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PROBLEM

SUPPLEMENT

. In quadrilateral ABCD, E and F are the
midpoints of the diagonals AC and BD
respectively. P is the midpoint of EF. If O
is S any pomt , prove tl that

40P 0A+OB+0C+0D

. ABCD is a rectangle. The midpoints of
sides AB, BC, CD, and DA are M, N, P, and
Q respectively. Prove that MNPQ is a
rhombus.

. Given any triangle ABC, and any point O,
a pomt Gis posmoned so that

GA + GB + GC = 0.

Use vector subtraction, with origin 0, to
prove that

'o?;=%(&7+£+68)

(The point G is known as the centroid or
centre of mass of the triangle ABC.)

. Determine whether or not the three
vectors in each of the following are
linearly dependent. In each case state the
geometric significance of the result.

a) (2,0,6),(1,1,-3), and (2,1,-1)

b) (3,2,1), (4,11,6), and (14,1,0)

¢) (49,1), (-3,1,1), and (6,29,3)

. Given the vectors a = (5,—6) and b= (Z:i).

a) Prove the two vectors form a basis
for V,.

b) Express the vector (3,~7) as a linear
combination of 4 and b.

. Express the vector a= (7,8, 16) as a linear
combination of the vectors b = 1,-2,3),
c—(02 5), andd = 2,2,1).

10.

11.

12.

. Fmd the value for m if the vectors

a—(27 —-4), b—(4m 3), andc—(Ol -2)
are coplanar.

. a) A point P divides the line segment AB

internally in the ratlo 3:5. Express oP
in terms of OA and OB.

b) If point Q divides segment PB of
part a) externally in the ratlo 7: 4 then
express OQ in terms of OA and OB.

. a) Four points M, K, T, and R are given

such that ﬁ = —% ﬁ + % m Draw

conclusions about the points M, K, 7,
and R.

b) If T has coordinates (0,0,0), while K
and M have respectively coordinates
(1,-3,4) and (5,0,2), find the
coordinates of point R.

Points A, B, C, and D are points in 3-space

PRGN

w1th posmon vectors 4, b, ¢, and d.
a, b and care hnearly independent and

d=-Ta+3b+ 5¢. Prove that points
A, B, C, and D are coplanar.

MTRS is a parallelogram. Point A divides
TR internally in the ratio 8:5.

Segments MR and SA intersect at point B.
Use vector methods to find the ratio

into which point B divides segment MR.

Given the vectors a = (-1,-4,7),
u=(2,3,-1),andv=(4,1,11).

a) Prove the vectors are linearly
dependent.

b) Find a vector coplanar with # and v,
that is perpendicular to vector a.



13.

14.

15.

16.

17.

18.

19.

20.

Given the vectors u= (l,lj), v= (1,—2,f),

andw = (2,0,- 1).

a) Prove thatu, v, and w form a basis
for V,.

b) Find the components of ; =(5,3,2)
with respect to the basis in part a).
c) If m; + p; +rw= (x,y,2), then show

thatm + p + r = 1 if and only if
2x+z=3.

Points P, D, and R are collinear and O is

any point such that 0D = 3mOP + 4ka€,
and 2m — 3k = 16. Find the values of k
and m.

Prove that the components of a vector d

PRGN

with respect to the V; basis {a,b,c} are
unique.

Express;= 11, 6, 1) asali linear
comblnatlon ofa a= (3 1 0) b= (-2,0,4),
c—(O 1,2), and d = (1 1,1).

Prove thata, b, and ¢ = kb, k € R
are linearly dependent in V;.

G is the point of intersection of the
medians of a triangle ABC. The point G
divides the medians AD, BE, and CF
internally in the ratlo 2:1. Prove that

AG+BG+CG=0

O,P,D,R, and S are five pomts in 3-space
such that 0P =20D + 20R - 308. Prove
that the four points P, D, R, and S are
coplanar.

0,A, B, and C are four pomts 1n 3- -space
such that 0A = a, 4, 0B = b 0C = ¢ where a,
b, and ¢ are linearly independent. If D lies
in the plane determined by points A, B,
and C, then express ﬁ in terms of Z, b,
and ? ,

(You will need to use two scalars.)

21.

22.

23.

