefore, ¢ and a are linearly dependent.

Ifd=ka, keR

then (2,4,-5) = k(1,2,-3) = (k,2k,—3k)
and2 =k, 4 =2k, -5 = -3k

This forces k = 2 and k = § at the same time, which is impossible.

Therefore, d and a are not linearly dependent. W

Two vectors that are not linearly dependent are linearly independent.

DEFINITION

Important Facts about Two Linearly Independent Vectors

Geometric

If 2 and b are linearly independent, then ;J’( b.

Algebraic

1. No scalar I p exists such that a = pb
2. If ¢ a and b are\lmearly independent and
ma +kb=0thenm =k = 0.

Intuitively, this last statement says that the only way that you can add two

non-parallel vectors to obtain the vector 0 is to multiply each vector by the
scalar 0.

Examp|e 3 Thetwo vectors aand b are linearly independent. If xa+ - 3); = 6,
then find the values of x and y.

Solution Since a and ; are linearly independent, and
xa + (y — 3)b =0, then
x=0,andy-3=0.
Thusx=0,andy=3. W



2.1 Exercises

. Vectors a and b are linearly dependent.
a) What is the geometric relationship

between a and b?
b) State two algebraic equations that are

true relating 4 and b.
¢) What conditions, if any, are imposed
on the scalars in the equations in b)?

. You are given two vectors x and ; such
that ;ll;. What is the algebraic
relationship between x and ;?

. Use the fact that a vector as a directed line
segment can be drawn anywhere to explain
how two collinear vectors can be

represented by two line segments that are
not collinear.

If 7 = wd where w € R, then how are
vectors z and d related?

. Scalars s and t exist, not both 0, such that

-

sm + tk = 0. How are vectors m and k
related geometrically?

Points P and Q are such that Fé; a+0.

a) If Ris any point on line PQ explain why
a and PR are linearly dependent.

b) If T is any point not on line PQ explain
why a and PT are linearly
independent.

. Given thatlez ¢ ¥ b,and d = 5¢,
which of the following vectors are linearly
dependent with a?
a) u= 3a
b) v = —Zb
c) w 7c
d) r=nc
e) t=—6d?

. Listall sets of parallel vectors from among

NG N e

the vectorsa, b, ¢, d, u, v, w, r, and
t of question 7.

10.

11.

12.

13.

14.
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Given a = (2,3),
a) write three vectors collinear with a
b) write three vectors linearly dependent

with a
¢) write one vector linearly independent

with a.

@13),

a) write three vectors collinear with;

b) write three vectors linearly dependent
with b

c) write one vector linearly independent
with b.

Given 3 =

a and b are linearly independent. Use the
following equations to name vectors that

are linearly dependent with a.
Tc+4a=0

Sb + 2d 0

ma—ke—O m,k € R,m + 0.

a) aand b are linearly independent.
What is the geometric relationship
between a and b?

b) Xk ; Are x and ; necessarily
linearly independent? Explain.

a) ; and 2 are linearly independent
vectors and rp + vqg = 0. What
conclusion can you draw about the
scalars r and v?

b) Scalarsm and k exist, both equal 0 0,
such that ma + kb 0. Are a and b
necessarily hnearly independent?

Which of the following pairs of vectors are
linearly dependent? Justify your answer.
a) (1,2), 4,8)

b) (-3,2),(-6.3)

1

c) (8-2).|-1~
) (8-2) n

d) (3,6,2), (6,12,4)
e) (-1,-1,6), (6,6,~36)

£f) (4,0,1), (41,1)
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15.

16.

17.

18.

19.
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ABCD is a parallelogram. Name vectors
linearly dependent with each of the

following.

a) AB «¢) AE

b) AC d) BD
A D
B Cc

Explain why each of the vectors ZE, XE,
and BD from question 15 is linearly

independent with each of the other vectors.

Given the points P(-2,4), Q(—3,7), and

R(-4,10),

a) write PQ and PR in 1 component form

b) prove that PQ and PR are linearly
dependent

c) use part b) to draw a geometric

conclusion about the points P, Q, and R.

Given the points A(1,3,-2), B(5,5,4), and

c(-1,2 —5)

a) write AB and ACin 1 component form

b) prove that AB and AC are linearly
dependent

c) use part b) to draw a geometric

conclusion about the points 4, B, and C.

a) a 4’( b For what real numbers m and k

is ma + kb = 0? Aregand b
lmearly dependent?

b) ’a||b and Ia'[ |b| For what real
numbers m and k is ma + kb 0? Are
aandb linearly dependent?

20.

21.

22,

23.

24,

25.

26.

Given that; and b are linearly
independent, find the values of the scalars
in each of the follow1ng

a) sa + tb 0

b) ra + (3 m) b= 0

c) (x—l)a+(y+2)b 0

-

d) Qz-6)a+(7+3k)b=0

a and b are linearly independent
non-zero vectors such that

3a + kb ma - 5b "Find the values of
the scalars k and m.

; and ; are linearly independent

noN-Zero vectors where

5cp + dr = 6q 0 and

3q,+ Zp +r=

Find the values of the real numbers ¢ and d.
Given that, |

a=3b-2c+4d,

e=2b+6¢—2d,

f=4b-10c+10d+e,

prove that; and ?are linearly dependent.
Given;= me + 3, and b = kd + 6,

where ?and 2 are linearly independent,

a) use a geometrlc argument to prove that

aand b are linearly independent
b) use an algebraic argument to prove that

a and b are linearly independent.

a and b are linearly dependent and P, Q, ,

are points such that PQ = ¢ and PR b D
is any point on the line containing points P
and Q Prove that scalars m and k exist such

that QD ma and QD kb

a and b are linearly 1ndependent 0 A, B
and C are p01nts such that 0A = a, 0B = b

and OC 4a - 3b Prove that points A, B,
and C are collinear.
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In Search of a Solution for a System
with Three Variables: Elimination

Problem

Solve the linear system

3x - y+22=-1. @

Sx+3y+ z=17 Q@
x-2y-3z=11 ®

Solution

One method you can employ to find the solution of a system of 3 equations
in 3 variables is elimination. Another method using matrices will be found
on page 95.

The first step in elimination is to obtain two equations in two variables by
eliminating one variable from each of two different pairs of the original
equations.

Eliminate z from @ and Q.
2x@ 10x+ 6y +2z=34

3x - y+2z=-1
@-@© 7x+7y =35
Eliminate z from @ and ®.
3x®@ 15x+9y+3z=51 ©®

x-2y-3z=11 @
@®+B® 1léx+7y =62 @

©Oe®

Now eliminate one of the variables, say y, from the two equations in two
variables, G) and (D).

®-@ -9x=-27

x=3

By back-substitution you can find y = 2 and z = -4, giving the solution
(x'y'Z) = (312'—4)
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DEFINITION

Example 1

Solution

2.2 Linear Dependence of Three Vectors

In the last section you studied the 11near dependence of two vectors. What

could it mean to say that three vectors a, b and c are linearly
dependent?

If two vectors a and b are linearly dependent, recall that the algebraic
condition between the vectors can be expressed in two equivalent ways.

1. m and k exist, not both 0, such that ma + kb 0.

2. Some s € R exists such that b = sa

The definition chosen for the meaning of the linear dependence of three
vectors will be an extension of the first algebraic condition for two vectors
to be linearly dependent.

Three vectors Z, b and ¢ are linearly dependent if and only if m, k, and p
exist, not all equal to 0, such thatma + kb + pc=0 m,k, peR.

Example 1 will demonstrate the geometric significance of this equation.

PN

Suppose a, b, and c are linearly dependent vectors in Vs s such that
3a +2b - 4c = 0. Find a geometric relationship among a, b and c

Three vectors in 3-space are not usually coplanar. You will show that the
above algebraic condition forces the three vectors to be parallel to the same
plane.

Points P, Q, and R can be selected such that 1?2 = 3;, and ai: = Zb.

Then PQ + QR — 4¢ = 0. -

Th 4c=PQ + QR ir S
us, B :—£+Q . 32 °b \

But, PQ+Q€=P_R‘ P —p R

thus, 4c¢ = PR. c, 4c

Now any three points lie in one plane, that is, are coplanar. Thus, points P,
Q, and R are coplanar, and segments PQ, QR, and PR lie in this same plane.

So, 3a, 2b and 4call lle in this plane. Since a||3a and b||2b and
cIl 4c, then a, b and c are parallel to this plane.

Hence, a, b, and ¢ are parallel to the same plane. W

Note: Two vectors are collinear if directed line segments that represent
them can be translated so that each segment lies along the same line.
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Three vectors are said to be coplanar if directed line segments that represent
them can be translated so that each segment lies in the same plane I1.
These vectors can be coplanar in any one of a family of planes parallel to
plane I1.

You should visualize this definition using the top of your desk and three
pencils as a4, b, and c¢ to realize that three vectors being coplanar is the
exception rather than the rule.

Two non-collinear vectors always lie in the same plane. (Place two pencils,

a and b, on your desk. If you introduce any third vector (a third pencil, ¢),
it does not have to lie in this plane. (The pencil can make a non-zero
angle with the desk.)

Three vectors are linearly dependent if and only if the three vectors are
coplanar.

Proof of coplanar property

Part 1 Given three linearly dependent vectors a, b and ¢ in V,, prove a,
b, and c are coplanar.

Proof:

I

You will need to show that three line segments representing a, b, and c,
can be drawn in such a way that the line segments form a triangle. The
sides of a triangle must lie in the same plane.

Slnce a b and c - are linearly dependent, then m, k, p € R exist such that
ma + kb + pc = 0 where not all of m, k, and p are equal to 0.

Suppose m # 0. Then distinct p01nts P and Q exist such that PQ ma
Let R be the point such that QR kb

Then ma + kb + pc = 0 becomes

=~ n R R e Q b
PQ+ QR +pc=0. P . __‘\
¢=-(PQ+ QK TN
Thus, pc=—(PQ + QR).
= = P - —3 R
But PQ + QR = PR c pc
thus, pc = —PR.

Now any three points lie in one plane, that is, are coplanar. Thus, points P,

Q, and R are coplanar and segments PQ, QR, and PR lie i int thls same plane.
So vectors mad, kb and pc all lie in this plane. Since a|| ma, bllkb and

-

cllpc then a, b, ¢ are parallel to this plane.

Hence, a, b, and ¢ are coplanar.
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Part 2 Given a, b and ¢ are coplanar provea, b and ¢ are linearly

dependent, that is, prove that ma + kb + pc = 0 where not all of m, k,
and p areequal to 0, m, k, p € R.

Proof:

Case 1: No two vectors are linearly dependent.

Select points P and Q such that 176 - a.

Since b ¥ a, a point S, not on line PQ, exists such that QS = b.

Slnce ¢ ¥ a and a, b, ¢ are coplanar, then a point T exists such that
PT = c where T is in the plane PQS, but T is not in line PQ.

Since b ¥ c, the lines containing segments PT and QS must intersect at
some point, say R.

Thus, for some T real numbers k andt,
QR kb and PR = tc

but P_Q‘ + 613 + FP = 6
thus Z + ki; - tA = 6
thus (l)a+ kb+ (-t)c=D0.

Therefore, = 1 k =k, and p = —t exist, not all 0, such that
ma + kb + pc =
Therefore, a, b, and ¢ are linearly dependent.

Case 2: Two vectors are linearly dependent.

Suppose aand b are linearly dependent. Then w € R exists such that
b =wa.

Thus, wa—b=0.

Thus, wa + (~1)b + (0)c = 0

Therefore, m=w, k = -1, and p = 0 exist, not all 0, such that
ma + kb + pc =

Therefore, a, b, and ¢ are linearly dependent.
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A relationship similar to the second algebraic condition for two dependent
vectors is true for three linearly dependent vectors.

You know that 2, Z;, and ?being linearly dependent implies that m, k,
and p exist, not all 0, such that ma + kb + pc = 0.

Suppose m # 0. Then ma + kb + p; -0 can be written
ma=—kb - p?, or

a= —Eb + £
m m
This relationship is described by saying that vector a is a linear
combination of vectors b and c.

Thus the previous property can now be written in terms of

linear combinations of vectors.

a, b, and ¢ are linearly dependent if and only if at least one vector can
be expressed as a linear combination of the other two vectors.

a) Prove the vectors d= (2,3), e= (6,1), f = (4,2), are linearly
dependent

b) Express one€ of the vectors as a linear combination of the other two
vectors.

a) A geometric proof is simpler here. You must show thatd, ¢, and f
are coplanar. R
The three vectors d, ¢, and [ are 2-space vectors (in V,), so they are
coplanar in the plane of this 2-space. But three coplanar vectors are
linearly dependent. Thus, the three vectors d e, and f are linearly
dependent
b) If dis a 11near comblnatlon of eand f then
d = se +t f
or (2,3) = 5(6,1) + 1(4,2)
or (2,3) = (6s + 4t, s + 21)
Equating components gives
2="06s+4t
3=5+2t
Solv1ng these equations givess = -1 and t =

Thus d can be expressed as a linear comblnatlon of e and f namely
d=—e+2 f |

Note: Part b) of Example 2 provides an algebraic proof for part a) but the
algebraic argument is more complex than the geometric one.
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Examp|e 3 Prove the following vectors are linearly dependent. Express one of the
Vectors as a lmear combmatlon of the other two vectors.

a=(21,3),b=3,-54),c=(12-7,17)

Solution You can use either of the two equnvalent conditions for linear

dependence to prove that a, b and c are linearly dependent. You will
see a proof using both conditions.

When employing the first condition as in method 1, additional algebra
must be performed to obtain a linear combination. If the second condition
is used as in method 2, the linear combination appears as part of the proof.

-

Method 1 Prove m, k, and p exist, not all 0, such that ma + kb + p?= 0

You must find m, k, and p such that

m(2,1,3) + k(3,-5,4) + p(12,-7,17) = (0,0,0)

or, (2m,m,3m) + (3k,—5k,4k) + (12p,—7p,17p) = (0,0,0)

or, (2m + 3k + 12p,m — 5k —=7p,3m + 4k + 17p) = (0,0,0)

Hence, 2m + 3k + 12p =0 )
m-5k—- 7p=0 )
3m+4k+17p=0 ©)

You can solve this system by the method of elimination or by the use of
matrices as described on page 73 and page 95 respectively. Elimination
will be used here.

Eliminate k from @ and Q)

5xO+3xQ 13m+3%9=0 @

Eliminate k from ) and @)

4xQ+5x0Q 19m+57p=0 G

Eliminate m from @ and (5

@~+13-(®~+19 0+ 0p=0, which is true for all values of p.
Select p = 1. From @), m = —3. Substituting into Q) gives k = —2.

Hence, real numbers m= -3,k =-2,p=1 exist, not all zero, such that
ma + kb + pc =

Hence the three vectors are linearly dependent.

Using these values, ma + kb + pz = agives “3a-2b+c=0

Solving for a, —3a = 2b . c ora= —-;—Z + %;

This expresses a as a linear combination of b and c.
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Method 2 Prove that at least one of 4, b, and ¢ is a linear combination of
the other two vectors.

Suppose a=mb+ ke. Then,
(2,1,3) = m(3,-5,4) + k(12,-7,17)
or (2,1,3) = (3m,—5m,4m) + (12k,~7k,17k)
or (2,1,3) = (3m+ 12k,~5m — 7k,4m + 17k)
Thus, 2= 3m+ 12k @D
1=-5m- 7k @
3= 4m+17k ®

Eliminating m from (D and Q

5x @D+ 3xQ@ gives 13 =39, 0rk =

W | =

Substituting in @) gives 1 = ~5m — 7(%), orm= ——32—.

Because m and k must satisfy all three equations you must check these

values in equation ().

Substituting in (@), L.S. = 3, R.S. = 4(—%) + 17(%) - g =3=Ls5.

o

Since Z = —%Z + %? is a linear combination of b and ¢, then g, b,
and ¢ are linearly dependent. W

Note: Method 2 will not work if 2 and b are multiples of each other. In

this case, it will be necessary to show either 4 or b is a linear
combination of the other two vectors. Method 1 will always work.

Linear Dependence of Two or Three Vectors

two vectors: 4, b three vectors: a, b, ¢
geometric  4|1p a, b, ¢ are coplanar
condition
algebraic 1. m, k exist, not both 0, 1. m, k, p exist, not all 0,
conditions such that such that
ma+kb=0, or ma+kb+pc=0, or
2. b= sa, for some s € R 2. atleast one is a linear
combination of the other
two; for example
c=sa+th s, teR
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2.2 Exercises

. Vectors 4, b, and ¢ are linearly

dependent.

a) What is the geometric relationship
among 4, b, and ¢?

b) State two algebraic equations that are
true relating a, b, and c. _

¢) What conditions, if any, are imposed
on the scalars in the equations in b)?

. You are given three coplanar vectors x, y,
and ; State two equations showing the
algebraic relationship among ;, ;, and

z.

. Explain why three coplanar vectors can be

represented by three directed line segments
that are not coplanar.

. a) The vector k isa llnear combination of
the vectors d and e. What is the
geometric relationship among k, d,

and e?

b) Scalarsa, b, and ¢ ex1st for the vectors in
a) such thata k +bd + ce =0. What,
if anything, must be true about the
scalars a, b, and ¢?

. Vectors a and b are linearly dependent.

Vectors ¢ and d are such that

c—3a+2bandd 4a + 2c.

a) Use a geomemc argument to show that
¢ and d lie in the plane of 4 and b,

b) Use an algebraic argument to show that
¢ and d liein the plane of 2 and b.

. a) Prove that 0 = (0,0) is linearly
dependent with every vector in V,.

b) Prove that 0 = (0,0,0) is linearly
dependent with every pair of vectors
in Vv,

- Prove that the vectors a= (4 1,2),

= (-1,0,3), and c= (2 1,8) are linearly
dependent.

8.

10.

11.

12.

13.

14.
15.

16.

. The vectors a = (0,—1,—-4), b=

Prove the vectors in each of the following
are linearly dependent. In each case express
one of the vectors as a linear combination
of the other two vectors.

a) a=(23,4) b= (-162),
c—(8 -3,-16)

b) d=(56).e=(23).f=(-1,-3)

¢) g=(40,1), h=(-815-12),
=037

d) p=(6,-4),g=(-3,9), r=(-3,2)

(lrsr_l)l
and ¢ = (3,k,5) are linearly dependent.
Find the value of k.

The vectors X = (8,-1,3), ; = (—4,2,m), and

Z = (4,5,7) are coplanar.
Find the value of m.

leen the vectors u = (1 2), v = (3 2) and

= (-1 3) If possible, write a= (3 6) as a
llnear combination of each of the
following.
a) ;only c) ;and;only
b) vonly d) u, v, w

Repeat question 11 for a-= (-1,2).

G1ven the vectors u= (2 0,0), v= (0,-1,2),
(1 0, 3) and = (0 0.1). If possible,

write a = (0 —3,6) as a linear combination
of each of the following.

a) uandvonly
b) u v, andwonly
¢) u,v,w,and ¢t

PR

Repeat question 13 for a= (5,-1,3).

If any two of three vectors are linearly
dependent, then prove that the three
vectors are linearly dependent.

Givena = (2,1,-3), b = (0,2,5) and

= (-4,—-2,6), prove that constants m, k,
and p, not all zero, exist such that

ma + kb + pz -0
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2.3 Linearly Independent Vectors and
Basis Vectors

Two vectors can be linearly dependent or linearly independent but not
both. You know that three vectors can be linearly dependent. You are now
ready to define linear independence for three vectors. You will do this in
such a way that three vectors (in general, any number of vectors)

can be linearly dependent or linearly independent, but not both.

Three vectors that are not linearly dependent are linearly independent.

Geometrically this definition suggests that three linearly independent
vectors cannot be coplanar.

Also, three vectors being 11nearly dependent means that m, k, and p exist,
not all equal to 0, such that ma + kb +pc= 0 This fact implies that if
the only values that can be found for m, k and ps such that

ma + kb + pc = 0 arem =k =p=0, then a, b and ¢ are not linearly
dependent. Hence, the three vectors are linearly independent.

Linear Independence of Two or Three Vectors

two vectors: a4, b

-

three vectors: a, b, ¢

geometric g j p a, b, ¢ are not coplanar
condition

algebraic 1. If ma + kb = 0 then If ma + kb + pc = O then
conditions m=k=0, or m=k=p=0

2. no s exists such that
sER

b =sa,

Two hnearly independent vectors you have met in V, are the unit vectors
i and ] In chapter 1 you learned that any vector in V, can be wrltten

mi + k j, where m and k are scalars. Thus every vector in the plane of i
and ] can be expressed as a linear combination of i iand ]

In Example 1 you will find that a similar fact is true for every pair a, b of
linearly independent vectors, that is, any vector in the plane of a and b
can be expressed as a linear combination of 4 and b.

81
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Example 1

Solution

DEFINITION

Example 2

Solution

If 4 and b are two lmearly 1ndependent vectors, and ¢ is any other
vector coplanar with a and b prove that ¢ is a linear combination of a
and b.

You will need to show that scalars s and ¢ exist such that ¢ = sa + tb.

Since 4 and b are linearly independent, they are not parallel. But they are

coplanar, Now the vectors a and b can be translated in their common
plane so that each becomes a posmon vector w1th its tail at the origin of a

2-space coordinate system. Let a = 0Aandb = 0B
Case 1: ¢ is not parallel to either aorb. Y c

Let ¢ = OC. From C draw a line parallel to OB
intersecting OA or OA extended

at point D. Then OC = OD + DC.
Since D is in 0A, a real number s exists such that OD = sa.

Since CD is parallel to OB, a real number ¢ exists such that R = t;.

Thus, OC = sa + th or ¢ = sa + tbh. Hence, c is a linear combination of
a and b.

Case 2: ¢ is parallel to either a or b.
Suppose c is parallel to a. Then a real number p exists such that ¢ = pa.
Hence, ¢ = pa + 0b. Hence, ¢ is a linear combination of a andb. B

The results of Example 1 are true for any two linearly independent vectors
in V,. Two linearly independent vectors form a basis in the 2-space plane
in which they lie.

Any two linearly independent vectors a and b form a basis for V.

If ¢ = sa + tb, then s and ¢ are called the components of ¢ in the basis
{a,b}.

Prove that the components of a vector in the V, basis {4,b} are unique.

Suppose that a vector ¢ has two pairs of components (s,t) and (p,q) in
basis {a,b}.

You will need to show that (s,f) and (p,q) are the same ordered pair.

Because both ordered palrs are components, you have two equations for
c, namely ¢=sa+thandc= pa + qb

Thus, sa + th = pa + qb or, (s = p)a +(t - q)b 0
Since {a b} is a basis in V,, a and b are linearly independent.
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Hence, s—p=0,andt —q=0,ors=pandt =q. Thus, the components of
cin{a, b} are unique. M

The most important ba51s inV,¢ consists of the unit vectors i= (1 0) and
] = (0, 1) You will prove i iand j form a basis for Vv, in Example 4.
You have now seen that if two vectors in 2-space or in 3-space are linearly

independent then any third vector in the same plane can be written as a
linear combination of the two vectors.

As you will see in the following example, every vector in 3-space can be
written as a linear combination of three linearly independent vectors.

In other words, it is impossible for four 3-space vectors to be linearly
independent.

If a, b and ¢ are three linearly independent vectors, and dis s any other
vector, then prove that m, k, p € R exist such that d= ma + kb + pc.

You will make use of the fact that the plane containing vectors a and b
intersects with the plane containing ¢ and d.

PRIy

a, b, ¢, and d can be translated so that each becomes a position vector
with its tail at the origin of the 3-space coordinate system. Since the three

vectors a, b, and ¢ are linearly independent, the three vectors are not
coplanar.

Let IT, be the plane containing a and b

Let I, be the plane containing ¢ candd.
Since I1, and I, are distinct non-parallel planes, they intersectin a line L.

Let vbe any vector along llne L. Then v lies in the plane I1,. Hence visa
linear combmatlon of a and b.
Thus, - v=sa+th (D

Also v lies in IT,, so v=wd+re @
From (D and @

sa + tb wd + rc
Thus, wd = sa + tb - rc

or,d=—a+ —b S —c(w# 0, see note).
woow W

Thus, 2 = mz + kb + pc,

r
wherem =%, k = ,p——— |
w w

Note: The scalar w can not be 0, otherwise v and ¢ would be scalar
multlples and hence collinear. Thus, ¢ ¢ would be coplanar with b
and a, which is not true.
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If three vectors a, b, and ¢ are linearly independent then the vectors can
not be coplanar but must exist in 3-space. Example 3 shows that any other
vector in 3-space can be expressed as a linear combination of these vectors

a,bandc

The vectors a, b and ¢ are said to form a basis for V;.

DEFINITION Any three linearly independent vectors Z, E, and ? form a basis for V;.

Ifd= ma + kb + p?, then the scalars m, k, and p are called the
components of d in the basis {a,b,c}.

—_—

The most important 3-space basis consists of the unit vectors i= 1,0 0),
= (0 1,0), and k= (0,0, 1) that you met in chapter 1. You will prove 1
j and k form a basis for V; in Example 4.

Example 4 a) Prove that the vectors ?= (T,d) and 7= (ﬁ) form a basis for V,.

b) Prove that the vectors i = (1,0,0), j = (0,1,0), and k = (0,0,1) form a
basis for V,.

Solution a) Vectors i and j form a basis for V, if they are linearly independent.
Hence, you must prove that mi + tj = 0 implies thatm =t = 0.

Suppose mi+t j 0

Thus m(l 0) + t(o 1) = (0 0)
or (m, 0)+(0t)—(00)
or (m+0,0+1)= (6,3)

Equating components you obtain m = 0 and t = 0. Hence, i and j
form a ba51s for \/2

b) Vectors 1 ], and k form a basis for v, if they are hnearly
independent. Hence, you must prove that ml +tj+ pk 0 implies
thatm=t=p=0. Supposeml +tj +pk 0
Thus m(100)+t(010)+p(001)—(000)

or (m,0,0) + (0,¢,0) + (0,0,p) = (0,0,0)
or (m+0+0,0+t+00+0+p)=(0,0,0)
or (mrtrp) = (0'0'0)

Equating components you obtain m = 0, t = 0, and p = 0. Hence, i, j,
and k form a basis forv;. W
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In Search of Vectors in Spaces
with Dimension Higher than Three

Vectors in 2-space can be represented geometrically by directed line
segments or algebraically by ordered pairs. The set of such vectors is called
V,. Vectors in 3-space can be represented geometrically by directed line
segments or algebraically by ordered 3-tuples. The set of such vectors is
called V.

Are there also sets of vectors V,, Vs, V4, and so on?

In that part of Finite Mathematics called matrices you will find that ordered
4-tuples, ordered 5-tuples etc. are used to represent such things as the
inventory of a factory or the wins of various teams.

City Monitors Printers Dlzif/l;s Keyboards
Weston 10 12 25 15
Guelph 20 24 44 25
Kingston 12 15 28 10
City of Games | Games | Games | Games | Points Points
Team Played Won Lost Tied For Against
Toronto 1 1 0 21 20
Ottawa 1 1 0 0 20 11
Winnipeg 1 0 1 0 11 20
Hamilton 1 0 1 0 20 21

Each set of ordered n-tuples, # € N, makes up the set of vectors V, provided
that an addition rule can be defined so that addition has all of the
properties held by V, and by V;. When a set of ordered n-tuples has these
properties V, is called an n-dimensional vector space. There is no readily

available geometric model for vectors of more than three dimensions. (The
corner of a room provides a model for three mutually perpendicular axes.
Can you imagine four mutually perpendicular axes?) Nevertheless, ordered
n-tuples can exhibit all the other properties of vectors—all you lose is the
geometric model.
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Properties of an n-dimensional vector space V,
Definition of addition

If a = (a,,a,as,...,4a,) and ; = (b,by,b,,. .7,:) then
a + b =(a,+bya,+ byas+b,,....a,+b,)

Properties of addition

18 closed: a be Vi 1mp11es (a + b) € V,
Addition is assoc1at1ve (a + b) te=a+ (b + c)
A neutral element 0 €V, ex1sts such that a-+ 0 0 + a for all a €V,
Eachae V, has an inverse —a such that a+ (- a) = (- a) +a=0

Definition of scalar multiplication

If k is a scalar and a = (a,,a,,45,. . .,4,) then ka = (ka,,ka,,ka;,.. ., ka,)
Properties of scalar multiplication

ka € V,,
(km)a = k(ma) [mis ascalar.]

k(a+b)—ka+kb
(k+m)a—ka+ma

The linear dependence and linear independence of vectors in V, can be
defined in an manner similar to that for Vv, and V.

-~ A

k vectors a,, a,, as,. . .,a; are linearly dependent if and only if k real
numbers exist, m,, m,, m,,...,m, not all zero, such that
> ma;=0

i=1

-~ A

k vectors a,, a,, as,...,ay are linearly independent if they are not linearly
dependent.

Koo .
If the vectors are linearly independent, then £ m;a; = 0 implies
i=1

m=my=ms=...=m =0,

Any k linearly independent vectors in a space of k dimensions form
a basis for Vv;.

Activity

Find applications of vector spaces of dimension higher than three.
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5 Vectors s, t and r are not coplanar, and

ws + xt + zr = 0 What, if anything, is
true about the scalars w, x, and z?

. x ¥ ; and z does not lie in the plane of
;and; Which on b ? andd

are hnearly dependent w1th x and y”
a—3x+5y b= 4a+3x

c=3x+ 52 d=a-b

. Vectors a and b are linearly independent.
Scalars X, y, m, and k are such that
C=xa+ yb andd ma + ke. Prove

that; b : and d are coplanar.

5 Ifa b and ¢ are linearly independent,
then 1 prove that u=at 2b te

v—a+3b—2c,andw—a+b +4c
are linearly dependent.

. Provethata = (4,1,2),b=(-1,0,3),

and d = (3,1,4) are linearly independent.

. Determine whether or not the three vectors
in each of the following are linearly
dependent. In each case state the geometric
significance of the result.

a) (0,1,3), (-3,5,2), and (—6,11,7)

b) (1,2,3), (-3,0,4), and (-1,4,6)

c) (418) (-2,1,0), and(0316)

d) (124) (2,-3,-1), and (-1,-9,—13)
e) (351) (2,-2,~2), and (—4,-4,0)

. Given the vectors a = (2,-5) and b (3 1).

a) Prove a and b form a basis for V,.
b) Express each of the follow1ng vectors as

a linear comblnatlon of a and b
=(7,-9)d=(-2,-29) e = (6,-15)

. Which of the following pairs of vectors
form a basis for V,?

) 0, @)
b) (1,-3), (4, 2)

¢) (4-6), (6-9)
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9.

10.

11.

12.

13.

14.

Given the vectors a= (4,1,0), b=
and ¢ = (6,1,4).
a) Prove the vectors a4, b, and ¢

form a basis for V;.
b) Express each of the follow1ng vectors as

(21_314)1

o

a11near comblnatlon ofa b and c
—( 8,-4, 8)e—(18134)
f (1464)

If ma + kb + pz= 0, then either ;, b,
and ¢ are coplanar or m = k = p = 0. Prove.

Vectors a band ¢ are 11nearly

independent. Vectors d band ¢ are not
coplanar

d ma + kb + pc * 0

e=rb+tc+0

Prove that d and e are linearly
independent

a) using a geometric argument

b) using an algebraic argument.

Given vectors ; =(w+ 1,3w+ 1), and

b=2w+2).

a) If (Z,b) is not a basis for V, find the
value(s) for the scalar w.

b) If{a,b} is a basis for V, find the value(s)
for the scalar w.

Given vectors a = (Z,_ofd), b= ((),Tj),

and ¢ = (O_,I,_r;).

a) If (Z,b,:} is not a basis for V, find the
value(s) for the scalar m.

b) If {a,b,c} is a basis for V, find the
value(s) for the scalar m.

a) State an algebraic condition for four

vectors a4, b, ¢, and d to be linearly
dependent.

b) The three vectors a, b, and ¢ form a
basis for V;, and d is any other 3-space

vector. Prove that a, b, ¢, and 4 are
linearly dependent.
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M A KI NG

The Prisoners’ Dilemma—a Game

The game known as the Prisoners’ Dilemma was introduced in 1950 by the
Canadian-born mathematician Albert W. Tucker. The game involves the
scenario of two suspects in a crime who are prevented from
communicating with each other. Each is given one of two choices.

C co-operatior: maintain that both are innocent
N: nonco-operatiort accuse the other of having committed the crime alone

Itis usually in the individual’s self-interest to accuse the other. Yet when
both accuse, they reach a bad outcome. What is good for the prisoners
as a pair, is to maintain that both are innocent.

This simple model can be used for a crucial international problem—the
arms race between the USA and the USSR. Each of these two superpowers
can independently select one of two policies.

C co-operation: disarm, or at least agree to a partial ban on armaments
N: nonco-operatiorn: heavily arm in preparation for any war contingency

Here, as in the original game of Prisoners’ Dilemma, there are four possible
outcomes, as indicated by the four ordered pairs
(USA’s choice, USSR’s choice) that follow.

(C,C) Both the USA and the USSR co-operate by choosing to disarm. Most
people would see this as the most preferred outcome, even though
there are certain risks.

(N,N) Both the USA and the USSR refuse to co-operate by deciding to
arm. From a global standpoint, most people would agree that this
is the worst possible outcome.

(N,C) The USA decides not to co-operate and arm while the USSR elects
to co-operate and disarm. This unilateral disarmament by the USSR
would be the one preferred most of all by the USA and the one least
preferred by the USSR.

(C,N) The USSR decides to arm while the USA elects to disarm. This
would be the ‘worst possible’ outcome for the USA and the ‘best’
for the USSR.

The following matrix models this game.

To consider this game mathematically it is customary to assign a payoff
from O to 5 for each event. Here
(0,5) signifies a payoff of 0 for the USA and a payoff of 5 for the USSR.

USSR
C N
C both disarm (4,4) favours USSR (0,5)
USA
N favours USA (5,0) armsrace (2,2)



CONNECGCTIONS ;

Should the USA select strategy C or strategy N? The USA can see what
happens if the USSR selects C. The USA will receive a payoff of 4 for
co-operating by disarming but a payoff of 5 for arming. Thus, the USA
will get a better payoff by arming.

Now if the USSR selects strategy N, that is, the USSR decides to arm, the
USA will receive 0 for disarming, and 2 for arming. Again the USA has the
better payoff if it chooses to arm.

In either case, the USA gets a better payoff by arming than by disarming.

The same argument will lead the USSR to decide upon N, that is, no
co-operation by arming. Thus, when each nation attempts to maximize its
own payoff independently, the pair is driven into the outcome (N,N) with
the payoff (2,2). The best payoff, (4,4), appears unattainable when the
game is played in an atmosphere of nonco-operation.

Even if the USA and the USSR agree in advance to pursue together the
globally optimal solution (C,C), this outcomes is fraught with problems. If
either the USA or the USSR alone reneges on the agreement and secretly
arms, it will benefit. Each country would be tempted to go back on its
word and select N.

In real life, people, and sometimes nations, do manage to avoid the
nonco-operative outcome in the game of Prisoner’s Dilemma. The game is
usually played within a larger context, where other incentives have their
part to play. Also, the game is usually played on a repeating basis, so that
elements such as reputation and trust also play a role. Players realize the
mutual advantages in co-operation. Nations can also resort to other helpful
measures, such as better communication, and more reliable inspection
procedures.

The game of Prisoners’ Dilemma pinpoints the dynamics behind a
frequently occurring paradox. The nonco-operative outcome is not as
satisfactory as a co-operative solution in which one is ready to allow one’s
own selfish interests to take second place.
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Example 1

Solution 1

2.4 Points of Division of a Line Segment

When two directed line segments PQ and QR are linearly dependent, then
the points P, Q, and R lie in a straight line. In this situation any one point
divides the line segment joining the other two points into some ratio.
Vectors can be used to find a special relationship among these points.

First recall the following about points of division of a line segment.

In the diagram, point Q divides PR internally in the ratio 2:3.
Point M divides XY externally in the ratio 5: 2.
Point K divides AB externally in the ratio 2: 5.

If direction is taken into account, as with vectors, internal division can be
distinguished from external division by using negative signs.

Thus, if the direction from point X to point Y is taken to be positive,

the point M divides XY externally in the ratio 5:(-2).

Similarily, if the direction from point A to point B is taken to be positive,
the point K divides AB externally in the ratio (-2):5.

By convention the first term of the ratio is associated with the first point
mentioned, that is, the division is from the first point mentioned to the
dividing point, then from the dividing point to the second point
mentioned. Observe that the point of division is closer to the point
associated with the smaller term of the ratio.

If point D divides the line segment PR internally in the ratio 2:3, and O is
any fixed point, then express OD in terms of OP and OR.

The points are related as in the figure.

The key to solving this problem is to write an equation relating any two
vectors along line PR and then to replace those vectors with position
vectors by subtraction.

— g p 2 Db 3 R
From the diagram PD = 5 PR @ ' T
But, PD = OD — OP, and PR = OR — OP
Substituting in @ gives

0D—0P=§(0R—0P)

—_ —_ 2—5 —_— —_

0D=§0R’—§0P+ OP, hence,OD=§0R+—0P- u



Solution 2

Example 2

Solution
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From the figure, replacing oD by the longer route oP + PD,
OD = OP + PD

But ﬁ=—§—ﬁ,andl’?=—ﬁ’+ﬁi
Thus £=5+ﬁ
=&?+§-}§

=5+%(—5+ﬁ)

—op-20p+20R
5 5

Thus aj = % a; + % ﬁ as before. H

Observe in Example 1,

1. the number 2 in the ratio 2: 3 is connected to the point P in the diagram

but multiplies OR in the equation
2. the number 3 in the ratio 2:3 is connected to the point R in the diagram

but multiplies OP in the equation
3. the sum of the multipliers of OP and ﬁ, namely, % + 2 1
4. the denominator 5 =2 + 3.

Do a few more examples like Example 1 to see if these patterns continue.

If point D divides the line segment PR externally in the ratio 5:3, and O is
any fixed point, then express OD in terms of OP and OR.

The points are related as in the figure. Again, the key is to write an
equation relating any two vectors along PR. From the figure,

—_ 3__-1

DR == DP
5

Using subtraction of position vectors for DR and DP gives

ﬁ—EB:%@S—%)

of - 05 -2 0r- 20D
5 5 5
orR-20p=-%0D I 3.
5 5 t
Hence,OD==-0R-=>0r. N
2 2 o)
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Example 2 shows the same patterns as Example 1, if the ratio is considered

as 5:(-3),

1. the number 5 in the ratio 5:(-3) is connected to the point P in the
diagram but multiplies OR in the equation.

2. the number 3 in the ratio 5:(—3) is connected to the point R in the

diagram but multiplies OP in the equation.

3. the sum of the multipliers of(—); and EE, namely, —% + —Z— =1.

4. the denominator 2 =5 + (-3).

It appears that the point D that divides segment PR in the ratio m : k

op+—"_0r

m+k m+k
You will prove this in the following argument.

satisfies the following relationship. oD =

Proof of Internal/External Division Property

Given point D divides the line segment PR in the ratio m : k. For internal
division m and k are positive. For external division the smaller of m and k
is negative. If O is any fixed point, prove that

oD = OP + OR
(m + k) (m + k)
Proof:
L k E K
O O

The diagrams for internal and external division indicate that
. m —

PD = PR

m+k

oD - 0P = —™ _(OR - OP)
m+k

oD-0P=-"_0R--"™_o0P
m+k m+k
op-"rtk-mGp, ™ Or
m+k m+k
Thus, £= k &5+ m ﬁ
m+k m+k

Note: Using the notation OD = 2, 0P = ;, and OR = 7, the property
may be written

N N s
d= pt+——r.
m+k m +k

You can now use these results as a short cut for doing Examples 1 and 2.
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Examp|e 3 If point D divides the line segment PK PR as 1ndlcated and O is any fixed

point, then express OD in terms of OP and OR.

a) internally in the ratio 2:3 b) externally in theratio 5:3

Solution a) b)

D divides PR internally, 2:3 D divides PR externally, 5:(-3)

Herem=2, k=3, m+k=5 Herem=5,k=-3, m+ k=2
Thus,%=%57’+ %&i Thus(_)B= ——%67’+ %575 [ |

Examp|e 4 Find the coordinates of the point D that divides the line segment joining

points P(1,2,3) and R(2,—4,3)

a) internally in the ratio 5:7 b) externally in the ratio 3: 2

Solution Let the fixed point O be (0,0,0), and D have coordinates (x,y,z).

Thus, OP = (1,2,3), OR = (2,—4,3), and 0D = (x,5,2).
a) Herem=5,k=7,andm + k= 12.

Thus%=l§+iﬁ,and
12 12
x32) = = (1,2,3) + = (2,-4,3)
12 . 12 R
(x'y'z) — (l’ﬁlg) + (B,_Z_OIE)
12 12 12 12 1212

E) - (g 6 29)
o 12" 12"12

Thus, the point of division D has coordinates (i—;,—%j).

b) Herem=3 ,k=-2,andm+k=1.
Thus % = —z& + 3&5
x3.2) = —2(1,2,3) + 3(2,-4,3)
= (~2,-4,-6) + (6,-12,9)
= (4-16,3)

The point dividing PR externally in the ratio 3:2 is (4,-16,3).
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2.4 Exercises

1.

Draw a diagram showing a point D
dividing the line segment PR as follows.
a) internallyin the ratio 2:5

b) externally in the ratio 2:5

. Point D divides the line segment PR

internally in the ratlo 4:3,and Ois any
flxed point. Express OD in terms of OP and

OR as follows.
a) using either method of Example 1
b) using the point of division formula

In each of the following, find the vector OD
such that point D divides the line segment
PR internally in the indicated ratio, where
O is any fixed point.

a) 3:5 b) 4:1 ¢) 7:2 d) 6:11 e) 1:1

. Point D divides the line segment PR

externally in the ratlo 4:3,and Ois any
flxed point. Express OD in terms of OP and

OR as follows.
a) using the method of Example 2
b) using the point of division formula

. In each of the following, find the vector oD

such that point D divides the line segment
PR externally in the indicated ratio, where
0 is any fixed point.

a) 3:5 b) 4:1 ¢) 7:2 d) 6:11 e) 1:2

. The point A divides the segment PQ

internally in the ratio 2: 3. The point B
divides AQ externally in the ratio 3:4.1f0

is any fixed pomt then express OB in terms
of OP and OQ

. Point D divides segment PR in the ratio

m : k. Describe the position of the point D
with respect to points P and R in each of
the following cases.

a) m=0,k=0,m=k

b) m=0,k<0,|m|=|k|

c) k=0

10.

11.

12.

13.

14.

Find the coordinates of the point D that
divides the line segment joining P(7,8) and
R(-4,5) internally in the ratio 3:7.

. Repeat question 8 for the folloWing ratios.

a) 2:5, internally
b) 7:6, internally
c) 1:1

d) 11:3, externally
e) 3:11, externally
f) 1:2, externally

Find the coordinates of the point D that
divides the line segment joining P(3,2,1)
and R(5.6,3) internally in the ratio 5:7.

Repeat question 10 for the following ratios.
a) 5:2,internally d) 3:13, externally
b) 9:7,internally e) 3:2, externally
c) 1:1 f) 2:1, externally

Point Q lies on the line PR. O is any point
such that 0Q = sOP + % OR.

a) Find the value of s.
b) Into what ratio does the point Q divide
the segment PR?

The point Q divides the segment PR
internally in the ratio 2: 1. The point A
divides the segment PQ externally in the
ratio 6: 5. The point T divides PA internally
in the ratlo 2:3.If Ois any pomt then

express OT in terms of OA and OR.

Given the triangle ABC with vertices A(3,8),
B(-1,-6), and C(7,4). D, E and F are the
midpoints of sides BC, AC, and AB
respectlvely

a) Express OD OE and OF as
ordered pairs.

b) Find the coordinates of the point K
dividing the median AD internally in
the ratio 2: 1.

¢) Find the coordinates of the point M
dividing the median BE internally in
the ratio 2: 1.

d) Find the coordinates of the point N
dividing the median CF internally in
the ratio 2: 1.

e) Use your results of b), ¢), and d) to draw
conclusions about the intersection of
the medians AD, BE, and CF.
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In Search of a Solution for a System with
Three Variables: Matrices

In an In Search of on page 73 you learned the elimination method of
solving a linear system. Here you will learn to solve the same system using
equivalent matrices.

Problem

Solve the linear system
3x— y+2z2= -1 @
sx+3y+ z= 17 @

x=-2y-3z= 11 @

Solution

The method of matrices reduces the amount of writing that you must do by
concentrating only on the coefficients in the three equations. Since the
values of the variables do not change under the operations used in the
method of elimination, only the coefficients are recorded in an array called
a matrix. The position of each coefficient in the matrix corresponds to its
position in the linear system.

Thus the above linear system is written in matrix form as

3 -1 2 -1 This matrix is called the augmented matrix of the
5 3 1 17 system. The name indicates that it includes the
1 -2 -3 11 3 -1 2
coefficient matrix | 5 3 1
1 -2 -3

A matrix can be replaced by an equivalent matrix with zeros in certain
positions by the multiplication of rows by numbers, to make elements
equal, and then adding or subtracting rows.

First get 0’s in the first position in row @ and in row Q.

3 -1 2 -1
sxrow@D-3xrow® |[o -14 7 -56
row D - 3 xrow @) ) 5 11 -34

Now get a 0 in the second position of row 3.

3 -1 2 -1
o -l4 7  -56
5xrow @ + 14 xrow B Lo o 189 -756

From row (): 189z = —756 thus 7 = —4.
From row @): —14y + 7z = —56; using z = -4, y = 2.
From row (D: 3x —y + 2z=-1; usingz=—-4andy =2, x = 3.

Therefore, the solution is (x,y,z7) = (3,2,—4).
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Note 1 These matrices are known as equivalent matrices because the
solution of each is the same as the solution of the original system.
2 The final matrix

3 -1 2 -1

0 -14 7 -56

0 0 189 -756
is called the reduced matrix for the system; that is, when a matrix
corresponding to a linear system of three equations in three
variables has the form

a b ¢ d
0 ¢ f g
0O 0 h i

with the triangle of zeros on the left, the matrix is in row-reduced
form. The values of a, b, ¢, d, e, f, g, h, and i are not unique because
the row reduced form can be reached by different row operations.
Nevertheless the solutions are the same.

Two special cases can occur.

Case 1 The last row is

000i

where i = 0.

Then 0z = 0 has an infinity of solutions. Hence an infinite number of (x,y,2)
exist solving the system.

Here is an example of such a matrix in reduced form.

1 2 0o 3
01 -1 4

0o o0 0 o0
Case 2 The last row is
000i

where i # 0.

Then 0z = i has no solution. Hence no (x,y,z) exists solving the system.

Here is an example of such a matrix in reduced form.

1 2 o 3

0 1 -1 4

0 0 0 5
Activities

Solve the following linear systems using matrices.

a) x+2y—-z=2 C) 2x+3y—-2z=12
2x 3y+z=-1 3x - 2y+3z=1
4x +y+ 2z=12 x+8y—5z=23

b) 2x -3y +4z=-8 d) 2x+3y-z=12
3x+4y+2z=13 3x -2y+3z=1

5x+2y-3z=25 x+8y—5z=1
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2.5 Collinear Points and Coplanar Points

In 3-space
1. two distinct points P and D are always collinear, (figure 1)
2. three distinct points P, D, and R are usually not collinear but will

always lie in the same plane, (figure 2)

3. four distinct points P, D, R, and S will usually not be coplanar (figure 3).

figure 1 figure 2 figure 3

In this section you will make use of linear dependence of vectors to
determine whether or not three points are collinear and whether or not
four points are coplanar.

Collinear Points

In the dlagram, points P, D, and R lie in the same stralght line. Thus,
vectors PD and DR are collinear. Hence, PD and DR are linearly dependent.

Similarily, PD and PR are linearly dependent, and also DR and PR are
linearly dependent.

Intuitively you should understand that line segment PD parallel to line
segment DR with common point D implies that points P, D, and R are
collinear points. This leads to the following property.

If any two of the vectors, PD, PR, and DR are linearly dependent, then

PROPERTY points P, D, and R are collinear.
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Example 1

Solution

Example 2

Solution

Prove that the points P(3,2,—-1), D(5,4,1), and R(—3,—4,—7) are collinear.

PD OD OP (5.41) - 3.2,-1) = (2,2,2).
DR = OR 01)—( 3,-4,-7) - (5,4,1) = (-8,-8,-8).
But DR = —4(2 22)= —4PD.

Therefore, PD and DR are linearly dependent.
Thus, points P, D, and R are collinear. W

In section 2.4 you learned another fact about three collinear points P, D,

and R. If the point D divides the segment PR in the ratio m: k then

op-—X_op+ 1M
m+k m+k

OR

Note: The sum of the coefficients of 07’ and ﬁ, that is,
k + m__m+ k _
m+k m+k m+k

The converse of this result is also true, as the following example shows.

a) If oD = % OP + —;— OR, prove that P, D, and R are collinear points.
b) Draw a diagram showing the relationship among the points P, D,
and R.

a) You will need to show that two of the vectors represented by the

_

dlrected line 1€ segments PD DR, or PR are linearly dependent.

Now PD = 0D — OP
. D 2
§0P+%0R oP A ' "

-30r-20p
5 5

- 3(0r - op)
5
—— 3 —_
Thus, PD = ; PR
Therefore, points P, D, and R are collinear.

b) Since PD = % PR, the point D is positioned % the distance from P to R as

shown in the diagram.

R

1 ry

i

ro

The following example proves the result of Example 2 is true for any three
collinear points.



Example 3

Solution

PROPERTY

Example 4

Solution

PROPERTY

2.5 Collinear Points and Coplanar Points 99

Given that pomts P, D and R have position vectors, with respect to the
orlgln o, of p d and r respectlvely, such that
d= sp + tr wheres + t = 1, prove that P, D, and R are collinear points.

_— > —

You will need to show that two of the directed line segments PD, DR, or PR
are linearly dependent. D

Now PD=d-p . i
—sp+tr—p_‘ 3 o .
=tr+(s-1)p sinces+1t=1,

O
=tr—tp s-1=-t
—t(r—p)

Thus, PD = tPR

Therefore, points P, D, and R are collinear. H

The pomts P D, and R are collinear if scalars s and ¢ exist such that
OD = sOP + tOR wheres + £ = 1.

This property can be described as the condition for three vectors with tails at a
fixed point O to have their tips in a line.

o

) A, B, and C are collinear points such thatasr = pO_A + (3 - 2p) oC. Find
the value of p.
b) State the ratio into which B divides AC.

a) Since A, B, and C are collinear points and ﬁ = pa{ +(3-2p) 55
thenp+ 3 -2p)=1
Therefore, p 2.

b) Thus OB ZOA - IOC
Hence B divides AC externally in theratio1:2 W

Coplanar Points

Suppose you have four points P, Q, R, and S such that ?d ﬁ, and PS are
linearly dependent. What can you say about the four points? Since —PB ITR,
and PS are linearly dependent, these three vectors must be coplanar. Hence
the pomts P, Q, R, and S must lie in the same plane. Because the vectors QR
QS and RS will also be in this plane, you can use the following property to
prove that four points are coplanar.

For the four points P, Q, R, S to be coplanar, three vectors (chosen with a
common origin) must be linearly dependent.
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Example 5

Solution

Prove that the four points P(1,0,2), D(3,2,0), R(4,1,2), and S(1,4,—4) are
coplanar.

You must select three of the vectors and show that they are

11nearly dependent Suppose you choose the vectors PD PR and PS where
PD = 0D - 0P = (2,2,-2)

PR OR OP (3 1,0)

PS = 0S — OP = (0,4,-6).

You need to f1nd m, k and p, not all 0, such that
mPD + kPR + pPS 0

m(2,2,-2) + k(3,1,0) + p(0,4,—6) = (0,0,0)
(2m,2m,—2m) + (3k,k,0) + (0,4p,—6p) = (0,0,0)
(2m + 3k,2m + k + 4p,—2m —6p) = (0,0,0)

Thus 2m + 3k =0 @
2m+ k+4p=0
-2m -6p=0

You can solve this system by the method of elimination or by the use of
matrices as described on page 73 and page 95 respectively. Matrices will
be used here.

The augmented matrix for this system of three equations is
23 0 0]

L

row @D - row @
row @ + row @

©C O O OO0 oo O

1
0
3
2
3 -6
3
2
0

I
SO N OO N

3xrow @ -2 xrow ®

From row (3: 0p = 0
Hence, p can be any real number.
From row (Q: 2k — 4p = 0, or
k=2p
From row (Q): 2m + 3k = 0, or
2m+3(2p) =0, or
m=-3p

Thus, m, k andp ex1st for example, =1,m= -3, and k = 2 such that
mPD + kPR + pPS 0. Thus, vectors PD PR and PS are linearly dependent.

Hence, points P, D, R, and S are coplanar. W
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. a) State a vector condition for three points
P, Q, and R to be collinear.

b) State a vector condition for three points
A, B, and C to be collinear.

. Prove that the points A(2,3), B(-6,5), and
C(6,2) are collinear.

. Prove that the points A(2,3), B(-6,5), and
C(-4,6) are not collinear.

. Prove that the points P(8,2,—-4), Q(7,0,-7),
and R(10,6,2) are collinear.

. Prove that the points P(8,2,—-4), Q(7,0,-7),
and R(10,6,0) are not collinear.

. In each of the following decide whether or
not the three points are collinear.

a) P(2,0,3), Q(4,1,6), R(6,2,9)

b) X(4,5,6), Y(12,1,-2), Z(0,14,20)

c) A(8,6), B(-1,-7), C(0,—-25)

d) D(7,11), E(-3,8), F(-23,2)

. For each of the following explain why the
p01nts P D, and R are colhnear, where
OP r oD = d and OR = r. In each case
state the ratio into which point D divides
segment PR. O is any point.

a d=— +—r ¢) d=—2p+27
) p ) 3p 3
b) 2=_p+3_‘ d) d=8p—7r

7

. Points P, D, and R are collinear and O is any
point such that oD = % OP + kOR. Find the
value of k.

. In each of the following, points P, D, and R
are colllnear The posmon vectors of P, D,

and R are p, d and r respectively. Find
the values of the scalars.

a) d mp 4r
b) d=1p+
) o nr

puy

5_5 _
c) d=Zp+sr
) 3 P

10.

11.

12.

13.

14.

15.

16.

17.

18.
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a) State a vector condition for four points
P, D, R, and S to be coplanar.

b) State a vector condition for four points
A, B, C, and D to be coplanar.

Prove that the points P(4,0,3), D(6,3,2),
R(3,2,7), and S(5,12,13) are coplanar.

Prove that the points P(4,0,3), D(6,3,2),
R(3,2,7), and §(5,7,14) are not coplanar.

In each of the following decide whether or

not the four points are coplanar.

a) P(2,0,3), Q(4,1,-6), R(14,3,-3),
S(-16,-3,-12)

b) W(3,1,2), X(3,2,-1), Y(0,6,4), Z(-3,12,3)

¢) A(5,1,3), B(4,3,0), C(7,1,8), D(5,2,6)

d) K(1,6,3), L(-2,-4,~1), M(3,9,4),
N(-3,0,1)

A, B, and C are points such that 0A = a,

0B = b oc=". Scalars m, k, and p exist
where m* 0 such thatm + k + p = 0and

ma + kb +pc = 0 Prove that A, B, and C
are collinear points.
0,A,B,C, and Z are | five points in 3-space
such that 0A = a OB b oc = ¢, and
OZ—-—5a+2b+3c
a) Expres_s AB, AC, and AZ in terms of 2,

b, and c.
b) Prove that points A, B, C, and Z are
coplanar.

You are given points O, P, D, R, and 4 such
that OP = 204 + %51? and 04 = kOD + mOR.

If points P, D, and R are collinear, then
prove that 4k + 4m = 1.

You are glven points O, P, D and R such

that mOD — kOP + (k — m) OR = 0. Prove
that the points P, D, and R are collinear.

A, B, C, D, and E are five points in 3-space
such that AD = AB + %(E_C" S ﬁ). Prove that

the three points B, C, and D are collinear.
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Example 1

Solution

2.6 Geometric Proofs Using
Linear Independence of Vectors

In your study of geometry you have proved geometric facts using the
theorems of Euclidean geometry such as those on congruent triangles,
angles in triangles, parallel lines and so on. In this section you will use the
linear independence of vectors to prove some geometric facts involved
with the division of segments internally or externally. The property of
linear independence that you will use is the following.

Ifu and v are linearly independent, and mu + kv = 6, thenm =k =0.

In chapter 5 you will have the opportunity of doing the problems of this
section by using vector equations of lines.

Prove that the opposite sides of a parallelogram are congruent.

Given: AB||DC and AD||BC

Prove: AB = DC and AD = BC .
= ku
(&

You must first translate the ‘Given’ and ‘Prove’ into vector information.

If AB s u and AD = v, then the ‘leen ABIIDC and AD||BC’ implies that
k, m exist such that DC= ku, and BC = mv.
The ‘Prove: AB ~ DC and AD = BC’ implies that you must show that
k=m=1.
Starting at pointA and moving around the parallelogram gives
U+ my-— ku -v=0
or (1-Ku+(m-1)v=0
But # and v are not parallel, and so are linearly independent.
Thus, 1 —k=0,andm - 1=0.
Hence, k = m = 1, as required. W

Example 1 implies that you may use the following or equivalent figure for
problems involving a parallelogram.




Example 2

Solution
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Prove that the diagonals of a parallelogram bisect each other.

Given: ABCD is a parallelogram with diagonals intersecting at E.
Prove: AE ~ EC, and BE >~ ED

Proof: Asin the diagram, let AE = p, and BE = r, then EC = kp, and

ED =mr.

(These statements are not needed if the facts are clearly shown on the
diagram.)

You must show tha[ m=k=1.

In AAEB, u-p—r
InACED u——mr+kp
Thus,p—r~vmr+kp
0r(1—k)p+( 1+m)r—-
Since p and r are not parallel
1-k=

N

0,and-1+m=0

Thus, k = m = 1, as required. W

Example 1 and Example 2 indicate a method of solving problems
involving parallel or collinear segments where the ratio between the
lengths of some segments is required to be found.

Step 1

Step 2

Step 3

Step 4

Express parallel or collinear segments as u and ku, v and mv,
etc. (If the ratio of the lengths of some segments is known, then use
the terms of the ratio as scalar multipliers.)

a) Write a vector equation involving at least two linearly
independent vectors and the unknown scalars of step 1.

b) If three linearly independent vectors appear in a), write one
more equation involving the three vectors.

c) If four linearly independent vectors appear in a), write two
more equations involving the four vectors.

Use the vector equations from step 2 to eliminate all but two

linearly independent vectors, say x and y.

Solve from the equation in step 3 for [he requ1red scalars k and m.

First, write the equation in the form Ax + By = 0 then use the
fact thatA = B=0.
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Examp|e 3 Inparallelogram ABCD, E divides AD in the ratio 2: 3. BE and AC intersect
at F. Find the ratio into which F divides AC.

Solution

Step 1

LetZE 2; andﬁ—B;
AF—sandFC ks

BF = tand FE mt
You must solve for the scalars k and m.

Step 2
In AAFE: 2v=s+mt Q
In ABFC:5v=t+ks Q@

Step 3

Eliminate vector v from @ and Q.
From (: 10v—Ss+5mt
From Q): 10v— 2t+ st
Thus Ss+5mt—2t+2ks

i

or  (5-2k)s+ (5m —2)t=0

Step 4

Sinces } ¢

5-2k=0and5m-2=0
2

Hence k = E, and m = =,
2 5

5 = 3
Using k = = givesFC = = 5
. Zg 2
- 5 5
SOAF:FC=|s|:-s|=1:=o0r2:5
2 2

Thus, F divides segment AC in the ratio 2:5. MW
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2.6 Exercises

Use vector methods to solve the following
problems.

1.

OBCD is a parallelogram. E is the midpoint
of side OD. Segments OC and BE intersect at
point F. Find the ratio into which 0C
divides BE.

. OBCD is a parallelogram. E is the point that

divides side OD in the ratio 2: 5. Segments
OC and BE intersect at point F. Find the
ratio into which OC divides BE.

. a) In AOAB, medians AD and BE intersect

at point G. Find the ratios into which G
divides AD and BE.

b) Show the medians of a triangle trisect
each other.

. In AOBC, E is the midpoint of side OB.

Point F is on side OC such that segment EF
is parallel to side BC. Into what ratio does F
divide side 0C?

. In AOBC, E is the point that divides side OB

into the ratio 1:2. Point F is on side OC
such that segment EF is parallel to side BC.
Into what ratio does F divide side 0C?

. In AOBC, E is the point that divides side OB

into the ratio 1:k, k # 0. Point F is on side
0C such that segment EF is parallel to side
BC. Into what ratio does F divide side OC?

. In AABC, D divides AB in the ratio 1:2 and

E divides AC in the ratio 1:4. BE and CD
intersect at point F. Find the ratios into
which F divides each of BE and CD.

. In parallelogram PQRS, A divides PQ in the

ratio 2:5, and B divides SR in the ratio 3: 2.
Segments PR and AB intersect at C. Find the
ratio into which C divides segment PR,

. PQRS-is a trapezoid with PQ parallel to SR.

PR and QS intersect at point A. If A divides
segment QS in the ratio 2: 3, then find the
ratio into which A divides PR.

10.

11.

12.

13.

14.

15.

16.
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ABCD is a parallelogram. E is the point that
divides side AD in the ratio 1: k, where

k = 0. Segments AC and BE intersect at
point F. Find the ratio into which point F
divides AC.

Let M be the midpoint of median AD of
A ABC. BM extended and AC intersect at K.
Find the ratio into which K divides AC.

ABCD is a trapezoid in which AD is parallel
to BC. P and Y divide AB and DC
respectively in the same ratio. Q is the point
on diagonal AC such that PQ is parallel to
BC. Prove that points P, Q, and Y are
collinear.

In a tetrahedron, prove that the line
segments joining a vertex to the centroid of
the opposite face intersect at a point that
divides the line segments in the ratio 1:3.
(The centroid of a triangle is the point of
intersection of the medians. See also
question 3.)

Show that the point found in question 13 is
the same as the point of intersection of the
line segments joining the midpoints of
opposite edges of a tetrahedron.

The box shown, called & parallelepiped, is
made up of three pairs of congruent
parallelograms. Prove that the diagonals BH
and EC intersect, and determine where the

point of intersection lies.
D

M

F G
In the box shown, let M be the midpoint of
AB. Prove that MG and FD do not intersect.
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Summary

o Two vectors a and b are collinear or parallel if they can be represented by

parallel directed line segments. The relationship is written a|| b.

e Two non-zero vectors a and b are linearly dependent if and only if ZHE.

¢ The zero vector 0 is linearly dependent with every vector.

® Two vectors that are not linearly dependent are linearly independent.

® Three vectors are coplanar if they can be represented by directed line

segments parallel to the same plane.

® Three vectors are linearly dependent if and only if they are coplanar.

e Three vectors that are not linearly dependent are linearly independent.

Linear Dependence of Two or Three Vectors

two vectors: a, b

three vectors: a, b, ¢

geometric allb a, b, t are coplanar
condition

algebraic 1. m, k exist, not both 0, 1. m, k, p exist, not all 0,
conditions such that

ma+kb=0, or
2. b=sa, forsomeseR

Linear Independence of Two or Three Veciors

such that
ma+kb+pc=0, or

2. at least one is a linear
combination of the other
two; for example
c=sa+th s teR

SO

geometric a ¥ b 4, b,c are not coplanar
condition

algebraic 1. If ma + kb = 0 then If ma + kb + pz = 0 then
conditions m=k=0, or m=k=p=0

2. no s exists such that
b=sa, seR
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Basis Vectors

In V, (the set of 2-space vectors), if @ and b are linearly independent, then
any other vector in V, can be expressed as a linear combination of a and b.

The vectors a and b form a basis for V,. In particular, the unit vectors
i= (1 0) and] = (0 1) form a basis in V,.

In V; (the set of 3-space vectors), ifa a, b, and c are linearly independent,
then any other vector in V; can be expressed as a linear combination of a,
b, and c.

The vectors a, b and ¢ form a basis for V,.In particular, the unit vectors
i= (1, 00) j=1(0,1 0) and k = (00 1) form a basis in V;.

Collinear Points

1. If any two of the vectors, PD, PR, and DR are linearly dependent, then
p01nts P, D and R are collinear.

2. If 0D = sOP + tOR where s + t = 1, then P, D, and R are collinear points.
3. If point D divides the line segment PR in the ratio m : k, and O is any
fixed point, then
op=-—X_0p+—™_0rR
m+k m+k
For internal division m and k are positive. For external division the

smaller of m and k is negative.

Coplanar Points

For the four points P, Q, R, S to be coplanar, three vectors (chosen with a
common origin) must be linearly dependent.

Using Vectors in Euclidean Geometry

A method of solving problems involving parallel or collinear segments
where the ratio between the lengths of some segments is required can be
found on page 103.



108 Chapter Two

Inventory

Answer the following by filling in the blanks.

1.

10.

11.

12.

13.
14.

. a) Vectors (3,5) and

aandb are linearly dependent. Thus, geometrically, aandb are
,and a scalar k exists such that b =
= O.

, and scalars s and ¢

exist such that sa +

o

- 4 b, and care linearly dependent Thus, geometrtcally,a b and

care

, and at least one of a, b and ¢ can be written as a

linear of the other two; for example, ¢ = . Also, scalars m,

, such that

k, and p exist, not all =0.

. If a and b are not collinear then a and b are linearly ____.
. If a, b and ¢ are not coplanar, then 4, b, and c are linearly ____.

. a) Ifa and b are linearly independent and ma + kb = 6 then

k,_ and m=
b) If a, b and care ltnearly independent and
ma+kb+pc—0thenk— m= andp=___ |

are linearly dependent.

b) Vectors (3,5) and
¢) Vectors (2,3,1) and
d) Vectors (2,3,1) and

are linearly independent.
are linearly dependent.

are linearly independent.

. If m(1,2) + k(3,4) = O, then m + 3k = and =

If; = kb, then Z and b are

. If scalars a, b, and ¢ exist, not all 0, such that ax + by + cz = 0, then

x,y,and z are

a) Pomt Q d1v1des segment PR internally in the ratio 5: 7. Thus,
OQ = OP + OR

b) Point Q divides segment PR externally in the ratio 5: 7. Thus,
0Q- OP + OR.

a) AB and AC are linearly dependent. Thus, A, B, and C are
b) PQ, PR and PS are linearly dependent. Thus, P, Q, R, and S are

In 2-space every vector is a linear combination of each pair of
vectors.

To form a basis in V, you need vectors that are linearly .

To form a basis in V; you need . vectors that are linearly .




Review Exercises

1. a and b are linearly dependent vectors.
a) What is the geometric relationship

between a and b?
b) State two algebraic equations that are

true relating a and b.
c¢) What conditions, if any, are imposed
on the scalars in the equations in b)?

. Vectors a, b, and c¢ are linearly

dependent.

a) Whati is | the geometrlc relationship
among a b and ¢?

b) State two algebraic equations that are
true relating a, b, and c.

c¢) What conditions, if any, are imposed
on the scalars in the equations in b)?

.k and 1 are lmearly 1ndependent vectors

and ak + bt = 0. What conclusnon can
you draw about the scalars a and b?

. Vectors a b and ¢ are not coplanar, and

sa+th+rc=0. What, if anything, is
true about the scalars s, t, and r?

. Given that Z||E, and EJ’(?, and d = 4a,
which of the following vectors are linearly
dependent with a?

a) 22 b) -8 «¢) 2c d)-7d

. Vectors ; and 3 are linearly independent.

x—3p,y——2q,z—-q, —3;

a) Which of x X, y, z, and w are not
parallel?

b) Which among the vectors x, p, g, and
z are linearly dependent with w?

NN

. Vectors x, y, and z are linearly
independent. Which sz E ?, and d
are llnearly dependent w1th x and y"’
b 4a + 3x

d 7a+2b

a—4x+ Sy,
c—3x+7z,

10.

11.

12.

13.

14.

15.

16.
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Vectors aand b are not collinear; ¢is not
coplanar with a and b. Which of [he
followmg vectors are coplanar with a and b?
z—5a+3b Y- 2a+4c,

E=Z+2b, —32+4h

Given a = (3,5).
a) Write three vectors linearly dependent

with a.

b) Write one vector linearly independent
with a.

Given b = (7,1,-2).

a) Write three vectors collinear with b.
b) Write two vectors linearly independent

with b.

Vectors a and b are linearly independent.
Vectors ¢ and d are such that

c—2a+5bandd—3a—2c
a) Usea geometrlc argument to show that

cand d liein the plane of a and b.
b) Use an algebraic argument to show that

c and d lie in the plane of 2 and b.
Which of the following pairs of vectors are
linearly dependent? Justify your answer.
a) (25),5.2)

b) (-3,2), (1.5,-1)
) (,1,2). (93,6
d) (.2,1), 2,1,1)

Express the vector v = (11,-2) as a linear

combination ofa= (1,—2) and b = (2,1).
Express the vector v= (-5, 16 5) as a linear
comblnauon ofa= (1,2,3), b= (4,0,1),

and ¢ = (-1,4,0).

Establish whether or not the vectors (2,1,0),
(3,1,1,), and (1,0,2) are coplanar.

Scalars m and k ex1st nelther equal to 0,

such that ma + kb=0.Areaand b
necessarily linearly dependent?



110

17.

18.

19.

20.

21.

22.

23.

Chapter Two

a) Given three points 4, B, C such that
AB = 6BC. Explain why you can say that

points A, B, and C lie along the same line.

b) Given four pomtsA B, C, and D such

that AB = 2AC + 4BD. Explain why you
can say the four points are coplanar.

a) Vectors a and b are basis vectors for
V,. Explain what this means.

b) Vectors a, b, and ¢ are basis vectors
for V;. Explain what this means.

Determine whether or not the three vectors
in each of the following are linearly
dependent. In each case state the geometric
significance of the result.

a) (6,0,2),(-3,1,1), and (~1,1,2)

b) (1,2,3), (6,11,4), and (0,1, 14)

¢) (41,9), (-3,1,1), and (6,3,29)

Given the vectors a = (-2,3) and b = (3,5).
a) Prove the two vectors form a basis
for v,.

b) Express the vector (—2,22) as a linear
combination of ¢ and 5.

Given the vectors a = (0,1,5), b= (2,1,-4)
and ¢ = (6,4,0)
a) Prove the three vectors form a basis

for v,.
b) Express the vector (11,9,-1) as a linear
combination of 4, b, and c.

The vectors ; =(—4,-1,0), ; =(-1,5,1),
and ¢ = (5,17,k) are linearly dependent.
Find the value of k.

In each of the following, find the vector 0Q
such that point Q divides the line segment
PR internally in the indicated ratio, where
0 is any fixed point.

a) 11:5

b) 5:7

c) 7:1

d) 6:11

24.

25.

26.

27.

28.

29.

30.

31.

In each of the following, find the vector OT
such that point T divides the line segment
AB externally in the indicated ratio, where
Ois  an fixed point.

a) 1: b) 7:3 c) 4:9

The point A divides the segment PQ
externally in the ratio 4: 5. Thepoint B
divides AQ internally in the ratio 3:2. If O

is any fixed point, then express OB in terms
of OP and 0Q.

Find the coordinates of the points that
divide the line segment joining points
P(2,5,8) and R(— 4 1,5) in the indicated
ratios.

a) 3:1, internally

b) 4:7, externally

The point Q divides the line segment PR
externally in the ratio 1: 2. The point A
divides the segment PQ internally in the
ratio 4: 3. The point T divides PA externally
in the ratio 5:6. If Ois any p01nt then

express OTi in terms of OA and OR.

a) State a vector condition for three points
P, Q, and R to be collinear.

b) State a vector condition for four points
A, B, C, and D to be coplanar.

In each of the following decide whether or
not the three points are collinear.

a) A(0,3,2), B(1,5,4), €(3,9,8).

b) P(4,1,6), Q(~2,1,~5), R(0,1,2)

In each of the following decide whether or

not the four points are coplanar.

a) A(1,4,-5), B(2,12,-8), C(4, 6 —-4),
D(5,3,-2)

b) P(3,2,1), Q(0,2,-1), R(1,0,4), 5(0,-2,1)

If O is any point, then explain why the
points P, Q, and R are collinear where
0Q=20pP+20R.

7 7
State the ratio into which point Q
divides segment PR,



32. Points P, Q, and R are collinear and O is any

33.

34.

35.

36.

37.

38.

39.

40.

point such that 075 =2mOP + k‘ﬁ and
4m + 3k = 5. Find the values of k and m.

a and b are linearly 1ndependent 0 A, B
and C Care p01nts such that 0A = a, 0B = b

and OC = 6a — 5b. Prove that points A, B,
and C are collinear.

0,A,B,C,andZ are f five p01nts 1n

3- -space such that OA =a, OB b, OC = c,

and 0z = 4a + 4b 7c

a) Express AB, AC, and AZ in terms of ;,
b, and ;

b) Prove that points 4, B, C, and Z are
coplanar.

Use vector methods to solve problems 35-39.

ABCD is a parallelogram. E is the point that
divides side AD in the ratio 4: 7. Segments
AC and BE intersect at point F. Find the
ratio into which AC divides BE.

In a parallelogram ABCD, H is the midpoint
of AD, and E divides BC in the ratio 3:2. If
BH and AE intersect at M, find the ratio
AM:ME.

In AABC, E is the point that divides side AB
into the ratio 3: 2. Point F is on side AC
such that segment EF is parallel to side BC.
Into what ratio does F divide side AC?

In AABC, D divides AB in the ratio 3:2 and
E divides AC in the ratio 5:4. BE and CD
intersect at point F. Find the ratios into
which F divides each of BE and CD.

In parallelogram PQRS, A divides PQ in the
ratio 2: 1, and B divides SR in the ratio 3:4.
Segments PR and AB intersect at C. Find the
ratio into which C divides segment PR.

Vector c isa hnear comb1nat10n of the
vectors b and d and c + 0 Vectors a,
b, and d are linearly independent. Prove

that a and 2 cannot be linearly dependent.
s

41.

42.

43.

44.

45.

Chapter Review 1M

Vectors ; b and P are linearly

1ndependent 0 A B, C and z are points

such that 0A = a OB b ocC = c, and

OZ——4a+2b+ 3c

a) Express AB, AC, and AZ in terms of ;,
b, and :

b) Prove that E XC and AZ are linearly
dependent.

¢) Draw conclusions about the geometric

relationship among the points A, B, C,
and Z.

The posmon vectors ofA and B are
1—2]+kand51+4]—7k

respectively. The p01nt P lies between A
and B and is such that AP = 2PB Find the

position vector of P.
(83 H)

The posmon vectors ofA B and C are
]+3k 121+4J—7kand
61 +j- k respectively. Given that

AC MB find the value of A.
(87 SMS)

R is a point on the line PQ where P has
coordinates (2,7) and Q has coordinates
(-2,3). If R divides PQ in the ratio 3:-2
then the coordinates of R are

A. (-10,-5) B. (10,-5) C. (-2,-1)
D. (2,1) E. (10,16)
(79°S)

With respect to the standard basis of R® the
vectors a, b and c are defined by a = (1,2,3),
= (0,1,3), ¢ = (1,0,1) where 1 € R. Which

of the following statements is true?

A. a and b are linearly dependent.

B. a and c are linearly dependent.

C. a, b and c are linearly dependent for all
values of 1.

D. g and b form a basis of R’

E. a, b and ¢ form a basis of R* if A = 1.

(81 H)
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CHAPTER THREE

The Multiplication of
Vectors

Problem

a) Given the points A(1,3,-1), B(2,-5,3), and C(4,—1,6), you are asked to
find the angle BAC or 6. Note that, although the diagram may help, it
does not lend itself to discovering a simple solution through
elementary trigonometry.

There is a way to proceed, as follows.

1. Calculate the lengths of AB, AC, and BC, that is, the lengths of the sides
of the triangles ABC.

2. Use the cosine law (see page 542) in the triangle ABC to find
the angle BAC.

However, this involves a lot of arithmetic. You shall see that by defining
an operation called the dot product of vectors, a remarkably short and
elegant method of calculating this angle can be devised.

b) Now consider the plane defined by the points A, B and C. You are

asked to determine a direction, or a vector v, that is perpendicular to
the plane ABC. This means finding a vector that is perpendicular to
every line in the plane ABC. It can be shown that it is sufficient to find
a vector perpendicular to two linearly independent vectors coplanar
with ABC. However, the task is still not simple. You will see that the
cross product of vectors provides a simple way of determining such a

vector v.



m

c¢) You are now asked to calculate the angle between AB and the xy-plane.
Recall from chapter 1, the In Search of on page 17, that the angle
between a line and a plane is the smallest angle that can be defined
between the line and a line in the plane. (It turns out to be the angle
between the line and its ‘perpendicular projection’ in the plane.) Let
this angle be ¢. Once again, note that finding ¢ is not obvious, even
with a diagram. You will see that the simplest way to determine this

angle is by using the dot product between the vector AB and a vector
that is perpendicular to the xy-plane (called a normal vector to the plane).

In the diagram k is such a vector.

d) A more challenging task to undertake with ordinary trigonometry
would be to calculate the angle between two planes, such as ABC and
the xy-plane. This can be accomplished by finding a normal to each
plane with the cross product, then calculating the angle o between the
normals.

The types of problem described in ¢) and d) will be investigated further in
chapter 6. Once you have learned to multiply vectors, you will appreciate
that vector analysis is a very powerful tool that brings 3-space geometric
problems to a level hardly more difficult than problems in 2-space. You
will be using products of vectors extensively in the rest of your work on
vectors in this book.

PR i TR T e
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Example 1

Solution

3.1 Projections and Components

Before investigating the products of vectors, you need to know how a
vector can be projected onto another. This projection will depend on the
angle between the vectors.

The Angle between Two Vectors

is defined as the angle 0 between the vectors when they are drawn with a
common tail. Note that 0° < 0 < 180°.

SN ST L

What is the angle between the vectors # and v shown?

—_

v

130° A
u

Draw the vectors again so that they have a common tail.

v

50° =
u

The angle between u and v is 180° ~ 130°=50°. W
Projections

Given the vectors 4 = OA and b = OB such that § is the angle between ;
and b. A

.

0 = B

Let A’ be the foot of the perpendicular from A to OB,
and B’ be the foot of the perpendicular from B to OA.

Then the vector OA’ is known as the orthogonal projection,
or projection, of ; on B, and

the vector 0_B7 is known as the orthogonal projection,

or projection, of ; on ;.
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Note: The projection of aon b is parallel to b and

the projection of bonais parallel to a.

Now |04’ | = ||04| cos 0| = ||a| cos 0.

If 8 < 90° it should be clear that the direction of vector 0OA’ is the same as
the direction of b. In the case when # > 90°, the diagram is as shown.

A

If you now draw a perpendicular to OB from 4, you find that OB needs to
be extended beyond 0. (This extension is described by saying that /B0 is
produced”.)

Now ﬁ is still parallel to Z, but is in the opposite direction.

The fact that cos @ is negative in this case is critical in the definition that
follows.

To ensure that the projection of a on b is a vector, you will need a unit

. . ] o 2+ 1
vector in the direction of b, namely e, = = b.

b
The projection of; on Z is the vector
|a| cosfe e, M
b|

Observe that this definition does give the correct direction for 0A".

If 6 < 90°, then cos 8 > 0, and ﬁ has the direction of Z, but
if 8> 90°, then cos f < 0, and 0A’ has the direction opposite to b.

Note: The projection of aon Z does not depend on the length of b. For
example, the projection of a on 3b (which has the same direction
as b), is

elcos 8 5 _lalcos 05 g
13b] |b]

Alternatively, recall from section 1.8 that ¢, = e,
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Example 2

Solution

Example 3

The angle between vectors u and v is 8, where £ > 90°. Find an expression for
a) the projection of vonu,
b) the projection of 3von u.

Draw each projection.

A

‘A\\e
u A V,

O

— -

a) Draw the vectors wnh a common tail so that OA = u, OB =v.
Let the projection of vonube OB
B’ is the intersection of AO produced and the perpendicular to "

from B.
A
Y o8
g

The required projection is OB’ =|v| cos 0 e,.

(Notice that since 0 > 90°, 0B’ will have a direction opposite that of 0A.
This is confirmed by the diagram.)

b) Let the projection of 3von u be oc.

C;
Thus, 0C’ ={3v|cos 0 e, = 3(vicos O e,) = 308 W

Components

In lhe definition of the orthogonal prOJecuon of aon b the scalar
3= la| cos 0 Wthh mulnplles the unit vector e, is called the

component of aon b or component of g in the direction of b.

Vectors u and v make an angle of 120 w1th each other. If|u| 6 and

lv| = 5, calculate the projection of uon v, and the component of uon v.
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Solution
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If the unit vector in the direction of ; is e,
then the pro;ecnon of uon v is
Iulcos 120° ev—6( 05) ev 32
Thus the component of u in the direction of vis -3. W

Note: The length of vis irrelevant, since there is only one unit vector in
the direction of v.. '

The angle § between vectors u= (—2,6) and V= (ﬂ) is such that
cos 0 = 0.5692. Find each of the following, correct to 3 significant digits.

a) the component of u onv
b) the projection of u on v

a) Let the component of uon vbec.
Then ¢ = |u| cos § = V(-2)* + 62(0.5692)

=v40(0.5692) = 3.599... or 3.60,
correct to 3 significant digits.

b) Let the projection of u on v be ;

Then p =ce,

where the unit vector in the direction of v,

=~ 1= 1 a3 _lg =02

e, = v=—-—(3,4)==3,4) =(0.6,0.8)
lv|  V3'+ 42 5

s0p = (3.60)(0.6,0.8) = (2.16,2.83). W

Note: ; is parallel to ;

You will see from the following example that the definition of component
in this section agrees with the previous meaning given to the term.
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Example § Find the projections and components of the vector W= (3,-5) in the
direction of 7, and in the direction of j.

Solution T

w = OP = (3,-5) is the position vector of the point (3,-5).
Draw a perpendicular from P to A on the x-axis, and
to B on the y-axis.

Now the length of 0A is 3, and since OA is in the same direction as 7,

the projection of (3,-5) on iis 3—i: and

the component of (3,—5) on i is 3.

The length of OB i is 5,1 5, but s1nce OB and ] are in opposite directions,
the projection of (3 5) on _] is — 5], and

the component of (3, 5) onjis-5. W

Alternative Solution

Recall that in section 1.9, you learned that (3,-5) = 37— 57.
Thus,

3iand -5/ j are the projections of (3 -5) onto zand j respecuvely,

[

3 and -5 are the components of (3, 5) on iand j respecuvely.

Resolution of a Vector

The components in Example 5 are sometimes called
rectangular components, because they refer to
mutually orthogonal directions.

Writing a vector in terms of its projections on mutually orthogonal
directions is called resolving the vector in those directions.

Thus, in Example 5, by writing w = 37 — 5, you are resolving w in the
directions of 7 and j.

You can also say that you are resolving a vector when you express that
vector as a linear combination of an orthonormal basis.
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The word ‘resolution’ is not necessarily confined to cases of mutually
orthogonal directions. In this book, however, it shall always refer to
mutually orthogonal directions in order to avoid confusion. It is
unfortunate that the vocabulary pertaining to the ideas of this section is
not standardized in all books on vectors. Some books refer to our
projections as ‘components’, and consider ‘projections’ to be lengths, that
is, positive scalars.

You must beware of this.

Examp|e G Resolve the vector v= (2,3,—?) in the directions of _;, ;, and k.

Solution From section 1.9, (2,3,-5) = 2_1:+ 3;— 57;. |

Note: 21, 3j, —5k are the projections of v, and 2, 3, -5 are the
components of v in the required directions.

Notice also that, if v = OP, the projection of v in the direction of / is OA
where PA is perpendicular to; the x-axis, as shown in the dlagram

Similarly, the projections of vin the directions of j and k are OB and OC

respectively.
K
'
—~F
i
z ~
SUMMARY The projection of;on;is the vector
|a| cos 0 e M
|b|

The scalar ¢ = |a| cos_ 0 that multiplies the un1t vector e,, is called the
component of a on b or the component of ain the direction of b

Writing v=xi+ y] + zk is called resolvmg v in the d1recuons of 7, 1 ], and k.
(x, y, and z are the components of v, and xz y], and zk are the
projections of v in the directions of 1, ], and k respectively.)
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3.1 Exercises

1. State the angle between the following pairs

of vectors.

a) _ 4 b) — &) AT
u V( .
56° v Y |3s°
v U=2v

. Given that the following vectors are in V,,
and that @ is the angle between each vector

and i, find the component of each vector
on i and j (correct to 3 decimal places).

a) |a|=>5,0=40° N
5 v
4.

b) |b|=7,60=110°
¢) |cl=13,6=90"
. Vectors # and v make an angle of 68°
with each other. If|4| = 4 and |v| = 3, find
the following.
a) the component of 4 on v and the
projection of wonv
b) the component of von 4 and the
projection of; onu

. Calculate the component of i on v, given
that the angle between i and v is 110°.

. State the projections and the components of
the followmg in the directions of i and j.

a) 2-3) b) (1,0) ¢) 3(=5,1)

. State the projections and the components of
the following vectors in the directions of

?, 7 and k.

a) (—4,1) b) (2,03) c¢) —2(1,1,0)

5 =5 e

. Resolve the followmg vectors on i, j, k.
u—(450) v—( 2,-3,1)

. Given V= ai + bj + ck, state the
following.

a) the componentof von {
b) the projection of von j
¢) the projection of von —k

10.

11.

12.

13.

14.

15.

16.

17.

Calculate the component of the following
onv = (ﬁ). B

a) i b) J'

If the angle between % and v is 0 show
that |u| (the component of von u)

= lvl (the component of 4 on v)

Find the following.

a) the component of (ﬁ) oni
b) the component of 1 on (2 5)
¢) the projection ofg 3 4&]

d) the projection of jon (-3,4)

The component of u in the direction of v
is zero, where v = 0. What can you deduce
about 4 and/or v?

Given two non-zero vectors ; and ;, what

can you deduce about u and v where

a) the component of u uon v is equal to
the component of von: u?

b) the pr0]ect10n of u on vis equal to the
projection of v on u?

The vector V2 i is resolved into two equal
rectangular components. What are they?

The vector (E) has components a and 2a
when resolved along two perpendicular
lines. Calculate the value of a.

The vectors u= (1,\/3) and V= (—2\/5,6)
make an angle of 60° with each other. Find
each of the following.

.

a) the componentofuonv
b) the projection of uonv

The projection of v= a?+ b7+ ck ona
plane H is defined to be the vector p,

where p is parallel to IT and V- p is
perpendlcular to H

fv=5i- 12] + 2k calculate
a) the component of v on the xy-plane
b) the projection of v on the yz-plane.
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3.2 The Dot Product

So far you have learned to add and subtract vectors. You have seen that it is
possible to multiply a vector u by a real number (scalar) to obtain a vector
parallel to vector u. All of these operations produce another vector.

You are now ready to find out how to multiply vectors. There are actually
two kinds of vector products, symbolized by #-v and ux v. The first
product, u-v, is a scalar, while the second, uXx v, is a vector.

The product u v is called the ‘dot’ product, or scalar product of two
vectors. The dot product takes two vectors, u and v €V, and returns a real
number, as follows, where 0 is the angle between u and V.

-

u-v=|ujvicos 6,0 < 0<180°

\v

u-v

\

Note: You must use a dot () when writing out this product.

Geometrically, you can see that the dot product is the product of the length of
one vector with the component of the other vector along the first. The result S

u-vis indeed a scalar. (Be careful about this!)

%/

iy 579
e //

il Ty
-
~ .

|v lcos @ u J

u-v =|uj(|v |cos8) u-v =|v|(|ulcose)

If the component of one of the vectors is directed opposite the other vector,
the dot product will be negative. If you look back at the definition, you
will note that this occurs when the angle 8 is greater than 90°; indeed, in
that case, the cosine of 8 is negative.

The dot product has some very interesting and powerful applications,
particularly in trigonometry, which you will be discovering in the next
sections.
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Example 1

Solution

Example 2

Solution

Example 3

Find u-v if|;;| =3, |;| =5,0=40°, and draw a diagram showing; and v.

u-v=|ullvlcos 6 —
= (3)(5) cos 40° y
= (15)(0.7660. . .) 40°
£11.5 7 [ |

(Notice that you do not know the precise direction of the vectors here; you
merely know that they are at 40° to each other. However, you still have
enough information to find the dot product.)

Find the dot product of the following vectors by measuring the component
of the first vector along the second vector, and by measuring the second
vector. Use the centimetre as unit.

a) b) c)
7/( \
v q
u-v res pq
a) b) <)
v 3 q
4 q
uv=1x4=4 Fs=2x25=5 pq=-2x3=-6 B

Note: You are measuring (u| cos 0) and |v|, etc.

But|u| cos B v|=|ul|v| cos 8.

The following example should assist you in discovering some useful
properties of the dot product.

Calculate the following dot products

b=l

-w, where |w|= 12.
k

~

a)
b) i-
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PROPERTY

PROPERTY

Example 4

Solution

PROPERTY

SUMMARY
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a) wew=12x 12 x cos 0° = 12? = 144, ] W)

b) ik=1x1Xcos 90° =

The dot product of two perpendicular vectors is zero.

In the exercises, you will be proving these and other properties.
The next example should also lead you to the discovery of a property.

leen u = (1 0), V= (-1 \/_) calculate the followmg dot products.
a) u-v b) (6u) (2v)
a) |u=vIP+ 0P =1

= V(-1)* + V32 =2.

If § is the angle between u# and ;,

then tan 6 = \/’—i_ = -3, giving 6 = 120".
Thus v = (1)(2) cos 120° = (2)(~0.5) = —

b) |6ul=6llul= (6)(1) = 6

2v]=121vI= @)@ =4 =

The angle between u and v 2v 0

1s the same as the angle between —
6u and 2v, namely 120°. 6u

Thus (64)- (2v) = (6)(4) cos 120° = —12. W

Notice that the results obtained in this example indicate that
(6u)-(2v) = (6 X 2)(u v), which illustrates the following property.

For any vectors u v, and scalars m, n
(m u) «(n v) (mn)(u v)
In the next section, you will also discover an alternative method of finding

the dot product of two vectors expressed in component form; it will allow
you to do a question like Example 4 above more quickly.

The dot product of vectors u and v, having an angle ¢ between them
when drawn with a common tail, is the scalar

u-v=|;||;| cos 0 (0°<0<180%

The dot product equals:
(length of one vector) (component of the other vector along the first)
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3.2 Exercises

. Calculate the dot product of the following
pairs of vectors correct to 3 significant
digits, given that § is the angle between
them.

a) |ul=4,1v|=6,6=60°
b) wl=7,11=3,8=27
¢) |a|=6,|b|=7.5,6=90
d)EﬁSJaf&6=W

e) le[=12,|fl=15,6=91°

. Calculate (approximately) the dot products
of the following vectors by measurement of
lengths and projections, using the
centimetre as a unit.

a)

b)

N

c)

. Calculate the followrng dot products
a) j-i b) i ¢) k+(-k)

A A

. Given that u, v, w are vectors, and m, n € R,
state which of the following are vectors,
and which are scalars.

a) 2v f) 22-(3+$)§
b) [2v| g) v+u

) vim-n) h) v—u

d) m(u+v) i) -mu

e) II?

. Prove that the dot product of two unit
vectors is equal to the cosine of the angle
between them.

. Prove that the dot product of a vector with
itself is equal to the square of its length.

11.

12.

13.

14.

15.

. Prove that the dot product of two

perpendicular vectors is zero.

JENEEY

. Given vectors u, v at an angle 8 to each

other and scalar m, prove that

(m u) v= m(u v) in the following cases.
a) mis positive and 8 is acute

b) m is negative and 8 is acute

¢) m is positive and 8 is obtuse

d) m is negative and 0 is obtuse

. Using the results of question 8, prove that,

if ni is another scalar,

(m u) (n v) (mn) u- v.

. Ifu- v = 0, is the angle between uand v

necessarily 90°?

ABC is an equilateral triangle whose sides
have length 10 units. Calculate the
followrng

a) AB-AC b) AB-BC
Given that|p| = lOandlZ]xl =

the angle @ between the vectors p and ¢ in
the following cases. Give your answers to
the nearest degree.

a)pq—30 b)pq——

3, calculate

c) prgq=0

Given any three vectors u, v, w, which of
the following expressions are meaningful?
Justify your answers.

d) u-(v-w)
e) (u v)w
f) u(v w)

a) u+ (K-vtz_)
b) (it v)-w

c) u-vew

a) Given that vectors a and b of V, make
angles of 45 and 60° respectlvely with

i where|a| 42, and|b| 8 find

the exact value of a- 7 and b- 1.

b) Use your result to part a) to comment on
the following.
er-J = ;;, is it necessarily true
thatu = _1;?

Prove that for any vectors # and v,
|1~ vislu||v|
When does the equality hold?
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3.3 Properties of the Dot Product

Commutativity

By definition, u-v=|u||v|cos 6.
Thus, v-u =|v||u| cos §, which is the same real number as u-v.
Hence, for any vectors ¥ and v,

u-v=v-u, the dot product is commutative.
Distributivity over Addition

Look at the diagrams to help you see the results of the following
expressmns The Vectors are drawn so il that

u—OU v—OVw OW andv+w OP

o A =
T U o) A ;V =—"U
u
x=0U-0P y =0U-0V + 0U-0W
= |@| (component of OP ona}) = |&}| (0A) + |ﬁ| (OB)
= (OU)(0C) = (OU)(0A + OB)

= (0U)(0A + AC) = (OU)(0C)
This indicates the following property.

For any vectors u, vandw,u v+ w) =u-v+u-w
That is, the dot product is distributive over vector addition.

Algebraic Proof of the Distributivity Property

Draw u along the positive x-axis, that is, in the direction of i, with its
tail at (0,0).

Letv = (v;,v;) and w = (w,,w;), thus v + w = (v, + w,v; + w,).

Now u-v = |u| (the component of v von u)

|u| (the component of v on 1) = |u| 1)
an(j uw = |u| (the component of won u)

|u| (the component of won 1) |u| (w))

therefore u v+ u w= |u|(v1) + |u|(w1) = |u|(vl + w))
but u- (v + w) |u| (the component of [? + ;] on ;)

|u| (the component of [v + w] on i) |;| (vi +w))
Therefore, Uvtu-w=u- (v + w) as required.
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There follows a summary of the major properties of the dot product. The
first two properties have been proved above. You have demonstrated
properties 3, 4 and 5 in the examples and problems of the last section.

I
=<
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commutative
distributive over +
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~ 1

=

=0

Property 6 follows from property 4 (recall that 7, ;, and ; are unit vectors),
and property 7 follows from property 5.

_

NOTATION It is also possible to write the dot product u-u as k.

Now you are ready to use these properties to find a formula
for calculating Ihe dot product of vectors in component form.

Indeed 1fu—u11+uzjandv—vlz+vzj,
u v—(u11+uzj) (v11+v21)

(”1’) (v, ’) + (”11) (VzJ) i (”z]) (Vll) + (”z]) (VzJ) property 2
= @) 1)+ ) (A J) + @) Ge ) + a2 (o) property 3
= (v ) (1) + (@) (0) + () (0) + (u1,)(1) properties 6 and 7
=u,v, + Uu,v,
FORMUL A Soaz(ul,uz)and;=(r,v:)3;-;=ulvl+u2v2

In the exercises, you will be demonstrating in a similar manner that in Vv,

=

NN

FORMULA = (u,,u,,u;) and v= (Vi Vo, Vs) = Uev =y, + UV, + Uy

Note: The result in each case is indeed a real number (or scalar) as
expected.

Now you can use these new formulas to redo Example 4 of section 3.2.

Examp|e 1 Find the dot product in the following cases.
a) u=(1,0),v=(-1,3) b) 6u=(6,0), 2v = (-2,2V3)

Solution ) 3.y = ()1 + O(3)=-1  b) u-v=(6)(-2) + (O)2V3)=-12 B

Notice that the method is a lot quicker, if the vectors’ components are
known. The fact that you now have two methods of calculating dot
products will help you to make more discoveries.
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Examp|e 2 Find the angle 0 between u = (1,2,5) and V= (-1,-3,4).

Solution The definition of the dot product states u+ = |;||;| cos 6.
This is an opportunity to use both methods of calculating the dot product.

(1,2,5)-(~1,-3,4) =|(1,2,5)||(-1,-3,4)| cos 6
(1)(=1) + 2)(-3) + (5)(4) = V12 + 22 + 53V (=1)* + (-3)* + 4 cos 0
~1 -6+ 20=130V26 cos 0

Thus cos 0 = S E— 0.46547...so thatf=62°. W

V(30 x 26)
(Recall that this is the angle between the vectors when they are drawn with a
common tail.)

Example 3 Find the value of x if (-2,0,-6)+(1,3,x) = 10.

Solution The dot productis (-2)(1) + (0)(3) + (—6)(x) = 10
hence -2-6x=100rx=-2. MW

Examme 4 Ifu= (3,-1), find a two-dimensional vector perpendicular to u.

Solution Letv = (x_,;) be perpendicular to u.
Then  (3,-1)-(xy) =0
Ix+(-y)=0 or y = 3x.
Ifx is any re real number, say x = k, then y = 3k.
Sov = (k 3k) is perpendlcular to u no matter what the value of k. For
instance, if k = 2, then v = (2 6), which is perpendicular to u. W

The formulas on page 126 calculate the dot product of vectors expressed

in components with the basis vectors 1, ] or i,j,k. Would similar
results hold for any bas1s7 In the demonstration on page 126, you used

facts such as i.i=1landi- ] 0 (properties 6 and 7). If you were
using any basis, this would not necessarily be true, so the answer is NO.

The formulas stated are true because:

1. i, j, k are unit vectors, and

2. i, j, k are mutually perpendicular or orthogonal.

A basis which has these two qualities is called an orthonormal basis.
Similar formulas for the calculation of the dot product would hold true
only in an orthonormal basis.

A basis of a vector space is orthonormal if

SUMMARY 1. the basis vectors are all unit vectors
2. the basis vectors are all mutually perpendicular
In an orthonormal basis of V,, In an orthonormal basis of V;,
u = (up,u)y and v= (v,,v;) u = (u,,u2u3) and v = (v,v,v3)

= UV =UV| + UV, = UV =uUv, + Uy, + Usvs
11
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3.3 Exercises

. F1nd the dot product u-vif

b

=

a) u (1,2,4) v=1(2,0,3)
b) u=(45) v=(2,-4)
¢) u=(45) V= (-5,4)
d) u=(1,0,0) v=(6,17,-32)
e) u=(-134) v=_(22-2)

What can you say about the vectors in
parts c) and e)?

. If e is a unit vector, what is e- e?

. Use the component formula to calculate the
following in V;.

a) ik b) j-j

. Find the value of t if the vectors
u=(3,t,-2) and v = (4,—-1,5) are
perpendicular.

. Find the angle between the following pairs
of vectors. Give your answers to the nearest
degree

a) a= (7). b=@21)
b) 2= (5,0 b=(0,1)
¢) a=(51) b=(12)
d) a=(2,-3,1) b= (5,0,-6)

. Calculate k given that

a) (3,9): (k1) =0

b) (3.k2)-(0,5,4) = 6

. a) Calculate the two values of k if
u v— 3whereu— (k 1,4) and
V= (k,2k,—3).

b) For each of the values of k found in a),
calculate the angle between 4 and v

3 Calculate v v in the followmg cases.

a) v = (3 -2) c) v= (x,y,z)

b) V= (-1, 4 3)

. a) Finda vector p perpend1cular to the
(4 =5).

b) Normalize p.

vector q

10.

11.

12.

13.

14.

15.

16.

17.

Given the vectors u = (1,-3,2),

v= (—4,1,1), and w = (2,0,5), calculate the
following.

a) 2u-v

b) (+v)-w

) —4(v-w)

d) u-v-w-y

e) (2u—v)-(2u+v)

If v+ 6 prove that the angle between v
and —vis 180°.

For any vector v of Vs, prove that

o A o A

(ved)i+ (ve J)]+(v k)k—v

; and 3 are unit vectors at an angle of 60°

with each other.

a) Calculate (; = 33)- (; = 33).

b) Hence find the unit vector in the
direction of; = 33.

—_

u,v, and w are three d1st1nct non-zero4

vectors. v Lo both u and w.

a) Ifu (v + w) =v. (u = w) prove that
wis perpendlcular to (u + v)

b) If (u v)w (v w)u prove thatu||w

The angle between the vectors a and b is

6 where cos 8 = % Ifa= (2,3,-1) and

b= (-1,k,1), find the possible values of k,
correct to 3 decimal places.

A triangle is such that its three sides
represent the vectors a b and c By

expressing c in terms of a and b prove
the cosine law That is, prove that

|_C¥|z |;;|z + |b|2 2|a||b| cos C,
where C is the angle between a and b

The position vectors of points A, B, C

A a

relative to the origin O area, b, ¢
respectively. AB is perpendicular to OC and
BC is perpendicular to OA. Prove that OB
and AC are perpendicular.



Example

Solution

3.4 Applications: The Dot Product and Trigonometry 129

3.4 Applications: The Dot Product and
Trigonometry

In this section you will use the dot product to prove some trigonometric
results. These proofs are very much neater than the proofs you have seen
before, due to the power of vector algebra.

Finding Components
You can use the dot product to create another formula to obtain the
component of a vector in the direction of another vector. Indeed if the
angle between u and v is #, then the component of uonvis lul cos 0.
But |ul|v|c059—u v
Dividing each side by the scalar |;| gives

u-v

I;I cos O ===~
vl

IO

N LS P

Thus the componentofuonv,c=-—=s=u-e,
R vl

where ¢, is the unit vector in the direction of v.

Thus, the projection of u on vp=(u-e)e,

The following example matches Example 4 of section 3.1.

Given u = (—2,6) and V= (ﬁ), find the following.

a) the componentofuonv b) the projectionofuonv

“
ne
i X
a) The unit vector ¢, = —v 7(?2):1(3?):(0.6,0.8)

[v] \/32 + 47
Thus the componentofu onvisc= (-2 6) (0.6,0.8) = 3.6
b) The prOJ€C[101’1 of uon vis thus

= (3. 6)ev— 3.6(0.6,0.8) = (2.16,2.88) W

Note: Itis not necessary to know the angle between v and v, as in 3.1.

You will find other applications of the dot product in chapter 4, but some
of these are interesting and spectacular enough to be introduced now.
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A Proof of the Cosine Law using the Dot Product

In the figure, any vectors aand b are sketched
with their tails in common.

The angle between aandbis 6.

The vector ¢ which ’closes the triangle’

as shown is equal to a = b Now

-

c c—(a—b)A(a—b)

-

=d-a-a: b b-a+b-b using property 2
lef = |a|2 - 2a b+ |b[z using properties 1 and 4
e} = lal2 + |btz 2|a||b] cos 0 using the definition

which is already the cosine law!

From this fast proof you might appreciate the power of the dot product,
and the vastness of the possible applications of vectors to mathematics. If
you look back at a traditional proof of the cosine law, you will see how
much more concise this one is.

Finding Compound Angle Identities

Another fundamental result in trigonometry is the set of compound angle
identities, that is, the formulas for the sine, cosine, and tangent of the sum
and difference of two angles (see page 542).

Finding an expression for, say, cos (4 — B) in terms of trigonometrical
ratios of A or B only, by applying basic trigonometry, is a much longer
process.

Once again, the dot product of vectors will allow you to arrive at a result
remarkably quickly.

Consider two unit vectors # and v, N - .

making angles A and B with the U = (cosA, sinA)

horizontal respectively, as shown. S —
v = (cos B, sinB)

NP

In component form, the vectors are "= (cos A,sin A) and ; = (cos B,sin B).
I;l = vcos? A + sin’ 4 = 1, as expected, and |;| = 1. Now

u-v=|u||v|cos (A — B) = (1)(1) cos (A — B) = cos (A — B) @

but by using components

; ;— (cos A,sin A)- (cos B,sin B) = cos A cos B + sin A sin B. Q)

From @ and 0, cos (4 — B) = cos A cos B + sin A sin B! !

The speed and conciseness of this proof, compared to traditional proofs, is
even more striking than the comparison in the case of the cosine law.
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1. a) Calculate, to the nearest degree, the

angle between the vector v = (2,3,-5)
and the three coordinate axes.

b) What is the component of v on each of

i, j, and k?

2. Calculate, to the nearest degree, the angle

between PQ and 1 if P and Q are the
following points.
a) P(2,1), Q(3,7)
b) P(-2,0), Q(4,5)
c) P(-2,-2,1),Q(4,3,2)
d) P(5,3,1),Q(1,-1,1)
3. Using the poinﬁ of qilestion 2, state the
component of PQ on i in each case.

4. Calculate the component of # on v, and

the component of v on #, in the
following cases.

a) u=(35),v=(12)
b) u=(-1,1,1),v=(2,4,-5)

5. Show that the triangle ABC with vertices
A(2,2,2), B(-2,-4,0), C(0,~12,2) has an
obtuse angle at B.

6. Determine the angles of the triangle PQR in
the following cases, to the nearest degree.

a) P(3,-1), Q(4,4), R(-2,-3)
b) P(2,0,1), Q(5,1,-3), R(-4,2,7)

The next three questions match questions 7, 9,
and 13 of 3.1 Exercises. Use the dot product to

find the solutions here.

RN

7. Resolve the following vectors on i, j,
and k.

u=(4,5,) v=(-2,-3,1)

8. Calculate the projection of the following on
v=(1,1).
a) i b) j

3.4 Applications: The Dot Product and Trigonometry

9.

10.

11.

12.

13.
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Given two non-zero vectors ; and ;, what

can you deduce aboutu u and v where

a) the component of u on v is equal to
the component of von: u?

b) the pro;ecuon ofu on vis equal to the
projection of v on u?

_—

Given the vectors u = (2,10)'and

V= (—3,-2), find each of the following,
correct to 3 significant digits.

a) the component of u on v
b) the projection of u on v

_—

Resolve the vector V= = (=2, 3) onto the
vectors a = (1 1) and b= (-1, l)

Use the dot product to determine whether

or not the following points determine a

right-angled triangle.

a) A(2,1), B(6,5), C(3,0)

b) A(2,1), B(3,-1), C(6,5)

¢) A(1,-1,5), B(2,3,-4), C(3,5,-3)

A circle of centre O has a diameter PR.

Cis any other point on the c1rcle

a) If OR = r, state the vector OP in terms
of r

b) If OC = c express the vectors RC and
PC in terms of r and ..

¢) Calculate the dot product RC-PC.
d) Hence deduce the value of an angle
inscribed in a semi-circle.

. A fact about a circle is that any angle

inscribed in a given segment of a circle is
constant. A converse of this theorem can be
described as follows. If A, B, C, and D are
four points such that xABD = ¥ACD,

then A, B, C, and D lie on a circle.

Use this fact to prove that the following
four points lie on a circle.

(Such points are called cyclic or concyclic).

A(-2,-2), B(~1,5), C(6,4), D(7,1).
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DEFINITION

PROPERFY

Example 1

3.5 The Cross Product

The second product of two vectors 4 and v is written u X v, and is called

the cross product or vector product of u and v.

The cross product is a regular binary operation, unlike the dot product
which gives you a scalar result. In other words,
the result of the cross product of two vectors is also a vector.

When wri[ing this product, you must use a ‘cross’ (x) as shown:
uxv=(ullv|sin O)e
where 0 is the angle between the two vectors when [hey are drawn with a

common tail, and e is a unlt vector perpendicular to both u and v chosen in

such a way that the triple [u v, e] forms a right-handed system.

(See chapter 1, section 2.

Using your right hand, the directions of ;, ;, and ¢ are represented by
your thumb, your first finger and your second finger respectively.)

—_

U xv

Y }\ /

The diagram shows the direction of ¢ and hence of u x v.

If u and v were interchanged, then ¢ would be pointing in precisely the
opposite direction. (Again, check this with your right hand.) This
indicates that vXu = — uxv. This will be confirmed in the following
example.

Note: Since a three-dimensional system is required for its definition, the
cross product is meaningless in V,.

In each of the followmg, find the cross products, if possible.
a) If|u|—4 |v|— 5 0= 30 fmdu><v

b) Ifu—(Z 5), v—( 1,1), find ux v.

c) Ifu— (2,5,0), v—( 1,1,0), find both uxvand vxu.
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a) uxv = (ul[v|sin O)e = (4x5xsin 30°)e = (20)(0.5)e = 10¢

Note: The direction of e, and hence of u xv, is not known, unless the exact

directions of u and. of v are known. In this example,
you do #ot have that information.

b) uxvis notdefined in V,, so this vector product is impossible.

c) lul=V22+ 5"+ 0 =29, and|v|=V(-1)2 + 1 + 0% = V2.

You can obtain the angle § between u and v by using the dot product.

;-;=|u||v|cos 6, so cos = 2%
[ul|v|

cos f = (2:5.0):(-1,1,0)

V29v2
= (2)(_1) + (5)(1) + (0)(92 - i =0.3939... = 6 =67".
V58 V58
Thus u X v = |u||v| sin f¢
=V29V2sin 67° ¢

— (/58)(0.9191...) = Te.

But vectors ¢ ; and ; are in the xy-plane, as the diagram shows.
The mple [u, v, ] forms a rlght-handed system.
Thus, e = k therefore Uxv= 7k or (0,0 7)

If u and v are interchanged, the second flnger of your right hand pomts
in the opposite direction to the direction of k namely in the direction of —k.

Thus v><u e |v||u| sin 0 (—k)
=229 sin 113° (-k)
=-7x. R

Geometrical interpretation of the Cross Product

Consider a parallelogram ABCD where AB = u and AD = v. Let H be the
foot of the perpendicular f from D 1o AB.
If 8 is the angle between u and v, then DH = |v| sin 6.
The area of this parallelogram is
(base) (height)
= (AB)(DH)
=|ul( 1_/J sin 0)
= |; X ). A

In other words, the magnitude of u X v is the area of the parallelogram
whose sides are represented by the vectors u and v.
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Example 2

Solution

Example 3

Solution

PROPERTY
PROPERTY

Example 4

Solution

PROPERTY

SUMMARY

A parallelogram ABCD is such that |ﬁ| =6, |ﬁ| =5,and ¥BAD is 28°.
Calculate the area of the parallelogram, correct to 1 decimal place.

The area of ABCD is
|ABxAD|=|AB||AD|sin 28° = (6)(5)(0.4694...) = 14.1. W

The following examples should help you to discover further properties of
the cross product.

-

Calculate a) 7><_i: b) 7><; c) kxj

a) ixi=(1)(1)(sin 0°)e=Oe =0

Note: You cannot find a unique direction for e, because there are many

vectors perpendicular to i in V;. However, this is not important,
since the coefficient of this vector is 0. Thus the result is the zero

vector, 0, which is considered to have any direction.

The cross product of a vector with itself is the zero vector.

b) ixj = (1)(1)(sin 909k = k
c) kxj=@Q)A)sin90°)(-)=-i M right-handed system

The cross product of any two distinct standard basis vectors of V; gives
+(the third standard basis vector).

Calculate (37) X (4;).

G x(4)) = G)(4)(sin 90°)k = 12k. M
Compare the result of this example to that of Example 3b).

For any vectors u, v, and scalars m, n, (m u) X (n v) = (mn)uxv.
You might note that the vectors in the examples of this section were in one
of the major planes of V;. If they had not been, you would have had

difficulty in determining the direction of e. The method of the next
section will allow you to find the cross product of any two vectors of V;.

The cross product of vectors ¥ and v is the vector ux v = |u||v|sin 0 e,
where ¢ is a unit vector perpendicular to # and v such that the triple

-

[u,v,e] forms a right-handed system.

The magnitude of # X v is the area of the parallelogram whose sides are
represented by the vectors u and v.

-

u X v is perpendicular to both # and v.
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. Calculate u Xv for each of the following,

where # and v are vectors of V;. Specify

the direction as precisely as you can in each

case.

a) |Z| =35, |;| = 2, and the angle between
u and v is 30°

b) lul=12,[v|=
between u and v is 150

c) |u| 3, |v| andu V=8

d) |u|=4,v|=5,andu-v=—-10

e) u= (6,6_3) and v = (0,-1,5)

f) u=(0,-1,5)and v=(0,6,3)

7, and the angle

. Calculate
a) LXL
b) jxk
c) jxi.

. A parallelogram ABCD is such that
|AB|= 10,|AD|=
Calculate the area of the parallelogram,
correct to 1 decimal place.

. A tr1angle ABC is such that|AB| =15,

|AC| =12, and AB- AC = —100. Calculate the
area of the triangle, correct to 1 decimal
place.

. Given any three vectors Z, ;, and ; of V,,
determine which of the following
expressmns are meanlngful

d) (u X v)w

e) (u X v) Xw

£) (u-v) + (@x)

a) ux(v w)
b) ux(K+vl)
¢) ux(v-—w)

. Prove that the cross product of a vector
with itself is the zero vector.

. Prove that, for any vectors u and v of V3,
UXV=—VXU.

4, and the angle BAD is 42°.

10.

11.

12.

13.

14.

15.

16.
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a

. Suppose m is any scalar, and [u,v,¢] is

any right-handed system of vectors, where
Zis a unit vector perpendicular to both u
and v. Prove that (m Z) XV = m(u X ;) in

the following cases.

a) m is positive b) m is negative

. Using the results of question 8, prove that,

if n is another scalar,

(m )X (n v) = (mm)(ux v)

Prove that uxv=0if and only if 4 and
v are linearly dependent.

PRGN

Consider the standard basis vectors i, k,
and the vector u= (1 1 0) of V.
a) Explaln why (1 xu)xk 0.

b) Does lx(uxk)
¢) State whether or not the cross product
is associative.

Prove that for any vectors u and v of Vs,
u- (u X v)

The itandard basis vectors of V; are i, j,
and k. Prove that the cross product of any
two distinct standard basis vectors in V;
gives +(the third standard basis vector).
(You may use a general argument, or treat
this case by case.)

Given that the vectors Z and ; of V; make

an angle 6 with each other, prove the

following.

a) (u-u)(v-v) — (u-v)?=

b) [uxv]=V (1) (ve) — @+ v)?

a) If ax b= axe, ¢, does it necessarily
follow that b = c"

b) Ifaxb—axcanda b—z ?,does
it necessarily follow that b =

|ujvPsin?d

Verify that (i + j)xk=ixk + jXk.
(This illustrates that the cross product is
distributive over vector addition.)
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M A KI NG
Bridges

Bridges have been in existence for a long time. The first people on earth
probably used a fallen tree to go from one side of a stream to the other.

In the 18th, 19th and the early 20th centuries much of the work done in
designing bridges was based on the success of previously constructed
bridges. If an earlier construction had no problems, bigger, larger, and
more elaborate versions of the old structures were erected. When a bridge
did fail, then engineers would locate the source of the problem and add
more safety features in future structures.

With the advent of the railroad in Canada and the United States in the
19th century much work was done developing strong truss

structures that would enable the construction of longer bridges. One
problem that had to be overcome was caused by the vibrations set off in a
bridge by a train passing over the bridge.

Designers were not always successful. In 1877 a bridge in Ashtabula,
Ohio, failed as a train passed over it. 90 people were killed. Two years
later, a train consisting of a locomotive and six passenger coaches fell
from a collapsing bridge into the Firth of Tay in Scotland, killing over 100
passengers. During the period from 1870 to 1890, truss bridges in the
United States failed at the rate of 25 per year. Something needed to be
done.
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In 1934, C.E. Inglis completed a long study called A Mathematical Treatise
on Vibrations in Railway Bridges. In this treatise he wrote, “Mathematical
analysis is required to indicate the lines along which experiments should
proceed, and experiment, in its turn, is necessary to check the validity of
theoretical predictions and to prevent mathematics running off the scent
and barking, so to speak, up the wrong tree.”

Nowadays one expects engineers to make use of mathematics in their
designs of bridges. Indeed, calculations and simulations based on
appropriate mathematical models form the basis of structural engineering.
The use of theory, rather than experience, to design bridges, has been in
part motivated by the desire for safety, and to use new materials that will
cut costs and speed construction.

Theory has allowed designers of bridges to come closer to the limits of
safety while still maintaining a large margin of safety. But nevertheless,
designers still run the risk of structural failure, especially if they do not
take into account all physical situations.

One notable failure was ‘Galloping Gertie’. Galloping Gertie was the
nickname given to a bridge in the United States built to cross the Puget
sound in Tacoma, Washington.

From the time it opened on July 1, 1940, the bridge achieved a certain
popularity and notoriety due to its tendency to sway in the wind. People
would drive over the bridge just to geta roller coaster feeling. But all was
not well. Just a few months later, on November 7, 1940, the bridge
collapsed into the Puget Sound.

After the collapse of this bridge, new studies were made to try to prevent
similar disasters. In the case of Gertie, the static analysis of the bridge had
been done correctly but proper attention had not been paid to
aerodynamical considerations.

Now mathematicians, computer scientists, and engineers act together with
architects to design bridges. Computer simulations of the design features
and workings of a bridge can be produced graphically on a computer
screen. These new bridges should be beautiful, functional bridges that do
not collapse.
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3.6 Properties of the Cross Product

In the examples and exercises of the last section, you proved the first four
of the following properties of the cross product.

For any vectors #, v, w and any scalar m,

L UXV=-VXU [not commutative]

1

2. uX;=6

3. ?x7=z,7xz=?,zx?=7
4. Sm;)_\xl;j m(ExE) L
5

LuX (VHwW) =uXv+uxw [distributive over +]

This last property will be proved later in this section. Before this can be
done, you need to investigate the following product.

Triple Scalar Product

The expression (ax b) - ¢ is known as a triple scalar product.

Note 1 (axb)-cis meaningful, since ax b and ¢ are both vectors. Thus
the dot product can be obtained, giving a scalar as a final result.

2 “ax(b+c)” is meaningless. You cannot perform a cross product
with a vector and a scalar.

Consider a parallelepiped whose sides emanating from O are represented
by vectors a, b and ¢, where a b c form a right-handed system. I.et
the height of the parallelepiped be represented by the vector HC h
The volume V of the parallelepiped
can be calculated as follows.
V = (base area) (height)

— (OAMB)(HC)

= |axb]|h|

=laxb|ldcos 6]

=l@xb)-c| @

Since the vector a X b has the same direction as } h (wh1ch is

perpendicular to the base) the angle between a x band cis the same as
the angle between h and 1 c, namely 6. Thus the dot product (a X b) ¢ is

equal, by definition, to |aXb|||c| cos 0|. Furthermore, since [a b c] isa
right-handed system, the angle 8 is acute (0° < § < 90°), so cos 8 is positive.
Thus, the dot product is positive, and the absolute value signs of line @)
are not required.

Therefore V = (Zx b) ..
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Similarly, by using parallelogram OBNC instead of parallelogram OAMB as
a base you can calculate the volume of the parallelepiped as
(b X c) a,
and since the dot product is commutative,
V=a-(bxo).

(Notice that [b c a] or [a,b,c] are both right-handed systems.)

Thus, V = (axb)-c and V = a-(bxc).
From this argument, the following property of triple scalar products can
be deduced.

axb c=a-bxc

In other words, as long as the order of the vectors remains the same, the dot and
the cross of a triple scalar product can be interchanged!

Notice that brackets are not essential, since either expression is
meaningful only if the cross product is performed first.

Proof of the Distributivity of X over + (property 5)

Consider r=ux (v+w) —uxv —uxw, whereu, v, and w are any
vectors. Then

re r—r [ux(v+w)—u><v—u><w]

—

dot product is distributive

re ux(v+w)—r UXV — reUXwW

= rXu-(v+w) = rxuev - rxu-w ‘ triple scalar product property
S PXUV A PXUW — XUV~ PX U W dot product is distributive
= 0.

Thus r = 0 lhat is,

ux (v+w) —uxv—uxw 0 thus

o

ux(v+w) UV UXW
which completes the proof.

Now by using the properties of the cross product listed at the beginning of
this section, you can find a formula for calculating the cross product of

vectors expressed in component form in the orthonormal basis i, j, k.

If u S (ul,uz,u3) and v = (vl,vz,v3)
UX V= (u,i + uz] + u,k) X (vlz + v,] + v,k)
1vl(1>< 1) + ulv2(1><]) + ulv3(1><k)

+ U (X 1) + uyvy (X ) + upvs (X k) properties
+ usv (kX 0) + u3vy (kX )+ usvs(k X k) 4and 5
= U vk — uvsj — vk + uvsi + UV — UV, properties 2 and 3

=y

UXV= (U — Usvy) i — (U vy — Usvy)j + (v, — uvy)k
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Solution

This is a particularly difficult formula to remember. It is easier to recall it

in the form of a 3 x 3 determinant.

The 3 X 3 determinant

a b ¢
d e f|=a ¢ f b‘d 1l + c ¢
] h i g il lg h
g h i
where a 2 x 2 determinant, such as | i =eh — fg.

You will be learning more about determinants in chapter 7.

If u = (uy,uy,us) and v = (v,v,,v3)
O A |
u U, U

k

Uy Uy
Uy = ;‘l -
Vy V3

vioVy Vs

u T
3+k1

Note: The result is indeed a vector.

Because u X v is perpendicular to both u and v the cross product can be
used to find a vector perpendicular to two given vectors.

In each of the followmg cases, use the cross product to find a vector
perpendicular to both u and v.

a) u= (2,5,0) and v= (—1,1,0)

b) u=(1,2,3)and v = (-2,5,6)
R A
a) uxv=(2r5r0)x(_1'1’0)= 2 5 0
-1 1 0

= 1[(5)(0)—(0)(1)]—1[(2)(0)—(0)( )] + k[(2)(1) - (5)(-D)]
= [0 - 0] - j[0 - 0] + k[2 - (-5)]
=7k

Note: The result is indeed perpendicular to both u and ;, which are in
the xy-plane.

(Compoatre this to the solution of Example 1 ¢) in the previous

section.)
I B A
b) uxv=(1,2,3)x(-2,56)=| 1 2 3
-2 5 6

i1@)(6) - GO - JI(1)(6) — B)-2 + k()G) — 2)(-2)]
i[12 - 15] — j[6 — (—6)] + k[5 — (-4)]
(-3,-12,9) N
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Given ; =(2,1,1), 3 =(0,-1,1), and := (-1,3,0), use both versions of the
triple scalar product to find the volume of the parallelepiped shown.

A volume must be positive. To avoid checking whether or not [a,b,¢]
forms a right-handed system, use the absolute value of the triple scalar
product.

The volume is either|(ax b)-c| or|a-(bxc)l.

oL i j k
Now axb=(2,1,1)x(0,-1,1) = |, 1 1
R R 0o -1 1
=i(l+1)—-j2—-0)+k(-2~-0)
=21—-2j-2k
andso|(@axb)-c|=1(2,-2,-2)-(-1,3,0)|=|-2 + (=6) + 0| =
Alternatively,
N i j k
bxc=(0,-1,1)x(-1,3,00=[ 9 _1 1
-1 3 0
—1(0—3)—](0+1)+k(0—1)
=~31—]—k

andsola (bxc)l =1(2,1,)-(-3,-1,-1)| =|-6 -1 -1|=8

The same volume is obtained in both cases. W

Prove that;x;-:= 0 if and only if ;, B, and ¢ are linearly dependent.

oA

1. leen a X b- c =0, prove thata, b, c are llnearly dependent.
If a>< b c = 0 then ax bis perpendlcular to c.
But a x b is also perpendicular to both a and b
SO a, b and ¢ are coplanar.

2. leen; 3 :are linearly dependent, prove that ax bec=0.
Ifa a, b and ¢ are coplanar,

axbis perpendlcular to the plane of; and ;,

and since ¢ is in the plane of a and b

Cis also perpendlcular to ax b.

Henceaxb c=0. N
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Example 4

Solution

A right square pyramid ABCDT whose base has side 12 units and whose
height is 17 units is positioned in 3-space with coordinates A(6,6,0),
B(-6,6,0), C(—6,-6,0), D(6,—6,0), and T(0,0,17). Calculate the following,
giving your answers to the nearest degree.

|4
(0.017) T
4 B
[,
(-6, -6/0)C ) B (-6,6,0)
:': i 4"
‘‘‘‘‘‘‘‘ T A i T wy
LRy o )
6.-6.0) D A (6,6.0)

a) the angle between the edge AT and the base ABCD
b) the angle between the planes ABT and ADT

a) A normal vector to the base ABCD is k. T

base —_
\ 0

The diagram shows that you must find ¢, the complement of the angle
0 between AT and k.

First calculate the angle 6.

AT = 0T - 0A = (0,0,17) - (6,6,0) = (—6,-6,17)
By the dot product

AT-k = |AT]||k| cos 0
(—6,-6,17)+(0,0,1) = V(=6)* + (~6)* + 17* (1)(cos 8)
17 =361 cos 8, or

c059:£=0.8947...:>9£27°

Thus the required angle is ¢ = 90° ~ 0 = 63°
b) Inorder to find the angle between the planes, first find the angle
between normal vectors to each plane.

A normal vector for plane ABT is n, = TAXTB

A normal vector for plane ADT is ;2 — TAXTD

(Note that, by the right-handed rule of the cross product, ;1 points
outside the pyramid, but ;2 points inside.)
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Now from a) TA = —AT (6,6,—17).
Also, TB = OB — OT = (—6,6,—17) and TD = 0D — OT = (6,—6,-17)

N . N i j 72
Thus, n = (6,6,—17)X (—6,6,—17) = 6 6 -17
R . -6 6 -17
= 9(0) — j(~204) + k(72)

= (0,204,72) = 12(0,17,6)
iR A 1 j k
Also n,= (6,6,—17))( (6,—6,—17) =16 6 ~17
6 -6 -17

= 7(-204) - j(0) + k(-72)
= (-204,0,-72) = -12(17,0,6)

Let the angle between nl and nz be «.
Then n1 n, = lnlllnzl Cos &

12(0,17,8)-[—12(17,0,6)] =12V17*+ 6* 12V17* + 6 cos &
—144(36) = 144(325)* cos a
cos o = o8 = -0.1107... = a=96".
325

This is the required angle between the planes. W

OR

plane TIT,

plane T1,

plane IT, plane I,

Observe from the diagrams that the angle a between two planes could be
either equal to the angle between two normals, or equal to the supplement of
this angle.

If the planes I1, and I, are infinite mathematical planes, there are actually
two possible angles between them, «, and 180° ~ a.

However, if the two planes refer to real physical objects such as the
pyramid of Example 4, you must decide which of the two angles is
appropriate to describe the physical situation.
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SUMMARY

The Angle between Two Vectors

If you are given two non-zero vectors # and v in component form, recall
(Example 2, section 3.3) that you can calculate the angle between them by
using the dot product.

The cross product, ux v = |u||vjsin 8 ¢, where @ is the required angle

and e is a unit vector so that u, v, e form a right-handed system, can
also be used to calculate 6.

To flnd sm 0, you can equate the lengths of the above vectors.
Thus, |u>< v| = |u||v|sm 6, since sin 6 is never negative

(because 0° < 0 < 180°).
Hence, sin 6 = |u><v|
V]

However, this will produce two solutions for 6, in the range 0° < 6 < 180°.
One solution is the angle between the vectors, and the other is the
supplement of this angle. You must select the correct angle.

The dot product is more useful than the cross product to determine the
angle between two vectors, because it produces only one solution (the
correct solution) in the range 0° < § < 180°.

The triple scalar product property
axb-c=a-bxc

If u = (uy,uy,u5) and v = (v,,v,,v;), then

U, Uus
—31
Vi V3

= (Uyvs — uzvy)i — (U vs — usv))j + (v, — uav))k

- - -

- d J k U U
= _ M2 us
A Uy U U _7‘

V: V3
Vi Va2 Vs

2, u
+ kT
Vi v




3.6 Exercises

. Calculate u X v in the followrng cases.
a) u— 1—(100)andv ]—(0 1,0)
b) u = (2,3,5) andv= (1,0 4)

¢) u=(-1,8-3)and v = (2,-2,-5)
d) u=(1,-3,2) and v= (2,-6,4)

. Find a unit vector perpendicular to both u
and v for the vectors given in question 1.

. Simglifx the following.

a) px(pta |

b) ¢+4)x ¢+

c) pqxXp |

d) px(@@+n-q

; Frnd the area of the parallelogram ABCD if
AB = (192) andAD—( -2,1,7).

. Find the area of the triangle ABC in the

followrng cases.

a) 4B = (1,2,-3), AC = (4,4,1)

b) the vertices are A(12,5,7), B(4,10,13),

and C(8,-3,-1).

. Three sides of a parallelepiped represent
the vectors ; = (3,_27:), ; = (m), and

W= (m). Calculate the volume of
parallelepiped.

. The parallelepiped OAMBLCNK shown is

such that 04 = (1,4,4), OB = (-1,2,1), and

ocC = (6,—2,-3). Calculate the volume of the

pyramid OAMBC.

(Formula: the volume of a pyramid is one
third of the base area times the height.)

8.

10.

11.

12.

13.

14.

15.

. ul=5,lv|]=
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In the pyramld OAMBC of question 7, show

that OM 0,6, 5) Then calculate the

following, giving your answers correct to

the nearest degree.

a) the angle between BC and the base
OAMB

b) the angle between MC and the base
OAMB

¢) the angle between the planes MBC and
OAMB

d) the angle between the planes MBC and
MAC

6, |uxv|=21. Determine
whether or not this information is
sufficient to find the angle § between

u and v.

Given u = (4,-6,0), v = (2,1,1), and
= (1,3, 5)

a) Calculate (u X v) X w and ux (v X w)
(These are known as triple vector
products).

b) Draw a conclusion about the
associativity of the cross product.

Confirm the result of 3.5 Exercises,
questlon 11, as follows Given i = (T(ﬁi)
u= (l 1 0) andk (0 0, l) show that
(zxu)xk 0 but 1><(u><k) + 0.

-

Prove that the three V; vectors u, v, and w
are non-coplanar if and only if

- o

u-vxw+ 0.

Use the cross product to show that the

vectorsa =(2,-1,3), b= (1,2 0) and
¢ =(1,-13,9) are coplanar (hence linearly
dependent).

Show that - (a + b) X (a = b) bxa.
A(2,-1,4), B(3,1,-5), and C(1,1,1) are three
points in a plane I1. Use the cross product
to find a vector perpendicular

to the plane I1.
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Summary

* The angle § between two vectors a and b is the angle formed when the
vectors are drawn w1th a common tail.

. The dot product of a and b is the scalar
|a||b| cos 6
* The orthogonal projection of a on b is the vector

e b = e A A
=|a| cos Gﬁ =|a|cos O e, = (a-e,) ¢,

where ¢, is the unit vector in the direction of b

® The component of a on b is the scalar coefficient of the unit vector in
the projection,

>

c=|alcosO=a-e, = a2
14
° Propertzes of the dot product

1. a-b=b-a
2. a-(p+c)=a-b+a-c
3. (ka)-b = k(a-b)
4. a-a=|af
5. If ais perpendlcular to Z, thena-b = 0.
6. ii=1,j-j=1kk=
7. G j=j-i=jk=k-j=k-i=i-k=0
eIn \/Z,E= (@) and eIn \/,,E= (a,,a3,a,) and
b= (b,by) b= (b,,b,b;)
= a-b=ab, + a,h, = a-b=ab, + ab, + ash,

® Vectors that are all unit, and mutually perpendicular, are said to form an
orthonormal basis of the vector space.

° The ¢ Cross product of vectors 4 and b is the vector
axb= |a||b|s1n0 e,
where e is a unit vector perpendicular to aand b such that the triple

PRGN

[a.b,e] forms a right-handed system.
® Properties of the cross product

1. axb=-bxa

VT W N
bR~
8
e
X
o
I
=
=
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¢ The triple scalar product property

axb-c=a-bXc

° Ifz = (a,,a,.a;) and Z = (b,,b,,b;), then

axb= =

a, a,

b, b,

IO I R R f‘a2a3 .

b, b

- 441 e where }C f’ =cd — fe.
b, b, e d

a a, das

b, b, b;

Inventory

1.

10.
11.
12.
13.
14.

15.
16.

17.

. The projection of the vector (2,-3) on the x-axis is

. The component of the vector (2,-3) on the y-axis is

. The dot product combines two vectors to produce a
. The cross product combines two vectors to produce a

. The

The angle between two vectors is defined as the angle between them
when they are drawn with a common

Writing the vectors (2,—3) as 27 — 3j is called the vector in the

directions of 7 and j.

product is not defined in V,.

. The dot product of u and v equals

(length of u) (component of on

).

The magnitude of the cross product of u and v equals the area of the
_____ whose adjacent sides represent the vectors and .

The product is not commutative.

The dot product of a unit vector with itself equals

The cross product of a unit vector with itself equals

The dot product of two perpendicular vector equals

If the angle between two vectors is obtuse, then the dot product of
those two vectors is , and vice-versa.

N N

The expression axb-c is known as a

The expression ax b- ¢ is equal to

to both # and v.

The product u x v yields a vector that is



148 Chapter Three

Review Exercises

. State the projections and the components of
the following vectors in the directions of

? fandz

a) (6,-5,— 3)

b) (V2,1.3)

¢) -3(1,-1,2)

. Given that the following vectors are in V,,
and that ¢ is the angle between each vector

and i, find the component of each vector

on i and j. Express your answers correct
to 3 decimal places.

a) la|=2,60=55°
b) |bl=4,0=161°
¢) le|=5,60=180".

. What can you deduce about u and/or v in
the following cases?

a) The component of ; in the direction of
; is equal to li;l.

b) The component of u in the direction of
v is equal to —|;|.

. Calculate the dot product of the following
pairs of vectors, given that 0 is the angle
between them.

a) lu|=7,Iv|=1,0=35°
b) |w| 2|t|—5 0 =120°
<) |a]—10 lb|—10 =157

. In question 4, calculate the component of
the first vector on the second in each case.

. ABCDEF is a regular hexagon whose sides
have length 2 units. Calculate the

following.
a) AB-BC d) AB-ED
b) AF-FE e) AB-BD

—_

¢) AF.BC f) AF.BE

10.

11.

12.

13.

14.

. Fmd the do dot product u v 1f

a) u=(24) v=(03)

b) u=(-5012) y-(3,-4-2)
¢) u=(27) v=(21,-6)

d) u=(1,25) v=0(1-1)

. Fmd the value of k if the vectors

u—( 867)andv—(k —-1,2) are
perpendicular.

Prove that for any vectors u and v,
a) (u+v) (u+v)

|u|2+2u v+|v|2 .
b) (u+V)-(u—v) =[uf - v

Apply the result of question 9 a) to two

perpendicular vectors u and v to prove
the theorem of Pythagoras.

Two adjacent sides of a rhombus represent

the vectors u# and v. Using the result of
question 9 b), prove that the diagonals of a
rhombus are perpendicular.

a and b are unit vectors at an angle of
135° to each other. Use the dot product to
find an exact expressmn for the unit vector

in the direction of 2a -b. (See the table
of trigonometric ratios on page 543.)

—_—

Given the vectors ;; =(2,-1) and

v= (I—_i), find each of the following.
a) the angle between uand v

b) the component of u on v

¢) the projection of u on v

d) the component of v on | u

e) the projection of vonu

The angle between the vectors u and v is

0 where cos 0 = L 1fu-= (2,-1,1) and
vé

; = (a,3,4), find the possible values of a.



15.

16.

17.

18.

19.

20.

a) Prove that# = vif and only if
u-p = v-p for every vector p.

b) Hence prove that in V, it is sufficient to
verify this relationship for fwo linearly
independent vectors p, and p,.

¢) How many vectors would be needed to
verify the relationship in V;?

Determine the angles of the triangle PQR in
the following cases.

a) P(-2,4), Q(7,-9), R(0,3)

b) P(5,4,1), Q(8,~1,-3), R(9,4,4)

OAB is a triangle with 0A = ;, 0B = l;

M is the midpoint of 04, and N is the

midpoint of OB.

a) Express AN and BM in terms of a
and b.

b) If|AN|=|BM]| prove that|a|=|b|.

(This proves that if two medians of a
triangle are equal in length, then the
triangle is isosceles.)

OABC is a parallelogram with 0A =g and

OC = c Evaluate AC-AC + OB-0OB in terms

of aand ¢ to prove the following

theorem.

The sum of the squares of the diagonals of
a parallelogram equals the sum of the
squares of the sides.

Calculate ux v for each of the following,

where u and v are vectors of V,.

3,|v| =
riand;is 25°

b) |u|=
u and v is 110°.

c) |u|~s Iv|=6, andZ v=-5.

d) u=(9,-2,4)and v = (3,-1,0).

a) |u| = 2, and the angle between

4,|v| = 1, and the angle between

Find the two unit vectors that are
perpendicular to a = (1,6,8) and
b= (4,-2,-5).

21.

22.

23,

24.

25,

26.

27.

28.
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Calculate the area of the triangle whose
vertices are P(10,-3,9), Q(-1,4,2), and
R(0,5,-6).

Ifa = (-1,3,6) and b =(-2,-2,5),
determine whether or not it is possible to

find the angle 0 between aandb by using
the cross product exclusively.

In each of the followmg, use the triple scalar

product (a X b) ¢ to determine whether or
not the three vectors are linearly
dependent.

a) (0,1,3), (-3,5,2), and (-6,11,7)

b) (1,2,3), (—3,0,4), and (-1,4,6)

¢) (4,1,8),(~2,1,0), and (0,3,16)

d) (1,2,4), (2,-3,-1), and (-1,-9,-13)
e) (3.5,1), (2,-2,-1), and (-4,-4,0)

Choose specific vectors in V; to show that
the cross product is not associative. That is,
show by counterexample that

u><(v><w) * (u><v) Xw.

a) Find a vector ; perpendicular to
q= (m) and perpendicular to
r=(031).

b) Normalize ;

.

Given a vector v # 0 and a scalar k, use
the dot product to calculate the angle

between v and kv in the following cases.
a) k>0 b) k<0

In question 26, discuss the case where

k=0.

Given any three vectors ; 2 rof Vs,

prove U the followmg

a) p- q>< r=q-rxp= r pxq (This is
known as the cyclic property of triple
scalar products.)

b) pgxr=—q-pxr.
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29.

30.

31.

32.

a) Show that (u X v) X w
is a linear combination of u and v.
That tis, show that
(uxv) xw = ku + sv,
where k and s are scalars.

b) Show 51m11arly that
u>< (vxw) mv + nw,
where m and » are scalars.

¢) Using the results of parts a) and b),
describe the triples u, v, w for which
the cross product is associative.

Given the triangle PQR, whose sides

represent the vectors p, ¢, and r as
shown on the diagram.

Q r P

a) Prove that; + ; + ?= 6

b) Write and then simplify the relation
obtained by carrying out the cross
product of p with each side of the
relation in a).

c) Repeat step b) by using g, then r.

d) From your results, prove the sine law in
triangle PQR (see page 542).

The vertices of the triangle ABC have

position vectors 4, b, and ¢ respectively
from an orlgm 0. Prove that the area of ABC

is £|a><b+ bxc+ cxal

A plane contains the points A, B, and C
whose position vectors are; Z and :
respectlvely Prove that the vector
n=axb+ bxc+ ¢xa is normal to the
plane.

o

33. Let i, j, k be unit vectors along the
coordinate axes of a three-dimensional
rectangular Cartesian coordinate system,

and let g, b, ¢ be defined by the

equatlons
a——1+]+k b=i-j+k,
1+]—k

a) Find the angle between the vectors a

and b, giving your answer in degrees,
correct to 1 decimal place.

o

b) Given that O is the originand a, b, ¢

are the position vectors of the points 4,

B, C respectively, find
i) the lengths of the sides of the

triangle OAB, leaving your answers

in surd form, and
ii) the magnitudes of its angles.
c) What are the lengths of the sides of the
triangle ABC and the magnitudes of its
angles?
d) Find the position vector of the
mid-point D of [BC], and write down

the position vectors of the mid-points E,

F of [CA] and [AB] respectively. Hence
find the volume of the tetrahedron
ODEF.

e) By considering the ratio of the areas of
the triangles ABC and DEF, or

otherwise, prove that the volume of the

tetrahedron OABC is —;— units?.

(84S)

34. In arectangular Cartesian coordinate
system the points O, A, B and C have
coordinates (0,0), (4,8), (4,—~2) and (-8,-6)
respectively.

a) Show the points 0, A, BandCina

.1 .
sketch, taking B <m as a unit.

b) Prove that 0A and EE are
perpendlcular

¢) GivenOD=0B + OC find the
coordinates of the point D.



35.

d) The point C’ lies on the line (4B) so that

0C’ = aOC. Calculate the value of c.
e) i) Given that the pointE lies on the

y-axis and OA \AE = 0, calculate the
coordinates of the point E.
ii) It is further glven that

OF = OE — OA. Calculate the
coordinates of the point F.
f) Calculate
i) the area of the rectangle OAEF, and
ii) the area of the parallelogram OBDC.
(85 SMS)

The point O is the centre of the circle drawn
through the vertices of the triangle ABC.
With respect to the point O as origin the
posmon vectors of the points A, B and C are

a, b and C respectlvely, so that
|a| = |b| = |c|. The points G and H

are such that 0G = %(2 +b+ ?) and

PO

OH=a+b+c
i) Prove thatza= %(;+ - 22)

ii) Prove that (AG) passes through the
midpoint L of [BC] and find the ratio
AG:GL.

iii) Deduce, from the result obtained in

part (ii), that the three medians of

triangle ABC, i.e. the lines joining a

vertex to the midpoint of the opposite

side, pass through G.

Prove that (AH) is perpendicular to

(BC).

v) Deduce, from the result obtained in
part (iv), that the three perpendiculars,
from the vertices of triangle ABC to the
opposite sides, pass through H.

(85 H)

iv)

36.

37.
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In arectangular Cartesian coordinate
system the points A, B and C have
coordinates (—6,1), (—2,4) and (1,0)
respectively.

i) a) Given thecolumn vector;lﬁ = (p>’
find the values of p and 4.

b) Given AB = DC, find the
coordinates of the point D.
¢) Show that ], the midpoint of [AC],
is also the midpoint of [BD].
d) Show that ABCD is a square.
ii) Calculate the coordinates of the points
E and F such that

ﬁ=i§iand&= 2CE.
iii) a) By f1nd1ng the column vectors for
each of AF and DB show that
AF = 3 DB DB.
4
b) Continue the argument
AF = AC + CF = 2(IC + CE)
to confirm that ﬁ = i I_)E
(84 SMS)
Given that
-(5)i-(3)
5/ 2
and that
5= kp S (p q)q, where k € R,
find

a) thevalueofp- 5, and
b) the value of the constant k such

that the directions of s and g are
at right angles.
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CHAPTER FOUR

Applications
of Vectors

You are in a small airplane in the town of Thessalon, Ontario, ready to fly
to Hearst, a distance of 400 km due north. The plane can fly at 200 km/h,
and so you would expect the trip to take two hours. However, the

200 km/h is the plane’s airspeed, in other words, its speed relative to the air
around it. This is not necessarily the same as the plane’s groundspeed.

Naturally, if there is a strong wind against you (known as a headwind),
you would expect the trip to take longer. Similarly, if there is a strong
wind behind you (known as a tailwind), your trip would be shorter.
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On this day, a wind is blowing at 50 km/h from the west, and your pilot
cannot simply head north. Indeed, if she points the plane due north, along
the line TH, the wind will blow the airplane along a line such as TC.
Clearly, in order to reach Hearst, she will need to point the airplane in a
direction to the west of line TH, parallel to a line such as TD. The plane
should then continue to fly partly ‘sideways’, as shown in the diagram,
and the wind will keep pushing it so that it remains over the line TH.

H (Hearst) H
D c
v :
w + E
S
_
west wind

T (Thessalon) T

Her problem will be to determine the angle 6 between TH and TD. The
stronger the wind from the west, the greater angle 0 must be; the greater
the angle 0, the more her groundspeed will be reduced. She will also need
to determine this groundspeed, v, to estimate the time of arrival in Hearst.

To find these two numbers, 0 and v, she will use a mathematical model
that will be able to represent both the speed and the direction of the
airplane. Vectors provide an excellent model for this type of situation, and
for other problems in physics, as you shall see in this chapter.
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4.1 Forces as Vectors

Since a vector has magnitude and direction, and a force also has
magnitude and direction, the theory of vectors can be applied to forces.

In fact, the theory of vectors grew out of investigations on forces. (See the
introduction to chapter 1.)

The branch of physics called mechanics is divided into two main sections,
called statics and dynamics. The latter is a study of how objects change
their motion under the action of forces, while statics examines the
relationship of forces acting upon stationary (or other non-accelerating)
objects.

You will be taking an elementary look at statics of a particle in this
section. (A particle is the name used for an object small enough to be
considered as a point.)

Forces are measured in newtons (symbol N). In general, the gravitational
force on a mass of m kg is mg N, where g is the acceleration due to
gravity. On earth, g = 9.8 m/s% Thus, the force due to gravity on a mass of
1 kg is about 9.8 N. Alternatively, a mass of 1 kg is said to weigh 9.8 N.

The fundamental reason which allows you to apply vector theory to forces
is that two forces can be combined in the same way that vectors are added

In other words, if a particle is being acted upon by two forces P and Q as
shown, these will have the same effect on the particle as the force

-

R=P+Q.

particle particle

P

} is called the resultant of ; and a

This is also true for any number of forces. That is, the resultant of a number
of forces is the vector sum of those forces.

The effect will be to pull the particle in the direction of R, and thus
accelerate it, or increase its speed.

If the particle does not change its motion, or its state of rest, then the
particle remains in a state of equilibrium. The particle must then be acted
upon simultaneously by a force which counteracts or cancels the effect of

R. Consider the force S acting in the opposite direction to that of R but
with the same magnitude.
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Solution
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You would then have the following situation:

. or
Q
S particle

P

The particle is inequilibrium under the effect of ;’, 6, and §, or under the
effect of R and S.

Sis called the equilibrant of R.
Conversely, R is called the equilibrant of S.

-

Note: §+E=Oor§=—§

P+Q+S=0
Whenever a particle is in equilibrium, the vector sum of all forces acting
upon it is 0.

In the examples of this chapter, unless it is specified otherwise, all
magnitudes of forces will be calculated to 3 significant digits, and all
angles will be calculated to the nearest degree.

A force of 20 N acts west, and a force of 10 N acts north on a particle. Find
the direction and magnitude of the resultant and the equilibrant of these
two forces.

10N

particle

Let the resultant be R. Then by the theorem of Pythagoras,
IRE = 20% + 10> = |R|= V500 or |R| = 22.4

The angle 8 shown is such that

tan0=m=l=0i27°
20 2

Therefore, the resultant is the force E of 22.4 N, acting at bearing
270° + 27° = 297° on the particle.

From the diagram, you can see that the equilibrant is thus §, a force of
22.4 N acting at bearing 90° + 27° = 117° on the particle. W
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Vector Diagrams

The diagrams you have seen so far in this section are called space
diagrams or position diagrams, because they try to portray the reality of
the particle being tugged at or pushed from different directions. Since
vectors can be drawn anywhere, however, you can also represent the

o A A

forces P, Q, S by joining the tip of one vector to the tail of another.

particle

space diagram vector diagram

This often clarifies relationships between vectors, and facilitates
calculations, as you will see in the forthcoming examples. The diagram on
the right is known as a vector diagram.

The vector diagram of forces in equilibrium will always be a closed polygon, since
the sum of all the vectors is 0.

The particle itself is not represented in the vector diagram.

Force vectors are sometimes described as fixed vectors (as opposed to free

vectors), because they must act on a particular point.

Examp|e 2 Two forces Pand 6 act on a particle. P points due east and has a
magnitude of 30 N. Q points on bearing 050° and has a magnitude of
70 N. Find the resultant of P and Q.

Solution
-l
i ' =70
A
P
space diagram vector diagram

The space diagram indicates how Pand Q act on the particle.

The vector diagram, denoted triangle ABC, shows the resultant R and the
relationship P + Q = R.

Notice that the angle between the forces on the space diagram is

90° - 50° = 40°.

Notice further that the angle ACB in the vector diagram is
180° — 40° = 140°.
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By the cosine law in the vector diagram
|AB} =|BCP + |AC|* — 2|BC||AC| cos (XACB)
thus |RP =|P +|QF - 2|P||Q| cos 140°
= 30%+ 70% — (2)(30)(70)(- 0.766...)
=900 + 4900 + 3217.3...
=9017.3...

thus |R|=9017.3... = 94.959... = 95.0
The direction of R can be obtained by using angle B.
By the sine law in the vector diagram
|BC| _ |CA| _ |AB|
sinA sinB sinC

You need only use the second equation. Let angle B = &,

Thus 12 _ IR
sin@ sin 140

|Q| sin 140°

sin 0 =
|R|
_ (70)(0.6427...)
94,959
=0.4738...
Thus 6 = 28°.

The bearing of Ris 90° — 28° = 62°.

The resultant of ?’ and 5 is a force } of magnitude 95.0 N, acting on
bearing 062°. W

In this chapter, you will be making extensive use of the theorem of
Pythagoras, the sine law and the cosine law, as in the above examples. To
avoid cluttering the diagrams with unnecessary letters, the formulas for
these laws will not be fully quoted at each instance of their use. You can
refer to the formulas for these laws on page 542.

Solution of Triangles

The cosine law
at=b*+c*—2bccos A

The sine law .
a_ _ b __¢ B a C
sinA sinB sinC
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Example 3

Solution

Example 4

Three forces of 5 N, 6 N, and 7 N act simultaneously on a particle, which
remains in a state of equilibrium. What are the angles between the forces?

space diagram vector diagram

Since the forces are in equilibrium, the vector diagram is a triangle. You
can use this triangle to perform the calculations. The angles ¢, §, and y
which you will find are the supplements of the required angles a, b, and ¢
respectively, between the forces.

Using the cosine law to find o
62 =52+ 7> — (2)(5)(7)cos
25+49 —36 _ 38
70 70

Ccos (¢ = =0.5428... = = 57.12°

Using the cosine law again for
7* = 5%+ 6% — (2)(5)(6)cos f

25+36-49 _12_4,_ 527346
60 60

Thus y = 180 — (57.12 + 78.46) = 44.42°

cos f =

Thus the angles o, 8, and 7, to the nearest degree, are respectively 57°, 78°,
and 44°, and hence the required angles are:

between the 5 N and 7 N forces, a = 123°,

between the 5 N and 6 N forces, b = 102°,

between the 6 N and 7 N forces, ¢ = 136°. W

(Observe that, by approximating each angle to nearest degree, in this case
a+b+c+360°)

A particle of mass 5 kg is suspended from a horizontal ceiling by two
strings making angles of 35° and 62° with the ceiling. Calculate the
tensions in these strings.

space diagram
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Solution Note: The force of gravity on a mass of 5 kg is (5)(9.8) = 49 newtons,

SUMMARY

acting vertically downward. Call this force G. Call the tensions in
the strings S and T, as shown in the diagram.

Now the particle is in equilibrium, so § + T+ G= 6, and this gives the
following vector diagram.

horizontal

T __Is|___16l
sin 28° sin 55° sin 97°

By the sine law,

Also, |G| =49,

thus |T|= £49).(s1n %8 ) _ 23.00... . 23.2
sin 97 0.9925. ..

and |§|= (49)(sin 25 ) _4.13... . 40.4
sin 97 0.9925

The tensions in the strings are thus 23.2 Nand 40.4N. B

Note: An accurately drawn vector diagram would allow you to find the
solution by drawing to scale instead of carrying out calculations.
Indeed, if the length of G is drawn to scale as 49 mm, and the

angles are correctly drawn, then the lengths of S and T, in mm,
will provide the required tensions!

Also the vector diagram seems to indicate that|S| > |T|, whereas the
opposite appears to be the case in the space diagram. This is because
the space diagram is showing lengths of strings, not vectors. The vector
diagram is the correct representation of the forces involved, and
indeed, the greater tension will occur in the shorter string.

The resultant, R, of a number of forces is the vector sum of those forces. The
equilibrant of those forces is —R.

A particle is in equilibrium when the vector sum of all forces acting upon it
is 0.

The gravitational force on a particle of mass m kg is mg N, where g is the
acceleration due to gravity.
(On earth, g = 9.8 m/s%.)
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4.1 Exercises

Unless directed otherwise, give all magnitudes
in newtons, correct to 3 significant digits, and
all angles correct to the nearest degree.

Useg = 9.8 m/s%

1.

Two forces ; and Q act on a particle. Find
the resultant and the equilibrant of ; and
Q in the follow1ng cases.
a) |P| =12 and P acts due east
|Q| =5 and Q acts due north
b) |;| = 8 and P acts on bearing 045°
|Q| =15 and Q acts on bearing 135°
) I?’l =10 and P acts due west
|Q| =13 and Q acts on bearing 350°
d) I;I = 20 and P acts on bearing 058°
IQl =35 andQ acts on bearing 328° -
e) I;I =510 and;’acts on bearing 232°
|Q| = 425 and Q acts on bearing 105°

Two forces ;’ and Q of magnitudes 30 N
and 60 N respectively act on a particle. The

angle between P and Q is 75°. Calculate
the magnltude and the direction of the

resultant of P and Q

. A particle is being pulled by two forces F,

and F,. F, acts eastward and its magnitude

is 250 N. F, acts at a bearing of 10°,
and its magnitude is 120 N.

Find the magnitude and the
direction of the resultant force.

Three forces of 10 N, 24 N, and 26 N act
simultaneously on a particle, which
remains in a state of equilibrium. Calculate
the angles between the forces.

. Repeat question 4 if the forces have

magnitudes 15 N, 11 N, and 23 N.

. The resultant of; and Q is the force F, of

magnitude 80 N, acting on bearing 070°. P
has magnitude 25 N and acts due east.

Find the magnitude and direction of Q

10.

11.

12.

13.

. Two perpendicular forces of equal

magnitude act on a particle. If the resultant
has magnitude 100 N, calculate the
magnitude of the perpendicular forces.

. Two forces of equal magnitude acting at an

angle of 130° to each other have a resultant
of magnitude 42 N. Calculate the
magnitude of the two forces.

. A particle of mass 10 kg is suspended from

a horizontal ceiling by two strings making
angles of 40° and 50° with the ceiling.
Calculate the tensions in these strings.

Repeat question 9 if the strings make
angles of 29° and 41° with the ceiling.

A particle of mass 5 kg is suspended by
cords from two points A and Bon a
horizontal ceiling such that AB = 100 c¢m.
The lengths of the cords are 80 cm and
70 cm. Calculate the tension in each cord.

A force P of magnitude 10 N acts along the
bearing 060°. Calculate the smallest

possible magnltude of a force Q such that

the resultant of P and Q acts along the
bearing 090°.

Two forces Fl and Fz, of magnitudes 7N
and 24 N, actona partlcle Fl acts at 30°
to the vector 1 and Fz acts at 60° to the
vectoi i, as shown in the figure. Another

force F; of magnitude 30 N acts
simultaneously on the particle. Calculate

the direction of F; so that the resultant of

the three forces is in the direction of i.
(Note: The three forces would then cause

the particle to move in the direction of i.)

horizontal
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4.2 Resolution of Forces

In the last section you learned how to use triangles to find the resultant of
two forces. In this section you will learn a second method to solve such
problems. This method is the resolution of forces. One of its advantages
is that it allows you to find the resultant of more than two forces without
extra difficulty.

Recall from chapter 3 that a vector i; making an angle o with? can be

resolved into two vectors F,i and F, ] acting parallel to the x-axis and
parallel to the y-axis respectively.

F= Fi + F,j
F.i and F,j are called the projections of F onto { and j respectively.

Since {i,f} is an orthonormal basis, the scalar multiples F, and F, are
called the components of F onto { and j. Recall further that components
can be obtamed by us1ng the dot product
F,= F- 1—|F||1|cosa |F|cosa s1nce|1|— 1.
F, = F-] |F||]| cos (90° — a) = |F|s1n «, s1nce|]| =1 and
cos (90° — a) = sin a.
Alternatively, you can see from the right triangle that
cosoz=§andsinoz=—;2
|F| |F|
giving the same results for F, and F,.

A vector F making an angle of & with i is resolved on i and j as

FORMULA follows.
=|F|cos a i +|Ffsin «x j
The following similar result is true in 3-space, and you will have an
opportunity to prove it in the exercises.
FORMULA A vector F maklng angles of o, f# and y with 1 ], and k respectively is

resolved on i, j, and k as follows.
=|F|cosa i+|F|cosﬁj+|F|cosy_lz

The following example matches Example 2 of the previous section, although
itis worded differently. Thus you will be able to compare methods.
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Examp|e 1 Two forces P and Q actona particle and make an angle of 40° with each

Solution

other. If|P| 30N and|Q| 70 N, find the resultant force R.

Vectors may be drawn anywhere. Draw P with its tail at the origin of a
two-dimensional coordinate system so that P points in the direction of the

positive x-axis (that is, in the direction of 7). This is shown in the
diagram.

4

J 40°

i P X
To find the resultant R P + Q, first resolve P and Q on i and ]
P: SmceIPI 30, P 301
Q |Q|COS40 1+|Q|s1n40]
= (70)(0.7660...)1 + (70)(0.6427...) j
= 53 623 1+44995]
Now R P + Q
= (307) + (53.6237 + 44.995)
= 83.6231 + 44.995]

Magnitude of R
|R|=V83.6237 + 44.995? = V9017.3... = 95.0
Direction of R
y ....................
Q R
S x

Let @ be the angle between R and 7

44.995 _ 4 5380..
83.623

Thus the resultant of P and Q has a magnitude of 95.0 N and makes an
angle of 28° with the force P
(or an angle of 40° -28° = 22° with force Q).

Then tan 6 = ., therefore 0 = 28°

The same results are obtained as for Example 2 of the previous section. Wl



Example 2

Solution
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Three coplanar forces Ij", G, and H of magnitudes 15 N, 10 N, and 20 N
respectively, act on a particle as shown in the diagram. Find the resultant
of the three forces.

Vectors can be drawn anywhere. Draw F with its tail at the origin of a
two-dimensional coordinate system so that F points in the direction of i
This is shown in the diagram. Note that the angle between G and iis 30°,
and the angle between Hand iis 100°.

Then the resultam of the three forces is R F + G + H

Now resolve F G and Hon iand ]

F: Since|F|=15F= 151

G: |G|cos 30° 1+|G|sm 30° ]
= (10)(0.8660. ..) i + (10)(0. 5)j
= 86601+5]

H: |H|cos 100° 1+|H|sm 100° ]

N

= (20)(-0.1736...) i + (20)(0.9848...) j
——34721+196961
So R= F+G+H—(151)+(8661+5])+( 3.472i + 19.696)
=20.188i + 24.696

Magnitude of R

|R|= v20.188% + 24.696* = V1017.44... = 31.9

Direction of R

Let & be the angle between Rand i.

Then tan § = 34,696
20.188

=1.2233...,thus ) =£51°

Therefore, the resultant of forces Ij" 6 and H has magnitude 31.9 N and
makes an angle of 51° with the force F (or an angle of 51° — 30° = 21°
with the force G, or an angle of 100° — 51° = 49° with the force H) |
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Example 3

Solution

Some vector problems on forces are formulated in component form, and it
is convenient to treat them by using components, as in the next example.

Given points P(-1,3) and Q(4,1), a force Fof 10 N acts in the direction of
PQ. Resolve F parallel to the coordinate axes.

:y i

P
|

-

B8 N
i

,..v,\..w

The force F pomts in the same dlrectlon as

PQ 0Q - -oP= @1) - (-1,3) = (5,-2),

SO F k(S 2) where k is a posmve number.
Now |F| = k(5,2 -2)|= K(5,-2)|= kV5® + 2* = kv29
but you know that|F| =10,

SO k\/29=100rk=£
29
Thus the force F=-12 (5,-2)
V29

in other words, the force can be resolved as

The components of Fi in the x and y dlrections are respectively

50 20
and—— W
\/— V29
Friction

If you place a marble and a book on your desk, then gently incline the
surface of your desk, you will notice that the marble rolls off almost
immediately, whereas the book will remain motionless. This is because the
marble encounters virtually no resistance, and so accelerates down the
incline. The book, however, will not slide unless the incline is made a lot
steeper. The book is held in equilibrium by a frictional force acting
parallel to the surface of your desk.

These two situations will be investigated in Examples 4 and 5.



Example 4

Solution
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A marble of mass 50 g is on a plane inclined at an angle 30° to the

horizontal.

Resolve the force of gravity on the marble into two rectangular
components, one of which causes the marble to accelerate.

e, g; W, e,
60°
30° . —
—_ W2 e w
w
- 30°
~130° o
space diagram vector diagram

Note: 50 g is the same as 1(5)20 = 0.05 kg. The force of gravity on the

marble is its weight, W, whose magnitude is (0.05)(9.8) = 0.49 N,
The weight acts vertically downwards.

You are asked to resolve W in the directions of the unit vectors
e, (parallel to the plane) and
e, (perpendicular to the plane).

Note: The angle between W and the horizontal is 90°. Thus the angle §
between W and e1 is (180 — 90 — 30)° = 60°. It follows that the angle

between w and e, is (90 — 60)° = 30°. This is the angle used in the
vector diagram.

The marble is prevented by the plane from moving in the direction of w.
It can only move parallel to the plane, downhill, along the direction of 21.
In this direction, the component of W is

W, = |W|sin 30° = (0.49)(1)(0.5...) = 0.245

In the direction of ;2, the component of W’ is

W, = |W| cos 30° = (0.49)(1)(0.866. ..) = 0.424

The components of the gravitational force on the marble are

0.245 N down the plane, causing the marble to accelerate, and
0.424 N perpendicular to the plane. W
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Example B A particle of mass m kg is in equilibrium on a rough plane inclined at an
angle 6 to the horizontal. The equilibrant of the weight is a force called a
reaction, acting vertically upwards.

Resolve this reaction into a force perpendicular to the plane (called a
normal reaction), and a force along the plane (called a frictional force).

Solution
R

- —~ A —
e, -~ A N €o

// =

~ R
P W N
B F €4

e
1 8
space diagram vector diagram

Let the weight be W, the equilibrant be R, to be resolved into the normal
reaction Ne,, and the force of friction Fe,.

The magnitude of the equilibrant, equal to the magnitude of the weight,
is myg.

Thus the normal component (the normal reaction) is N = Iilcos 6 = mgcos 6
and the parallel component (the frictional force) is F = |R|sin 8 = mgsin §. W

. B VA P U TS —




Example 6

Solution

SUMMARY
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The Direction of a Force in 3-space

The following example will show you how to treat a three-dimensional
problem on forces.

The forces ; and a are such that; =(3,0,2) and a = (-4,6,7). Calculate
the magnitude and direction of their resultant R.

R=P+Q=(302)+(- 467)—( 1,6,9).

ThusthemagmtudeofR |R| V1Z+62+92=V118 = 10.9.

Now the direction of R cannot be specified merely by a ‘slope’ or
‘bearing’, since these concepts are meaningful only in 2-space.

A d1rectlon in 3-space is specified by the angles «, f and y that it makes
with 1 j and k respectively.

NowR-i=|R||i|cosa=|R|cos a, since|i|= 1.

Thus cos o = R—_'.l, and similarly cos f = R—_cl and cos y = E_Tk
IR| IR| IR|
Thus cos o = —#, cos fi = L, and cos y = 2

V118 V118 V118

givinga = 95°, §=56°, andy=34°. W

A vector F making an angle of o with i is resolved on i and j as
follows.

=|F|cos a i +|F|sin o j

A vector F making angles of «, f§, and y with ?, ;, and E respectively is
resolved on i, j, and k as follows.

=|F|cos a i +|F|cos 8 j+|F|cos y k

The direction of a vector v in V; is specified by the angles «, f, and y that
it makes with i, j, and k respectively.

v vek
cosa——_Tl,cosﬂ—T],andcosy——r

v vl [v]
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4.2 Exercises

(Unless directed otherwise, give all magnitudes
in this exercise in newtons, correct to

3 significant digits, and all angles correct to the
nearest degree.)

Use g = 9.8 m/s%.

1. Two forces P and Q act on a particle.
Calculate the magnitude and the direction
of their resultant in the following cases.

a) P=(27)andQ=31)
b) P=(-50,30) and Q = (35,60)

2. Show that a vector F making angles of ¢,
and y with 7 7 and k respectively is
resolved on 1 Jj. and k as follows

|F|cosa 1 + |F|cos,81+ |F|cosyk

3. ForceP = (2,8,~1) and force Q = (3,1,5).
a) Calculate the magnitude of the resultant

of Pand Q.
b) Specify the direction of the resultant by

finding the angles it makes with 1, j,
and k respectively.

4. Resolve the force F in two orthogonal
directions so that one component makes an

angle & with F in the following cases.
a) |F|=20, 0 = 30°

b) |F|= 100, 8 = 10°

¢) |F|= 100, 6 = 80°

d) |F|=50,0=130°

The next two questions are the same as 2 and 6
of 4.1 Exercises. Here, solve them by resolving

the forces on 7 and j.

. Two forces P and a of magnitudes 30 N

and 60 N respectively act on a particle. The

angle between P and Q is 75°. Calculate
the magnitude and the direction of the

resultant of P and Q.

. The resultant of ; and a is the force f of

magnitude 80 N, acting on bearing 070°. P
has magnitude 25 N and acts due east.
Calculate the magnitude and direction of

force Q.

. Two forces P and Q act on a particle and

make an angle of 115° with each other. If

|P| =16 N and|Q| 21 N, find the
magnitude and direction of the resultant
force.

A A

. Four coplanar forces F, G, H, andJ of

magnitudes 40 N, 25 N, 15 N, and 18 N
respectively, act on a particle as shown in
the figure. Find the magnitude and the
direction of the resultant of the four forces.

Vi




9.

10.

11.

12.

Given points P(4,8) and Q(2, —3) a force F
of 50 N acts 1n the dlrectlon of PQ
Resolve F on i and ]

Given points P(2,8,-5) and Q(3,-1,2), a

force F of 300 N acts in the direction of

PQ.

a) Resolve Fon 7 7 and k.

b) Find the angles between F and each of
i k.

A Startrak Space Craft taking off from

Earth is being acted upon by three forces.

Its main engine is pushing it east with

200 000 N, its vertical jet is pushing it up

with 150 000 N, and the north wind is
pushing it southward with 30 000 N. By

considering a unit vector i pointing due
south, a unit vector j point due east, and a

unit vector k pointing upward, find the
magnitude and direction of the resultant of
these three forces on the craft.

The moment M with respect to the origin
0 of a force F is the cross productlﬁ =7 x 1?,
where ris the position vector of any point
on the line along which the force acts.
Calculate the followmg moments.

a) r—(030) F= (256)

b) r=( 2,1,-1); F= 4, 30)

13.

14.

15.

16.
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The moment of a force about a point is the
effectiveness of that force to produce
rotation about that point.

The force F acts at the point P,
as shown.

a) What is the angle between r and F?
b) Write an expression for the moment of

force F about 0, in terms of | r| |Fl and 6.
(See question 12.)

¢) For which angle 6 is the magnitude of
the moment a maximum? a minimum?

Resolve a force of 10 N into two equal
rectangular components.

'/ 10N
o -
N\
.

Resolve a force of 60 N along two
orthogonal directions such that the
components are in the ratio 2: 3. Calculate
the angle between the 60 N force and the
larger projection.

A 150 kg bobsleigh is about to be released
on an icy slope inclined at 35° to the
horizontal. Calculate the force that must be
applied parallel to the slope to keep the
bobsleigh stationary.
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17. Repeat question 13 of4 1 Exerc1ses by

18.

19.

resolving the forces on iand ]

Two forces F1 and Fz, of magnltudes 7N
and 24 N, actona partlcle F, acts at 30°
to the vector 1, and F2 acts at 60° to the
vectorJ as shown in the figure. Another

force F; of magnitude 30 N acts
simultaneously on the particle. Calculate

the direction of F; so that the resultant of

the three forces is in the direction of 1.
(Note: The three forces would then cause

the particle to move in the direction of i.)

- horizontal

A force F = (40,60) is pulling a particle up
an inclined plane parallel to the vector
(9,2). Calculate the component of the force
that is acting parallel to the plane.

A particle of mass 20 kg is in equilibrium

on a rough plane inclined at 26° to the

horizontal.

a) Resolve the equilibrant into a normal
reaction and a frictional force.

b) Calculate the number i, where

|F| = u|N|. (If the particle is about to
slide, u is called the coefficient of
static friction.)

¢) If the plane were smooth, calculate the
horizontal force required to stop the
particle from sliding down the plane.

20.

21.

Repeat question 19 for a mass of m kg on a
plane inclined at 6° to the horizontal.

In the following diagrams, the suspended

mass is 10 kg.

a) Calculate the tensions in the strings for
figure a).

b) Calculate the tension in the string and
the pushing force (called a thrust) in
the strut for figure b).

figure 1

60°

10 kg

figure 2
[T

10 kg
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4.3 Work

When a force F pulls a particle in its direction along a displacement s,
the ‘work’ thus done by the force F is defined as |F||s|

—

S

However, the displacement s is not necessarily in the same direction as the
force. For example, if a sled is tugged along a horizontal path, you might
have the situation described in this diagram.

_ IT;I sin 97
/ *, A u

—

s I IF|cos 87
In this general case, work is defined as follows.

work done = (magnitude of force in direction of motion) (distance moved)
or W = (F| cos 6)(s)
or W=F-s

Notice, however, that the sled will only move in the desired direction
along the path if 6 is acute, that is, if @ < 90°. The cosine of an acute angle
is positive, hence work is a positive scalar.

If force is measured in newtons, and distance is measured in metres, then
work is measured in newton metres (N - m), or joules (J).
1 newton metre equals 1 joule.

Task ‘ Work done (approximate)
Pick up a pencil from the floor 27J
Push a loaded shopping cart up a short ramp 5007
Push a car out of a (level) driveway 8000J

In the above example, you can resolve the force parallel and perpendicular
to the path by writing

=|F|cos 8 i + |F|sin 8 j
Smce the movement is horlzontal here, you can say that the parallel force,
|F| cos 01, i, does all the work, while the vertical force, |F| sin @ j, does
no work.

In the examples that follow, work will be calculated to the nearest J.
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Example 1

Solution

Example 2

Solution

A stone of mass m is dropped to the ground from a height 4. Calculate the
work done by gravity.

: F N
X 4

Let the gravitational force be F and the displacement be s.

The magnitude of the Alternatively, using vectors
gravitational force on the to describe the situation,
stone is myg. using j as a unit vector
The stone will travel in the pointing directly upwards:
direction of this force, F= >
=-—mg)

thus the work done R
W = (mg)(h) . R

= mgh. Work done =F-s

W= (-mgj)-(-hj)
= (~mg)(-h)j- ]
= (mgh)(1)
= mgh. [ |

A force-j:= (200,150), whose magnitude is measured in newtons, is
required to pull a heavy cart albong the displacement = (F,O). The
magnitude of Sis measured in metres.

Calculate the magnitude of ?, the magnitude of ?, and the work done by ?

\GDQ\

The magnitude of the force, |?| =+200% + 150% = 250.
The distance, |s| = 40._
The work done, W = f-5 = (200,150)- (40,0)

= (200)(40) + 0 = 8000.

Thus the magnitude of the force is 250 N, the distance moved is 40 m, and
the work done is 8000J. W
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A man in a wheelchair moves 15 m down a ramp inclined at 10° to the
horizontal. The mass of the man and the wheelchair together is 80 kg.
Calculate the work done.

Let F be the gravitational force on the man and wheelchair. The
magnitude of F in newtons is |F|= mg = (80)(9.8) = 784.

Using the horizontal unit vector i and the vertical unit vector j shown in

the diagram, the displacement vector s can be written in component form
as follows.

s = (15 cos 10°,-15 sin 10°)
and F can be written F =(0,-784)

0 + (-784)(—15 sin 10°)
= (784)(15)(0.1736...)
=2042.1...

Thus the work doneis F-s

The work done is about 2042J. W

Note: The work is said to be done by gravity when the man moves down the
ramp. In order to move the same distance up the ramp, the man must
produce an equal amount of work.

Work done = (magnitude of force in direction of motion)(distance moved)
or W=|F|cos §s|
or W=F-s
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4.3 Exercises

In the following, give answers correct to
3 significant digits where appropriate.

1.

Find the work done by F as it acts on a

particle through a displacement s in the
following cases.

a) F=(20,40), s = (1,3)
b) F=(30,-5), s = (1,3)
¢) F=(1520,-22), s = (—4,10,-7)

. A force Fof 1000 N moves a particle along

a path that is at an angle of 42° with the

force.

a) Resolve F parallel to and
perpendicular to the path.

b) Calculate the work done if F moves the
particle 30 m.

. A tractor is pulling a disabled barge along a

canal. The tension in the towrope is

2500 N, and the towrope makes an angle of
25° with the direction of the canal.
Calculate the work done in moving the
barge 600 m along the canal.

A shopper pushes a loaded supermarket
cart of mass 20 kg up a ramp inclined at
15° to the horizontal. Calculate the work
done if the ramp is 10 m long.

. AforceF = (10,10,20) attempts to pull a

particle along a displacement s = (3,-7,2).
Calculate the work done. Explain your
answer.

6. A force F = (=5,-8,-10) pulls a particle

from point P(25,14,20) to point Q(0,-3,4).
Calculate the work done.

. A force ; of magnitude 50 N acts in the

same direction as AB where A has

coordinates (5,—6,7) and B has coordinates

(8,1,8). Calculate the work done in the

following cases.

a) P acts on a particle along the
displacement AB.

b) Pacts on a partitle along the
displacement MN, where M has
coordinates (-2,-4,-10) and N has
coordinates (4,6,9).

. The work done by gravity as a book of mass

M kg drops to the floor from a height h m is
equal to the kinetic energy of the book just
before it hits the ground. The kinetic

energy is given by the formula %Mvz, where

v is the speed of the book in m/s just before
it hits the ground.

a) Itisgiven thatv = 7. Calculate h.

b) Itisgiven thath = 2. Calculate v.

. a) A penof mass 100 g is dropped to the

floor from a height of 1.5 m. Calculate
the work done by gravity.

b) As the pen falls to the ground, its speed
v increases. Just before it hits the
ground, the pen has a kinetic energy of
(0.05)v* J, equal to the work done by
gravity during the fall. Calculate the
speed of the pen at this moment.
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4.4 Velocities as Vectors

The word speed describes the rate at which distance is covered. (Speed is a
scalar quantity.) The word velocity describes the rate at which displacement
changes; displacement, unlike distance, includes direction as part of its
definition, thus velocity also depends on direction. Like forces, velocities
have both magnitude and direction, and furthermore, they can be
combined following the laws of vector addition. Hence you can use
vectors to represent velocities.

Relative Velocity

It is important to understand that velocities are always ‘relative’, never
‘absolute’. For example, when you say that a truck approaching Winnipeg
is travelling due east at 90 km/h, you should realize that this is its velocity
relative to the surface of the earth. If, for instance, you want to describe its
velocity relative to the centre of the earth, you must take into account the
velocity of the earth’s surface near Winnipeg. That is, at latitude 50° N, the
earth’s surface moves eastward at 1071 km/h. Thus the velocity of the
truck relative to the centre of the earth is 1071 km/h faster than its surface
velocity: 1071 + 90 = 1161 km/h, eastward.

N
o .x
790 kmyp
. e

1071 kmyp,

The following notation is useful.

vrs = velocity of the Truck relative to the earth’s Surface
vse = velocity of the earth’s Surface (Winnipeg) relative to the earth’s Centre
vic = velocity of the Truck relative to the earth’s Centre

In this case, the speeds, that is, the magnitudes of the velocities, are such

that|vrcl = |vs| + | vic|, because the vectors involved have the same
direction. However, if the vectors are not collinear, then the velocity of the
truck is obtained by the following vector addition of relative velocities.

- - -

Vre = Vrs + Vsc¢
In other words, for points T, S, and C moving relative to each other, the
velocity of T relative to C is the vector sum of the velocity of T relative to S,
and the velocity of § relative to C.

Notice that this formula can be expressed also as a subtraction as follows.
Vsc = V¢ — Vrs

In other words, the velocity of § relative to C equals the velocity of T

relative to some point C, minus the velocity of T relative to S.
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Although the verbal descriptions of the relative velocities above may seem
difficult to learn, you might appreciate that the order of letters involved in the
notation match exactly those you are familiar with from the triangle law of vector

addition, and of vector subtraction. That is, for example, 7C = 7§ + SC.

Similarly, the following observation matches the definition of a negative
vector.

Saying ‘‘the truck is moving eastward at 90 km/h relative to the surface” is
equivalent to saying ‘‘the surface is moving westward at 90 km/h relative
to the truck”. You are motionless inside the truck; the scenery is travelling

‘backward’. Thus, if v is the vector representing this latter velocity,
then

Vst = —Vrs.
Thus the subtraction formula could be written

Ysc = =Ver — (—Vs1)
or Vsc = Vst — Ver
If a fly is crawling along the truck’s dashboard, and you want to find the

velocity of the fly relative to the centre of the earth, v, you will require
three velocity vectors:

ver = velocity of the fly (relative to the truck)
vrs = velocity of the truck (relative to the surface)
vsc = velocity of the earth’s surface (relative to the centre)

The resultant velocity, v, is obtained by a vector addition of these
velocities, that is,

. .

Vec = Ver + Vs + Vs

Examp|e 1 Anoil tanker is sailing due south at 60 km/h. The captain, during his daily
workout routine, is running perpendicularly across the ship, from
starboard (right side) to port (left side), at 25 km/h. What is the captain’s
velocity relative to the ocean?

Solution ;so represents the velocity of the ship relative to the ocean,
;Cs represents the captain’s velocity relative to the ship, and
;Co represents the captain’s velocity relative to the ocean, then
;Co = ;Cs + ;so, as indicated in the diagram.

o VCS
. v .
space diagram cs — vector diagram
_ — VSO
Vso Vo -0

You can draw your vectors where you want them. The diagram that
attemnpts to portray the position of the ship is called the space diagram. The
diagram designed purely for vector algebra is the vector diagram.
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By the theorem of Pythagoras,
[veoft = 25% + 60% = 4225

SOIVC()l: V4225 = 65,

andtan 8= %'(5; =0.4166...,s0 8 = 23°.

Thus the bearing of v¢, is 180° — 23° = 157°.
The captain’s velocity relative to the ocean is 65 km/h at a bearing 1 57°. W

In the next two examples, alternate solutions that use more traditional
notation will also be presented. If you now look back at the introduction
to this chapter, you will find that these examples should enable you to
solve the airplane pilot’s problem.

Note that wind direction always indicates the direction that the wind is
blowing from, not blowing to.

A pilot is heading her plane due north at an airspeed of 160 km/h, while a
wind is blowing from the east at 75 km/h. At what speed is she actually
travelling, and in what direction, relative to the ground?

You want
the velocity of the plane relative to the ground, v (or 7)

given the plane’s velocity relative to the air, vy, (orv)
and the wind velocity, that is,

the velocity of the air relative to the ground, v, (orw)

.

160 Vs W

g or h .
e 7 .
PA
75 = ) Ve r

, N
space diagram ﬁ) ‘ vector diagram ‘

<

Observe the diagrams carefully. The plane’s groundspeed will be the

magnitude of the vector v, (or r), and the plane will actually fly in the
direction 8 west of north, although its nose will always be pointing north.

The vector sum is thus or using traditional notation you can say
;pc=;m+;,qc :=;+;

From Pythagoras, From Pythagoras,

[veel = 75% + 160% = 31225/ 7P = 75% + 160% = 31225

[Vee| = 176.70. .. = 177 7= 176.70... = 177

Alsotan 8= R 0.46875 = § = 25°.
160

Thus her plane is actually travelling at 177 km/h, at a bearing 335°, relative
to the ground.
(177 km/h is known as the groundspeed of the plane.) ]
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Examp|e 3 Ajetisto fly from Toronto to Ottawa. The bearing of Ottawa from Toronto

Solution

is 055°, and the distance is 370 km. The airspeed of the jet is 500 km/h,
and there is a prevailing wind blowing from bearing 350° at 160 km/h.
Calculate the following. 7

a) The direction in which the jet should head, to the nearest degree.

b) The time taken, to the nearest minute, to fly from Toronto to Ottawa.

Let the jet’s air velocity be ;M (or ;)
the jet’s ground velocity be ;,G (or ;)
the wind velocity be ;AG (or 1_4;)
Then ;,G = ;,A +EAG or ; = ; + ;

You know that|vs| = |v| = 500, |v,e| = |w|= 160.

Note carefully the angles marked in each diagram. If the wind is from
bearing 350°, that means the angle between the wind and the south is 10°,
This has been shown in the diagrams. From the space diagram, you can
calculate that the angle between the Toronto-Ottawa line and the wind is
(180 — 10 — 55)° = 115°. This angle is marked in the vector diagrams,
where it will be used.

" Ottawa :

space diagram vector diagram
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a) By the sine law in the vector diagram
160 _ 500
sin @ sin 115°
sin = 109810115 _65900... s06=16:85...c
500
The jet must head about 17° left of the bearing 055°, and thus follow
the heading (055 — 17)° = 038".
b) In order to calculate the flight time from Toronto to Ottawa, you need

to find the jet’s groundspeed, that is, |v,s| or| r|. You must use the sine
law again in the vector diagram. First you need the angle o.
¢=180° - (115°+ 16.85...") =48.14...°

Using the sine law again,

|vy6] __ 500 ol [r| __ 500
sin 48.14...° sin 115° sin 48.14.7.° sin 115°
= 500 sin 48.14...° = 500sin 48.14...°
[vsgl = : x |rl= . 3

sin 115 sin 115

=410.8... =4108...

Now speed = dls.tance’ or liiE distance d
time speed s [t

Since the distance to be covered is 370 km, the time taken is

370

410.8...
The time in minutes is thus (0.9004)(60) = 54.02. ..
The flight time from Toronto to Ottawa is about 54 minutes. W

= 0.9004. .., measured in hours.
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In the final example, the subscript notation should help you to avoid
fundamental errors, such as adding the wrong vectors.

Examp|e 4 Asmall airplane A is flying on bearing 283° at 200 km/h, and another, B
is flying on bearing 071° at 140 km/h. What'is the velocity of A relative to B?

Solution N

/
V 86

(a0

space diagrams

-

v, represents the velocity of A relative to the ground,

;BG represents the velocity of B relative to the ground, and
Vag represents the veloc1ty of A relatlve to B,

then |vAG| 200, |vBG| = 140, and |vAB| is unknown.

. - ! —
You can find v v,z from the vector sum V 86 .. Vs
- - =Y = - . g~
Vas + Ve = Vagr 9 —

according to the vector diagram.
As you transcribe the space diagram into the vector diagram, note that the

angle between vy; and v,¢ is 71° + 77° = 148°.
The cosine law gives

[VasP = 140 + 200 — (2)(140)(200)cos 148° = 107090.69. ..
so that|vas| = 327.24... = 327.
Using the sine law to find the angle 8 between v,; and vs:

200 _ 327.24...

sinf sin 148°

sin = 200sin 148" _ 438  ~ =19
327.24...

Thus the angle ¢ between v, and v,; is 180° - (148° + 19°) = 13

Hence, according to B, A appears to be moving at 327 km/h on a bearing
360° — 77° — 13° = 270°. In other words, B perceives that A is moving away
towards the west. W

SUMMARY (In the following, given points P and Q moving relative to each other, the

notation v, represents the velocity of P relative to Q.)

Velocity is a vector whose magnitude is called speed.

For any points P and Q moving relative to each other, vy, = —vgr

Given any points A, B, C moving relative to each other,

Vac = Vap t Vg OT Ve = Vac — Vap OT Ve = Vpg —~ Vea



4.4 Exercises

(Unless directed otherwise, give all speeds in
this exercise correct to the nearest km/h, all
times correct to the nearest minute, and all
angles correct to the nearest degree.)

1. In the following, given points P and Q
moving relative to each other, the notation

vpo represents the velocity of P
relative to Q.

Find the magnitude and direction of ;,.Q in
the following cases. (Speeds are in km/h.)

a) I;,.AI = 40 pointing due east
I;AQI = 25 pointing due north

b) |;pA| = 100 on bearing 280°
|;AQ| =35 on bearing 190°

¢) |Vpa| = 550 on bearing 072°
Va0l = 420 on bearing 120°

d) [Vpal= 18 on bearing 072°
I;AQI = 12 on bearing 300°

2. The Transcanadian train is travelling
westward at 100 km/h. An RCMP officer is
on the train. Calculate the magnitude and
direction of the RCMP officer’s velocity,
relative to the ground, in the following
cases.

a) The RCMP officer is walking towards
the front of the train at 5 km/h.

b) The RCMP officer is running towards
the back of the train at 15 km/h.

¢) The RCMP officer is running directly
across the train, from the north side to
the south side, at 12 km/h.

3. A plane is heading due east at an airspeed
of 200 km/h, while a wind is blowing
from the north at 50 km/h. Find the
groundspeed and actual direction of the
plane.

4. Ais 1000 km due west of B. A plane whose
airspeed is 500 km/h flies from-A to B, then
immediately back to A, on a day when the
wind is blowing from the west at
100 km/h. Calculate the total time taken.
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. The Prime Minister asks her pilot to fly her

immediately from Ottawa to Toronto on a
day when the wind is blowing from the
west at 120 km/h. Toronto is 370 km from
Ottawa on a bearing 235°. The jet has an
airspeed of 900 km/h. Find the following.
a) the heading the pilot should follow

b) the flight time

. A swimmer, whose speed in still water is

3 km/h, wishes to cross a 160 m wide river

from A to B as shown in the figure. The

river is flowing at 3 km/h.

a) In what direction should the swimmer
head?

b) How long will it take him to get to B?

160 m —

3 km/h

A

. Repeat question 6 with the following data.

The width of the river is w, the speed of the
flow is v, the speed of the swimmer in still
water is v, and the angle between AB and
the direction of the flow is 6.

. A ship S is sailing on a bearing of 160° at

30 km/h. Another ship T is sailingon a
bearing of 250° at 40 km/h.

a) Calculate the velocity of S relative to T.
b) Calculate the velocity of T relative to S.

. A ship is travelling due west at 50 km/h.

The smoke emanating from the ship’s
funnel makes an angle of 25° with the
ship’s wake. Calculate the speed of the
wind if it is known that the wind is
blowing from the north.
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M AKING

Mathematics and Aircraft Navigation

One of the requirements of a private pilot’s licence is that you execute at
least one long-distance solo flight from your home airport to other airports
and return.

Before departing on a cross-country flight, you must prepare a flight plan
for review by your instructor and submission to Air Traffic Control. The
wind conditions forecast for the flight must be considered. This might
involve the following telephone conversation.

“’Hello. Toronto Flight Service? Can you give me information for a VFR
flight (1) by light aircraft to Barrie this afternoon?”

“The weather is clear. The temperature at 4500 ft is 10°C, and the wind is
from 210° at 25 knots.”

Aircraft altitudes are still measured in feet, and windspeeds are given in
knots, or nautical miles per hour. One nautical mile (2) is the distance
spanned by one minute of arc, that is, 1/60th of a degree of longitude.

TOHONTO 18LANO
CONVERSION TABLE
Gk trutichce
m | d
[
-
om0
o
+ 15000
oo
"w’_dm\
i 12000
= <4 -
o K i, 2
S g
500 . (’ E
ol b‘r oLy
S :;ﬁﬂ'iﬂg&’i? 3
S Vel |
VAl s
Al &

7 EEN

3 ,,-'"«';Q‘ i '“s".éi?ﬂ.{%‘;ih . .
S ry o H-—70MONTC 15LAND S
i -

8™ ANE S Vi % ) Erkaa iy . \\
1 o VA R

R AN _ Baons <, Y S -

S NS < :

Tatln.] 0oy w 3 79 £ &

ELEVATIONS IN FEET =
Bose Map. 7k Kdihon 1974

imecuyTE oROsSING

5¢ sommo

By measurement on the map, you find that the bearing of Barrie airport
from Toronto Island is 343°, at a distance of 49 nautical miles (3). You
know that your plane has an airspeed of 80 knots.
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Your heading and groundspeed are then calculated or measured according
to the vector diagram.

scale: 1 cm represents 20 knots

airspeed
groundspeed (80 knots)

(95 knots)

Thus you must fly a ““true heading”” of 330° to reach Barrie. Your
groundspeed will be 95 knots. However, the magnetic north in this part of
the world is 10° west of ““true north”. Thus, you must add 10° to obtain the
magnetic heading, 330° + 10° = 340°, that you will follow by reference to the
magnetic compass in the aircarft.

distance _ 49

= 0.516 hours
speed 95

Note: Your estimated flight time to Barrie is
or 31 minutes, to the nearest minute.

HELP!
Due to a wind change, or inaccurate forecast, you find that you are about
to fly over Newmarket after about 15 minutes. This is about 9° off course.
A quick sketch scale: 1 cm represents 20 km
shows that you must alter your Barrie
heading by about 2 x 9° = 18°

to the left to reach Barrie.

Thus you now turn to magnetic bearing
340° - 18° = 322°,

and keep your eyes open to find

Barrie airport about 15 minutes later.

L qge

‘

Newmarket

904

. . ) . Toronto
(1) A flight according to Visual Flight Rules. Island

(2) 1 foot (ft) = 0.3048 m and 1 nautical mile (nm) = 1.852 km.

(3) The usual scale of an air navigation map is 1: 500 000. You measure 18.2 cm on the map,
which represents 91 km, that is 91 x 1.852 = 49 nm. Alternatively, you can measure
along a meridian, in minutes of arc, for this distance (degrees and minutes are indicated
at the side of the map).



184 Chapter Four

Example 1

Solution

4.5 Velocities Using Components

In this section, you will see that a variety of problems involving velocities
can be solved by resolving vectors, or by using components.

The first example is the same as Example 4 of the previous section. This
will allow you to compare methods.

A small airplane A is flying on bearing 283° at 200 km/h, and another, B,
is flying on bearing 071° at 140 km/h. Calculate the direction and
magnitude of the velocity of A relative to B.

N N

167°

Resolve the velocmes in the eastward and northward directions by using

the unit vectors i and j shown Note the angles with i shown in the
dlagrams, and recall the resolutlon formula used i in sectlon 4.2, namely:

a vector v maklng an angle o with 7 is resolved on i and ] as follows.
|v|cos o 1+|v|51na]
Then the velocity of A, v, = (200) cos 167 i+ (200) 51n 167° ]
= —(194.87.. )1 +(44.99. )]
and the velocity of B, vBG = (140) cos 19 i+ (140) 51n 19° ]
= (132.37...)7 + (45.57...)]

-

You want the veloc1ty of A relatlve to B, vAB = vAG Ve
Thus vAB = (—194. 871 + 44. 99]) —(132. 371 + 45. 57])
=-327. 241 0. 58] N

S0 |vas| = V327. 242 + 0. 58’ 327.24...=327
and the angle of vAB with 7 is ¢ where

VAB 1 = |VAB|| | Cos d)
—327.24 _

-1= ¢ =180".
327.24 ¢

S0 cos ¢ =

Thus, as you found before, B perceives that A is moving at 327 km/h
towards the west. W
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4.5 Velocities Using Components 185

Some vector problems on velocities are formulated in component form,
and it is convenient to treat them by using components, as in the
following example.

A ship is travelling with veloc1ty Vso = (201 +30 j) and a forkllft on

board is travelling relative to the ship with velocity st = (- 5+ 6 j) An
ant is crawlmg on the engine cover of the forklift, with velocity

vAF = (1 jt 3k) relative to the forklift.
(All velocities in this example are given in km/h.)

Calculate the velocity and the speed of the ant relative to the ocean.

Ihe riquired velocity is

Vaop = Var T ;FS + ;so
= (20,30,0) + (~5,6,0) + (1,1,3)
= (16,35,3).

Thus the speed is

[vaol = V162 + 35% + 32 = 1490 = 38.60. ..
The ant’s speed relative to the ocean is about 38.6 km/h. W

The velocity of a jet shortly after takeoff is given by the vector v whose

magnitude is 500 km/h, and whose direction is 35° from the horizontal,

pointing upwards.

a) Calculate the vertical speed of the jet, in m/s.

b) Calculate the speed of the jet’s shadow on the ground, if the sun is
directly overhead.

The diagram shows that
the velocity v of the jet

can be resolved into

a horizontal vector and

a vertical vector as follows.

v=vi+ vy

vy

where v, represents the speed of the shadow along the ground, and v,
represents the vertical speed, or rate of climb, of the jet.

a) v, =|visin35° = (500)(0.5735...) = 286.78. . ., in km/h.

To convert to m/s, you must multiply by 1000 and divide by 3600:

vertical speed in m/s is (286.78...) (1—002> =79.66
3600

The rate of climb is about 80 m/s .

b) v, =|vjcos 35° = (500)(0.8191...) = 409.57. ..

The horizontal speed of the shadow is about 410 km/h. W
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4.5 Exercises

(Unless directed otherwise, give all magnitudes
in this exercise correct to 3 significant digits,
and all angles correct to the nearest degree.)

In the following, given points P an_(_i Q moving

relative to each other, the notation v,,
represents the velocity of P relative to Q.

1. Find ;m and I;,,QI in the following cases.
a) Vo= (3,1) and vao = (~2,5)
b) vea=(4,-3,6) and vos = (8,2, 1)
¢) Var=(3,2,1)and vos = (9,-6,-5)

2. A small airplane P is flying on bearing 165°
at 400 km/h, and another airplane, Q, is
flying on bearing 220" at 320 km/h.
Calculate the magnitude and the direction
of the following.

a) the velocity of P relative to Q
b) the velocity of Q relative to P

3. A tram is travellmg with velocity

(361 + 48]) and the food trolley is
travelling relative to the train with velocity
(61 — 4j). A ladybug is crawling on the
food trolley with relative velocity

( i+j-— Zk) Calculate the velocity and

the speed of the ladybug relative to the
ground. (All velocities in this question are
given in km/h.)

4, A Shlp is travellmg with velocity

(- 251 + 50 j) and the captain’s robot is
travellmg relative to the ship with velocity

(41 =B J) A mantis is crawlmg on the

robot, with velocity (i + j - Zk)
relative to the robot. An ant i is crawlmg on

the mantis, with velocity (21 -2j+ k)
relative to the mantis. (All velocities in this
question are given in m/s.)

Calculate the velocity and the speed relative
to the ocean, of

a) therobot

b) the mantis

¢) theant.

5. Repeat question 3 of 4.4 Exercises by using

components.

A plane is heading due east at an airspeed
of 200 km/h, while a wind is blowing
from the north at 50 km/h.

Find the groundspeed and actual direction
of the plane.

. Repeat question 5 of 4.4 Exercises by using

components.

The Prime Minister asks her pilot to fly her
immediately from Ottawa to Toronto on a
day when the wind is blowing from the
west at 120 km/h. Toronto is 370 km from
Ottawa on a bearing 235”. The jet has an
airspeed of 900 km/h.

Find the following.

a) the heading the pilot should follow

b) the flight time

. A bus is travelling at a steady speed of

20 m/s in the direction of i on a rainy day.
Raindrops, which are falling vertically (in

the direction of —j), make traces on the
side windows of the bus. These traces are
inclined at 25° to the horizontal. Calculate
the following.

a) the horizontal component of the drops’
velocity with respect to the ground

b) the horizontal component of the drops’
velocity with respect to the bus

c) the drops’ velocity with respect to the
ground

d) the drops’ velocity and speed with
respect to the bus

. Repeat question 8 of 4.4 Exercises by using

components.

A ship S is sailing on a bearing of 160° at
30 km/h. Another ship T is sailing on a
bearing of 250° at 40 km/h,

a) Calculate the velocity of S relative to T.
b) Calculate the velocity of T relative to S.
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A motor boat is moving at 15 km/h in the
direction 048°. The wind is pushing the
motorboat 3 km/h westward, and a current
is pushing the motorboat 5 km/h
northward. Calculate the direction and
magnitude of the motorboat due to its own
power.

. A plane P is heading on bearing 060° at

450 km/h, while a plane Q is heading on
bearing 340° at 400 km/h, at a time when
the air is still.
a) Calculate the velocity of P relative to Q.
b) If the wind now starts blowing at
150 km/h from the east, calculate the
velocity of P relative to Q.

11.

12.
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A first class passenger on an airliner opens
a botile. The cork pops off and travels

at 100 km/h directly across the plane,

from the right side to the left side.

The plane is heading due east with an
airspeed of 500 km/h, and there is a wind
blowing from the southwest (that is,
bearing 225°) at 120 km/h. Calculate the
direction and the magnitude of the velocity
of the cork relative to the ground.

An airplane pilot heads his plane due east
and maintains an airspeed of 170 km/h.
After flying for 30 minutes, he finds
himself over a village which is 100 km east
and 22 km north of his starting point. Find
the magnitude and direction of the wind
velocity.
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In Search of Vector Functions

The points of R’ whose coordinates (x,y) satisfy the equation y = x> Q)
form a parabola.

Notice that if x =1t ®)
andy =1 ©))

where t € R is called a parameter, then eliminating t between the
equations @ and () yields y = x*, the equation Q).

The parabola can be represented
either by the equation D, called a Cartesian equation,
or by the system of equations @ and (), called parametric equations.

Each value of t gives a specific point on the parabola.

For example,

whent=1,Q givesx=1and Q) givesy = 1.

So t = 1 gives the point (1,1).

Whent =2, Q gives x = 2 and Q) gives y = 4.

So t = 2 gives the point (2,4).

Now think of P(x,y) as a particle travelling along the curve.

If t is a measure of time, the particle is

at Py(0,0) at time ¢t = 0,

atP\(1,1) attimet=1,

at P,(2,4) at time ¢ = 2, etc.

Thus the parametric equations can represent the movement of a particle
along the parabola, starting at (0,0) and going into the first quadrant.

Now if i and j are unit vectors along the x and y axes respectively, then
the position vector of the particle is OP = xi + yj or, using @ and 3,
OP = ti + £*j.
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—

OP depends on time, and OP is a vector.

Thus, OP can be called a vector function of time,

oP = r(f) = ti+tj @
The movement of the particle along the parabola can also be described by
the vector function @.
From @, r(—OS =0i+ 07= 0= 0P,,
r()=1i+1*j=1i+j=0P,
7(2) = 2i + 2%j = 2i + 4j = OP,, etc.

The Calculus of Vector Functions

It can be shown that vector functions can be differentiated term by term,
just like ordinary functions.

Differentiating @ yields the velocity vector function
ri)y=v({t)=1i+2tj=1+2tj

Observe that v(0) = i+ 0j=i
v(l) =i+ 2j
v(Q) =i+ 4j

These are the velocity vectors of the particle at times 0, 1, 2 respectively.

(These velocity vectors are represented by coloured directed line segments
in the figure.)

Differentiating again yields the acceleration vector function.
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A particle in R? moves such that x = cos ¢ and y = sin t, where ¢ represents
xample P y=sin ¢ frepres

time. That is, the position vector of the particle is r(f) = cos ti + sin tj.
a) Describe the motion of the particle for ¢t = 0.

—_ _

b) Find the velocity of the particle at any time, v(t); compare it to r(t).

_—

¢) Find the acceleration of the particle at any time, a(f); compare it to r(t).

Solution a) x=costandy =sin¢t.

Squaring and adding these two equations eliminates ¢ as follows.
x*+y*=cos’t +sin’t=1,0rx* + y*= 1.

(See the trigonometrical identities, page 542.)

Thus the particle moves in a ci_{cle, centre O, radius 1.

The position vector r(t) = cos ti + sin tj

represents a ‘moving radius’ of this circle. = VAN
At the beginning of the motion, when ¢ = 0, v ()™ al(t)
r(0)=cos 0i+sin0j=1i+0j=i x2+y2=1

b) Differentiating ;(_t; = cos ti + sin tf
yields r'(t) = v(t) = —sin ti + cos tj.

1

Note: r(t)-v(t) = (cos ti + sin tj)«(—sin ti + cos tj)
=—costsin t+sintcost=0

_

Thus, at any given time ¢, r(f) and v(¢) are perpendicular.

This indicates that the velocity v(f) of the particle is tangential to the circle,
as expected.

c) Differentiating v(f) = —sin t7+ cos tf
yields viih=a({t)=—costi—sintj. B

Note: a(t) = ~r(t).

Thus, the acceleration of a particle travelling steadily around a circle is
along the radius, pointing towards the centre of the circle. This indicates that the
particle, while travelling in a direction perpendicular to the radius at any
instant, keeps ‘trying’ to turn toward the centre. (This is known as
centripetal acceleration.)

Examp|e 2 A projectile is fired with initial speed V at an angle « to the horizontal. It is
subject only to the acceleration due to gravity, g.
Find a vector function describing the motion of the projectile.

Solution
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Let r(t) = xi + yj be the position vector of the projectile, from the point 0
from which it is fired, at any time £.

Thus x and y are the components of r(f) on 7and ], the standard basis
vectors, at any time .

You know that the acceleration acts vertically downwards, so
770 = 9.

Integrating (that is, antidifferentiating) gives

@ 76) = —gtf+ P, where P is a constant vector.

Butyou | know r (0) =V cos a1 + V sin aJ, SO

V cos a: + Vsin aJ (—g)(O)J +P

hence P =V cos a1 + Vsin aJ

Thus @) becomes r (t) = —gtj +V cos i+ Vsin aJ

or r(t)—Vcosa1+(Vsma gt)]
Integrating again gives

@ r_(s = Vt cos a7+ (Vt sin & — %gtz) 7+ a, where a is a constant vector.
But you know that ;(_()_5 = 6, SO 6 = 0?+ 07+ a, hence a = 6

Thus @) becomes r(f) = Vt cos i + (Vt sin o — %gtz) 7
The Cartesian equation of this trajectory can be obtained by eliminating ¢

from the two equations
x=Vtcosx

and |y=Visina- igt2
This gives
XZ

® y= 2V? cos’o
the path of a projectile is in the shape of a parabola. W

+ (tan @) x which has the form y = ax* + bx + ¢. Thus,

Activities

1. Verify that the relationship between x and y of Example 2 is the
equation ®.

2. Find the range of the projectile by setting y = 0.

Find the greatest height of the projectile by setting y ' =0.

4. A particle in R* moves such thatx = a cos ¢ and y = a sin t, where ¢
represents time, and « is a constant.
a) Describe the motion of the particle for t = 0.

W

b) Fmd the velocity of the particle at any time, v(t) and compare it to
(o).
<) Fmd the acceleration of the particle at any time, a(t) and compare it
to r(t)
5. Repeat question 4 for x = a cos tandy=bsint.



192 Chapter Four

Summary

¢ The resultant, R, of a number of forces is the vector sum of those forces.
The equilibrant of those forces is —R.

® A particle is in equilibrium when the vector sum of all forces acting upon
itis 0.

* The gravitational force on a particle of mass m kg is mg N, where g is the
acceleration due to gravity.
(Onearth, g = 9.8 m/s?)

o Avector F making an angle of & with 7is resolved on 7 and ] as
follows

|F| cos i+ |F|sm o ]
o A vector F maklng angles of a, f and y with l ], and k respectively is
resolved on i/, j, and k as follows.
= |l<:| cos o i+ |l<:| cos ,37+ |l<:| cos yz
® The direction of avector vin V; is specified by the angles ¢, §, and y that
it makes with 1 ], and k respectlvely

cos a = 2L, cos,3=—~l ek
v vl o R
® Work done, W, by a force F acting along a displacement s
= (magnitude of force in direction of motion) (distance moved) or

W=F-s

(In the following, given points P and Q moving relative to each other, the
notation vy, represents the velocity of P relative to Q.)

¢ Velocity is a vector whose magnitude is called speed.

¢ For any points P and Q moving relative to each other,

VpQ e _VQp
® Given any points 4, B, C moving relative to each other,

Vac = Vap + V 5c
OI Vg = Vac — V 48

Or Vpc = Vpa — Vu

Inventory

Complete each of the following statements.

1. A force or a velocity can be represented by a

2. An object small enough to be considered as a point is called a

3. Forces are measured in




10.

11.

12.

13.

14.

15.

16.
17.
18.

19.

20.
21.

. A mass of 1 kg weighs about

If ; and a are forces, i = ; + a is called the

. If E and E are forces, and i + E = 6, then E is called the
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. Two forces or two velocities can be combined in the same way that

vectors are

force.

of R.

. When the vector sum of all forces acting on a particle is 0, the particle

is said to be in

. A vector diagram helps you to solve a physical problem. The reality of

the physical situation is portrayed in a diagram.

A vector v making an angle of @ with i is resolved on i and j as

follows. v = i+ Je

A vector v making angles of ¢, 8, and y with ?, 7, and k
respectively is resolved on i, j, and k as follows.
v= i+ j+ k.

If ; = 321 + 522, then the numbers 3 and 5 are called the of ;

on ¢; and e;.

An object on a rough inclined plane is kept in equilibrium by a
frictional force. This frictional force acts to the plane.

The of a vector vin V; is specified by the angles ¢, §, and y that
it makes with and respectively.
‘Speed’ describes the of velocity. ‘Distance’ describes the

magnitude of
The work done by a force is a vector/scalar. (Delete the incorrect term.)

Work is measured in . (These are also the units of energy.)

The work done by a force is the of the force vector and the

displacement vector.

The work done by a force acting perpendicularly to the displacement
is

to B.

The symbol ;AB describes the velocity of A

Complete the following relative velocity formulas.

a) KAC = KAB+
b) vgc= VAC_‘—

€) — =7Vps— Vea



194 Chapter Four

Review Exercises

Where appropriate, give all angles correct to the
nearest degree, all times correct to the nearest
minute, and all other numerical answers correct
to 3 significant digits.

Given points P and Q moving relative to each

other, the notation v,, represents the velocity of
Prelative to Q.
Use g = 9.8 m/s”.

1.

Two forces P and Q of magnitudes 80 N
and 50 N respectively act on a particle. The

angle between P and Q is 62°. Calculate
the magnitude and the direction of the

resultant of P and Q.

. A particle is being pulled by two forces El

and F,. F, acts vertically upward and its

magnitude is 400 N. F, acts at an angle of

20° to the horizontal, and its magnitude is

500 N.

a) Find the magnitude and the direction
of the resultant force.

b) Find the direction and magnitude of
the equilibrant.

. Three forces of 50 N, 85 N, and 40 N act

simultaneously on a particle, which
remains in a state of equilibrium. Calculate
the angles between the forces.

. Is it possible for a particle to remain in

equilibrium under the action of three forces
whose magnitudes are 60 N, 30 N, and
20 N? Explain.

. a) Two perpendicular forces P and Q are

such that 2|P| = 5/|Q|. Given that their
resultant has magnitude 90 N, calculate

|Pland|Q].
b) Two perpendlcular forces P and Q are

such that |P| 2|Q| If their resultant
has magnitude 55 N, calculate

|P|and|Q|.

6.

10.

11.

12.

13.

Two forces of magnitude 15 N acting on a
particle have a resultant of magnitude 5 N.
Calculate the angle between the two forces.

. A particle of mass 8 kg is suspended by

cords from two points A and B on a
horizontal ceiling such that AB = 2 m. The
lengths of the cords are 1.6 mand 1.1 m.
Calculate the tension in each cord.

Force P = (50,-26,14) and
force Q = (16,—-10,—45).
a) Calculate the magnitude of the resultant

of Pand Q.
b) Specify the direction of the resultant by

finding the angles it makes with i, j,
and k respectively.

. Four coplanar forces F, G, H, and J are

such that their resultant is 2000 N along
bearing 330°. F has magnitude 800 N and
acts along 030°. G has magnitude 600 N
and acts along 180°. H has magnitude
800 N and acts along 233°. Calculate the
direction and magnitude of the force ._f

Given points P(4,8,-3) and Q(1,-2,5), a
force F of 100 N acts in the direction of
PQ Resolve F on 1 _], and k

Resolve a force of 100 N into equal
components along three mutually
orthogonal directions.

A 70 kg luge is about to be released on an
icy slope inclined at 50° to the horizontal.
Calculate the force that must be applied
parallel to the slope to keep the luge
stationary.

A particle of mass 50 kg is in equilibrium
on a rough plane inclined at 32° to the
horizontal.

Resolve the equilibrant into a normal
reaction and a frictional force.



14. In the following diagrams, the suspended

mass is 10 kg.

a) Calculate the tension in the strings for
figure a).

b) Calculate the tension in the string, and
the pushing force (called a thrust) in the
strut for figure b).

figure a

figure b

L

j45‘
\ 10 kg
55°

15. A particle of mass M kg remains stationary

on a smooth plane inclined at an angle of
& to the horizontal. It is held in
equilibrium by a horizontal force. Show
that the magnitude of this force in newtons
is Mg sin 6 cos 6.

16. A force P of magnitude 300 N acts in the

same direction as AB where A has

coordinates (-1,5,8) and B has coordinates

(3.4,9). Calculate the work done in the

following cases.

a) P acts on a particle along the
displacement AB.

b) Pacts on a particle along the
displacerhent MN, where M has
coordinates (4,4,—7) and N has
coordinates (2,—1,3).

17.

18.

19.

20.

21.

22.
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A force E of 800 N moves a particle along
a path that is at an angle of 82° with the
force.

a) Resolve F parallel to and
perpendicular to the path.

b) Calculate the work done if F moves the
particle 10 m.

A traveller in an airport pushes a loaded
luggage cart of mass 45 kg up aramp
inclined at 12° to the horizontal. Calculate
the work done if the ramp is 20 m long.

A microlight aircraft is heading due west at
an airspeed of 90 km/h, while a wind is
blowing from the south at 40 km/h. Find
the groundspeed and actual direction of the
aircraft.

An airliner is to take off from Winnipeg to
fly to Montréal, 1850 km away on a
bearing 094°. The captain prepares her
flight plan according to the following data.
At the altitude at which the airliner is to
fly, the wind is blowing from bearing 330°
at 100 km/h. The airspeed of the airliner is
900 km/h.
a) Calculate the heading that the airliner
should take. '
b) Calculate the flight time.

A ship S is sailing on bearing of 005° at
25 km/h. Another ship T is sailing on a
bearing of 160° at 32 km/h.

a) Calculate the velocity of S relative to T.
b) Calculate the velocity of T relative to S.

A hovercraft is travelling with velocity
(307 — 42j), and a trolley is being
pushed relauve to the hovercraft with

velocity (— 57— 6]) A fly is crawling on
the trolley with relative velocity

- 12 7
g A
( g )

Calculate the velocity and the speed of the
fly relative to the sea. (All velocities in this
question are given in km/h.)
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CHAPTER FIVE

Equations of Lines in
2- and 3-space

A city has a number of power lines going out underground in straight
lines from points A and B at different depths below the main distribution
centre. The map showing these lines has been accidentally destroyed. Your
task is to find out which lines coming from point A intersect with a line
coming from point B. If two lines do not intersect, you are required to
determine the shortest distance between these lines, and to find the points
on the lines where this shortest distance occurs.

You will be able to solve this problem if you can determine the equation of
aline in 3-space.
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In 3-space, as in 2-space, two lines can intersect or not intersect. In 2-space
two lines that do not intersect must be parallel. But, as explained in
section 1.2, in 3-space there are lines that are not parallel and do not
intersect. You can observe this in your classroom by noticing that a line on
the front wall parallel to the floor will not intersect a line on the back wall
that is perpendicular to the floor, even though the two lines are not
parallel.

As you saw in chapter 1, two lines in 3-space that are not parallel and do
not intersect are called skew lines.

In this chapter you will learn how to find the equations of lines in 3-space.
With this and other information from this chapter you will have the
mathematics necessary to solve the ‘power line’ problem given above.
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9.1 The Vector Equation of a Line

You are familiar with equations suchasy = ~2x + 6, 4x — 2y = 15, x = 5,
and y = -3. Each represents a straight line and is called a linear equation.
What is meant by saying thaty = —2x + 6 is an equation for a straight line?
If you graph every point P whose coordinates (x,y) satisfy this equation,
then the points P will all lie in a straight line. For example, the point (1,4)
lies on this line because x = 1, y = 4 substituted in the equationy = —2x + 6
gives 4 = —2(1) + 6, which is true. Because the line is defined in terms of
points P(x,y) in a Cartesian coordinate system, this equation is also called
the Cartesian equation of a line in 2-space.

You will recall that for the line y = —2x + 6, the slope of the line is —2 and
the y-intercept is 6, that is, the line intersects the y-axis in the point (0,6).
Figure 1 shows the line drawn using the axes of a Cartesian coordinate
system. The chart gives the coordinates of several points on the line.

e el s et ol ol
|

y L2l ol 2l al 6T sl

The line consists of the set of all points P(x,y) such that y = 2x + 6. Note
that a point whose coordinates does #ot satisfy this equation does not lie on
the line. The point 0(0,0) is clearly not on the line. If x = 0, y = 0 are
substituted in y = —2x + 6, the result 0 = —2(0) + 6 is not true.

The line described by the Cartesian equation y = —2x + 6 can also be
defined by an equation that contains vectors, called a vector equation of
a line. Instead of looking at the coordinates (x,y) of a point P on the line, a
vector equation describes the position vector OP of a point P on the line,
Figure 2 shows position vectors for several points on the line.

figure 113 o .

1 e N

Two facts are needed about this line in order to obtain its vector equation.
For example, the point A(0,6) and the point B(1,4) are on the line. These
points are used to determine a vector parallel to the line, namely

AB = 0B — 0A = (1,4) - (0,6) = (1,-2).
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Let P be any point on the line. : \ y_l a
From the figure, 0P = OA + AP Q@

But OA (0, 6) and AP is a vector
collinear with vector AB.

Thus, E’ e kﬁ where k € R.

4.

Different values for k will give different positions for the point P on the
line.
Substituting in ®
OP OA + kAB
= (0,6) + k(l,—Z)
This is a vector equation for the line through the points A and B.

A vector, such as AB, that is collinear with or parallel to a line, is called a

direction vector of the line.

The above method can be used to find a vector equation of the line passing
—

through the fixed point P, and having direction vector m.

Let P be any point on the line. From the figure,
OP = OP, + PoP. y
But ﬁ is parallel to m.
Thus PoP = km, k €R.
Thus 07 = E’o + k.r;.
This is the required vector equation of the line.

0]

It is customary to use the abbreviations r = OP and r, = OP,

The vector equation of a line is

r=ro+ km

where

r = OP the position vector of any point P on the line,

r0 = OPO the position vector of a given point P, on the line,

m is a vector parallel to the line,
k is any real number and is called a parameter.
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Example 1

Solution

One of the beautiful mathematical results of vector geometry is that this

vector equation of a line in 2-space, namely, r = r, + km, is also the
vector equation of a line in 3-space. The derivation of this equation for
3-space is identical to its derivation in 2-space. You can easily see that this
is true by employing the preceding argument using the diagram below.

2

However, there is one dlfference
In 2-space the vectors r To, and m have two components, while
in 3-space the vectors r, ro, and m have three components.

a) Find a vector equation of the line, through the point A(2,-1), that is

parallel to the vector (-5,3).
b) Find a vector equation of the line, through the point B(2,3,1), having

= (4,5,6) as direction vector.

For both a) and b) the vector equation of a line is r = r, + km.

a) Here, ro—OA (2 1) andm = (-5 3)
Thus 7 = (2,—1 1) +k(=53) @
which is the required vector equation of the line.
b) Here, = 0B = (2,3,1) and m = (4,5,6)
Thus r = (Z—,ﬁ) + k(m) is a vector equation of the line. W

Note 1 Any vector parallel to ( 5,3) could have been used for m in part a).

If m = (~10,6) the equation is 7 = (2,21) + 5(~10,6). )

2 Any pomt on the line besides point A could be used for rPya and
hence for OPo = ro Therefore, ifk=1linr= (2 -1) + k( 5,3),
7= (2 -1) + (1)( 5, 3) = ( 3,2). Hence, ( 3,2) could have been
substltuted for 7o T Thus, another equation for the same line in a)
would be r—( 3 2)+t( 53) ®

3 A comparison of equations (D @ and (), all of which represent
the same line, should help you to realize that it is not always easy
to see at a glance whether two equations represent the same line.

Similar remarks could be made about part b) of Example 1.



Example 2

Solution

Example 3

Solution
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2

) Find a vector equation of the line passing through the points A(3,2)
and B(0,-5).

b) Find a vector equation of the line passing through the points €(3,2,-1

and D(0,-5,8).

For both a) and b) the vector equation of a line is r= 70 + km.
a) Here, AB = ﬁ 0A
= (0, 5) -3, 2)
Thus AB = (-3, 7)
isa dlrecuon vector for the line.

Hence m=(-3,-7).
Since both A and B lie on the line, either OA or OB can be used for r0

Using 70 = 2)7{ = (ﬁ), a vector equation is
= (.2 + k(3,-7).
b) Here,ﬁi=%—6&
=(0,-5,8) — (3,2,-1)
Thus cD= (-3, —ﬁ) is a direction vector for the line.

Hencem—( 3,-7,9).
Since both € and D lie on the line, either OC or OD can be use for rO

Using ?0 =0C= ('3,2,—1), a vector equation 1is
r=03,2-1)+k(-3,-7,9). N

Find a vector equation Of the line passing through the point E(3,0,2) that is

perpendlcular to vector u = (4,—1,2), and also perpendicular to vector
v=(1,0, 3)

A vector equation of the line is ? = 70 + km.
Here, r, = OE = (3,0,2).
Since the line is perpendicular to both u and v, the line is parallel to any

vector that is perpendicular to both uandv. GIUS

But #x v is a vector that is perpendlcular to both # and v. el

Hence a dlrectlon vector m= ux V= (4,-1,2)x(1,0,-3) = (3,14,1).
Substituting in = ro + km glves
r=(3,0,2) + k(3,14,1)

This is a vector equation for the line. W
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9.1 Exercises

1. For each of the following vector equations
of lines, state the coordinates of a point on
the line and a vector parallel to the line.

a) r—(2 1)+k(42)
b) r=(8-3) +1(5-4)
¢) r=0G1,4) +k(5,-2,1)
d) r=1(1,0,-8) + (_4,7,5)

2. For each of the following find a vector
equation of the line passing through the
point P, that has the given vector m as
direction vector.

a) P, (3,7)  m=(L5)
b) Py(-2,0) m=(-9,-2)
) Po(69) m=(-24)
d) P, (3.27) m=(153)

e) Po(0,-2,0) m=(-9,-2,5)
f) P, (2,4,-3) m=(0,0,6)

3. a) Find a vector equation of the line that
passes through the points A(4,-6) and
B(2,7).

b) Find a vector equation of the line that

passes through the points A(4,-6,2) and

B(-1,2,7).

4. a) Find a vector equation of the line that
passes through the point C(-5,2) and is
parallel to the line through the points
K(1,4) and M(3,7).

b) Find a vector equation of the line that
passes through the point C(3,-5,2) and

is parallel to the line through the points

K(1,4,-2) and M(3,7,4).

5. Find a vector equation of the line that

passes

a) through the point A(3,—1) and is
parallel to the hne with equation
7=(0.2) +k(-3,2)

b) through the point A(3,-1,-5) and is
parallel to the line with equation
r=(0,2,0) + k(0,—3,2).

. Find a vector equation of the:line that

passes through the point A(3,-1) and is
perpendlcular to the line with equation

7=(0.2) + k(-3,2).

. Find a vector equation of the line passing

through the point A(3,0,2) that is
perpendicular to vector 4 = (4,—1,2) and is
also perpendicular to vector v = (1,0,-3).

. Find a vector equation of the line that

passes through the point D(3,-1,2) and is
perpendicular to the line with equation
7= (4,0,2) + k(5,-3,2) and is also
perpendicular to the line

r=(1,1,2) +5(-2,1,3).

. a) Flnd the value of t so that the two lines

r— (1 2) + k(3 1) and

r= (4 1) + s(4 t) will be perpendicular.
b) Fmd the value of t so that the two lines -

r—(l 82)+k( -4,3,- 1) and

r= (4 1,2) +s(4t -3) willbe

perpendicular.

. Given the points P,(x,,y,) and P,(x,,y;) with

position vector r; and position vector r,

respectively.

a) Showthatr=(Q1—-k) r,+kryisa
vector equation of the line through
P, and P,.

b) Describe the position of points on the
line in parta) for0 < k < 1.

¢) Repeat partb) for k > 1 and for k < 0.

. a) Find a vector equation of the line,

passing through the point A(3,8), that is
parallel to the x-axis.

b) Find a vector equation of the line,
passing through the point A(3,8,1), that
is parallel to the y-axis.

¢) Find a vector equation of the line,
passing through the point A(3,8,1), that
is parallel to the z-axis.
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9.2 Parametric Equations of a Line

Suppose P(x,y) is any point on the line in 2-space, through the point
Py(x0.y0). that is parallel to the vector m = (m;,m,).

A vector equation for this line is
r=rotkm @
But_\_r\ = @ = (@
ro = OPy = (X0,¥o)
Substituting in ) ) gives
(ﬂ) = (Xo.Yo) + k(m,m;) or,
(x.y) = (xo + kmyyo + kmy)

By the definition of equal vectors, corresponding components must be
equal.

Thus {x =x, + km,

y=Yo+km,

These equations for the components are called parametric equations of a

line, through the point Py(x,.y,). that is parallel to the vector m = (m,,m;).

The vector m determines the direction of the line. Hence m is called a
direction vector of the line. The components m; and m,, written with
the x components first, are called direction numbers of the line.

In a similar manner parametric equations can be found for a line in
3-space.

If P and P, have 3-space coordinates (x,y,z) and (x,,y0.20) respectively, and

—

m = (m,,m,,m;) then OP = (x,y,2) and OP, = (X0,¥0,20)-

Therefore, equation (D becomes
(x.¥.2) = (XoYo,20) + k(m,,my,m;) or
x.y.2) = (xg + kmy,y, + km,,zo + kms)

Thus, parametric equations of the line are
X =x,+ km,
y=yo+ km,
2=2+ km,
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Example 1

Solution

a)

b)

Find parametric equations of the line, through the point Po(2,3),

having m = (4,5) as direction vector.
Find parametric equations of the line, through the point Py(2,3,1),

having m = (4,5,6) as direction vector.

A vector equation ofa line is

a)

b)

r=rot km
Here, r= (x,y) (To= (2 3) and m = (4,5)
Thus (x,y) (2 3) + k(4 5)
(x,y) (2 + 4k,3 + 5k) is a vector equation of the line.

Thus{x=z+4k
y=13+5k

are the required parametric equations.

A vector equation of a line is

7— 70 + k?r?
Here, 7= (m) _r:, = (2,3, 1) and m (m)
Thus (x,y,z) =(2,3, 1) + k(4 5,6)

(x.y.2) = (2 + 4k,3 + 5k,1 + 6k) is a vector equation of the line.

x=2+ 4k
Thus y=3+5k
z=1+ 6k

are the required parametric equations. W

Note 1 Both part a) and part b) could be done by substituting directly into

the formula for the parametric equations of a line. But Example 1
shows that the parametric equation formulas need not be
memorized.

2 The multipliers of the parameters, namely the numbers 4 and 5
(in part a) and 4, 5, and 6 (in part b) are the same numbers as the
direction numbers of the line. Direction numbers should always be given
in the order
x then y in 2-space and
X then y then z in 3-space.

3 If the vector equation of a line is written in column form as

X 2 4
y[=]3]|+k s
z 1 6

then the parametric equations are more easily recognised.

The following Examples 2 and 3 will be done for lines in 2-space. Similar
solutions can be used for lines in 3-space.
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Example 2 Giyen the line L with parametric equations {x - i ; z:
y=-

a) Determine the coordinates of three points on line L.

b) Find the value of k that corresponds to the point (12,-7) that lies on
line L. /

¢) Show that the point (-3,4) does not lie on line L.

Solution a) Each value of the parameter k gives the position vector of a point on

line L. Letk=1,thenx=2 - 5(1)=-3andy=-1+3(1)=2
Hence (-3,2) is a point on line L.
Similarily using, say, the values k = 2 and k = 3 you will obtain the
points (—8,5) and (-13,8) on the line L.

b) Since the point (12,-7) lies on line L, x = 12 and y = -7 may be
substituted in the parametric equations for L.
Thus 12 = 2 =5k and =7 = —1 + 3k. Each equation solves to give k = —2.

c) If the point (-3,4) lies on line L, x = =3 and y = 4 may be substituted in
the parametric equations for L. ' '
Thus -3=2-5k and 4=-1+3k
or -5 = -5k and 5 =3k

or k=1 and k= g, which is impossible.

Hence the point (-3,4) does not lieon line L. W

Examp|e 3 Explain why the following parametric equations represent the same line.

®{x=l+3k ®{x=l—6t

y=5+2k y=5- 4t

Solution  From @), a point on the line is (1,5) and a direction vector is U= (3 2)
From @ a pomt on th the lme is (1,5) and a dnrecnon vector is v= (6 4)

Since v = (6, 4) = 2(3, 2) = 2u the vectors u and v are parallel.
Because the two lines have a common point (1,5) and have direction
vectors that are parallel, therefore the two lines are the same line. |

—_—

SUMMARY ;: the position vector of any point P on the line,

r0 = OPO the position vector of a given point P, on the line,

m is a vector parallel to the line,J
k is any real number called a parameter.

2-Space 3-Space

vector equation Pt + o
parametric equations {x = x, + km, x=x, + km,
Y =Yo+ km, y =y, + km,
7=20+ km;
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5.2 Exercises

1. For each of the following parametric
equations of lines, state the coordinates
of a point on the line and a vector parallel
to the line. Indicate whether the line is
in 2-space or in 3-space.

a) {x=5+2k
y=2+4k
{x——3+8s

=1-5s
=-2+a

c){
y=3a

d) x_;)k 4

x=5+2k

e) {y=2+4k
z=2 -5k
x=-3+ 85

f) y=1-5s
z=-2+5s
x=-2+a

g) {y=3a
zZ=2a+4
x=6k—-4
y=1
z=-T7k

2. State direction numbers for each of the
lines in question 1.

3. a) Write the coordinates of three points on
the line whose parametric equations are

{x = —6 + 4k

y=3-2k

b) Write three other sets of parametric
equations representing the line in
part a).

4. a) Write the coordinates of three points on
the line whose parametric equations are

x=—-6+4k
y=3-2k
z=5-k

b) Write three other sets of parametric
equations representing the line in
part a).

. Find a vector equation and parametric

equations for each of the following lines.

a) through the point A(-3,4) with
direction vector (5,1)

b) through the points A(-3,4) and B(7,2)

¢) through the point A(-3,4) with
direction numbers 6 and -2

d) through the point B(7,2) parallel to the
line r = (4,7) + k(4,-5)

€) through the point C(8,-3) and parallel
to the x-axis

f) through the point C(8,—3) and parallel
to the y-axis

. Find a vector equations and parametric

equations for each of the following lines.

a) through the point A(S -3,4) with
direction vector (—6,2, l) @

b) through the points A(5,-3,4) and
B(7,2,-1)

¢) through the point A(5,-3,4) with
direction vector (6,7,-2)

d) through the point B(7,2,—1) parallel to
the line r = (4,7,0) + k(4,-5,1)

e) through the point C(8,-3,4) and parallel
to the x-axis

f) through the point C(8,-3,4) and parallel
to the y-axis

g) through the point C(8,-3,4) and parallel
to the z-axis

. Given the line with parametric equations

{x =5-3¢

y=2+4t

determine whether or not the following
points lie on this line.

A(2,6) B(-1,3) C(1.5,4) D(8,-2) E(-3,4)

. Given the line with parametric equations

x=5—-3t
y=2+4t
z=—-1+2t

determine whether or not the following
points lie on this line.

A(2,6,1) B(-1,3,3) C(3.5,4,0) D(8,-2,-3)
E(-3,4,0)



10.

11.

12.

13.

. In each of the following, determine

whether or not the given point lies on the
line with the given equation.
point line equation
a) (-2,-1,-6) r= (2,1,0) + k(&23)
b) (10,17,2) r=(1+3k—4+7k5 - k)

) (2,12,1)

r=(2,3k,5)

Explain why each of the following
equations S represents the same line as the

equatlon r= (1 2) + k(4 6)
a) r= (1,2) + k(8,12)

b) 7=(12) + w(-2,-3)
) r=(58)+t46)

d) r=(1-1) +5(2,3)

Explain why each of the following
equations represents the same line as the

equation r = (1,2,3) + k(4,6,~2)
a) r=(1,2,3) + k(8,12,-4)

b) r=(1,2,3) + w(-2,-3,1)

c) r=(581)+1(46,-2)

d) r=(=1,-1,4) + 5(2,3,-1)

Show that the equatlons r= ro + k(a b)

andr = ro + t(sa, sb) represent the same
line, wherea, b, k, t, and s € R.

Given the line with Cartesian equation
3x+2y =35,

a) find parametric equations for the line
using the parameter k by letting x = k
and solving for y in terms of k

b) find parametric equations for the line
using the parameter ¢ by letting
x =3 + 2t and solving for y in terms
of t.

14.

15.

16.

17.
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a) Find parametric equations of the line,
passing through the poi_rgt D(-3,2), that
is parallel to the vector w = (—4,7).

b) For each parametric equation found in
part a), express the parameter in terms
of x ory.

c) Eliminate the parameter from the
equations found in b), hence obtain a
Cartesian equation for the line,

a) Find parametric equations of the line,
passing through the point D(-3,2,1),
ihat is parallel to the vector
u=(2,-4,7).

b) For each parametric equation found in
part a), express the parameter in terms
ofx,y,orz.

¢) Solve each equation found in b) for the
parameter. Equate the three values of
the parameter to obtain
Cartesian equations for the line.

Given the points P,(x,,y,) and P,(x,,y,) with

position vector r; and position vector r,
respectively. In question 10 of 5.1 Exercises
you showed that a vector equation of this

lineis r = (1 — k) r, + kry.

Let OQ = q be the position vector of the
point that divides segment P,P, internally
in the ratio a: b.

a) Show that the value of k corresponding

. . a
to point Q is
p a+b

- b N -
b) Showthatg=—— r, + r
) 4= ey s

¢) Use the results of part b) to find the
coordinates of the point dividing the
segment P,(3,1) to P,(5,4) internally in
the ratio 7: 2.

Show that the lmes
L: r—(2 00)+k(0 1,3) and
Ly:r= (1 2,3) + (2,1 0) never intersect.
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M AKINDG

Sailboards and Sailboats

A sailboat can use the power of the wind to travel ‘upwind’, as shown in
the top-view diagram below. If the sail is properly set, the wind exerts a

horizontal force N normal to the sail as shown. This force can be resolved
into two rectangular components, A parallel to the keel (1) of the craft,
and B perpendicular to it. The force A drives the boat forward, while the
force E is counteracted by the keel.

DN wind

This model works well when the wind is light. However, the stronger the
wind, the more another factor must be considered. The wind also causes

the boat to lean sideways. Thus, the normal force N described above is not
actually horizontal, but points partly downward as shown in thls

front-view dlagram N can thus be resolved in three directions, A driving

the boat forward, B opposed by the keel, and D pushing the boat
downward into the water, thus increasing its weight, and thereby its
resistance to forward motion.

mast

keel

A sailboard is a device that has a free sail system. This means that the mast
is attached to the board by a universal joint (rather than being fixed rigidly
to it). Thus the mast, and the sail, are free to move in any direction.
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A sailboard or sailboat acts in the same way in light winds, when the mast
is approximately vertical. However, when the wind is strong, riders of
sailboards must keep their balance by pulling the mast foward them. Thus,

the normal force N points partly upward.

wind

daggerboard

N can be resolved into the following forces. A drives the board forward.

Bis opposed by the daggerboard (2) and U decreases the weight of the craft
in the water, and thereby its resistance to forward motion.

In fact, U can be strong enough to lift the entire sailboard off the surface
of the water! When airborne, however, the rider has the problem of
keeping both board and sail balanced so as to avoid a crash landing. Good
luck if you try it!

(1) The keel is a plate, often weighted, under the boat and along its length, that helps the
boat resist being pushed sideways by the wind.

(2) The daggerboard is a removable plate that when positioned beneath the sailboard helps a
sailboard resist being pushed sideways by the wind.
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9.3 Cartesian Equations of Lines

You are familiar with the Cartesian equation of a line in 2-space. A single
equation such as y = mx + b or Ax + By + C = 0 is sufficient to determine a
line in 2-space. You should wonder what form the Cartesian equation of a
line in 3-space will take. In this section you will learn how to find
Cartesian equations of lines.

Examp|e 1 Find a Cartesian equation of the line having the vector equation
r= (2 + 3k, 4 + 5k).

Solution Since a vector equation of the line is _r\ = (2 + 3k, 4 + 5k),
parametric equations are
{x =2+ 3k
y=4+5k
Solving each equation for k gives

k=x%2andk='%4

Equating the two values for k gives the Cartesian equation
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