24.
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Triangle ABC is right-angled at B, and M is
the midpoint of AC. If BA = aand BC = ?,
express BM and AM in terms of 4 and ?,
and hence show that Im |= |ﬁ|.

Two circles, of centres 0, and 0,, touch
externally at T. A common tangent to the
two circles touches them at A and B
respectively. Use the dot product to prove
that ATB is a right angle. (You may assume
that 0,TO, is a straight line and that the
angles 0,AB and 0,BA are right angles.)

N

A

OABC is a tetrahedron with OA
perpendicular to BC, and ocC
perpendlcular to AB If 0A = a, OB = b
and oc= ¢, express ABand BCi in terms of
a, b and ¢, and hence prove that OB is
perpendicular to AC.

A right square pyramid ABCDT whose

base has a side 2s and whose height is h

is positioned in a three-space coordinate

system as follows. A(s,s,0), B(-s,s,0),

C(-s,—s,0), D(s,—s,0) and T(0,0,h).

a) If @is the angle between a slant edge
and the base, show that

__h

V25t + K

b) If ¢ is the angle between two

triangular faces, show that
2

2+h2

cos 0 =

cos ¢ =—
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25.

26.

27.

28.

29.

30.

If w=(v-e)eand z + w = v, prove that
z-e = 0. Draw a figure that shows how the
vectors v, e, w, and z are related.

_

Resolve the vector V= ( -2 3) onto the
vectors a = (1 1) and b= (-1, 1)

In 3.2 Exerc1ses you proved that for any

PN

vectors u and v, |u-v| < lullvl Given that

u = (Uy,uy,us), and v = (v,v,,v;), write out
this inequality using components.

(This is known as the Cauchy-Schwarz
inequality.)

The vector n = (2,4,-3) is normal (that is,
perpendicular) to the plane I1. A(1,5,5) is
a given point of I'l, and P(x,y,z) is any
point of IL. Let the position vectors of A
and P be a and r respectively.

a) Explain why AP-n must be zero.
b) Substitute the given values into the

equation AP-n = 0 to show that an
equation representing the plane IT is
2x+4y —-3z=17.

A motor boat is travelling upstream at full
power. As the boat passes under a low
bridge, the woman at the helm loses her
hat. However, she does not notice this
until 6 minutes later. At this time, she
turns her boat around and goes
downstream at full power. She retrieves
her hat 1 km downstream from the bridge
where it got knocked off. Calculate the
speed of the current.

The diagonals of a parallelogram can be

represented by the vectors (6,6,0) and

(1,-1,2).

a) Prove that the parallelogram is a
rhombus.

b) Calculate the length of its sides and
the values of its angles.

31.

32.

33.

34.

35.

Given any four points 4, B, C, D in
-space, prove tl that

AB CD + AC-BD + AD BC 0. Deduce

from this that the three altitudes of a

triangle are concurrent. (That is, the three

altitudes intersect at the same point.)

-

OAB is an 1sosceles triangle with OA =a,
OB b and|a| |bl M is the midpoint of
0A, and N is the midpoint of OB. Express
AN and BM in terms of 2 and Z, and use
the dot product to show that

|AN| = |BM|,

Two forces E and F act upon a particle in
such a way that the resultant force R has a
magnitude equal to that of E, and makes
an angle of 90° with E.

Given that|E|=|R|= 50 N, calculate the
magnitude and direction of the second

force relative to E.

A river flows due east with a speed of
2.5 km/h. A woman rows a boat across
the river, her velocity relative to the water
being 3 km/h due north.

a) What is her velocity relative to the
Earth?

b) If theriver is 250 m wide, how far
east of her starting point will she
reach the opposite bank?

c¢) How long will she take to cross the
river?

The woman in the previous question

decides, on another day, to row in such

a way that the boat reaches a point on the

opposite bank directly north of her

starting point.

a) In what direction should she head the
boat?

b) Whatis her velocity relative to the
Earth?

c) How long will she take to cross the
river?



36. An airplane pilot wishes to fly along
bearing 158°. A wind of 100 km/h is
blowing from the west. If the plane’s
airspeed is 350 km/h, find the following.
a) the plane’s groundspeed
b) the heading that the pilot should take

37. Find vector equations, parametric
equations, and symmetric equations of the
following lines.

a) the line through the point A(2,5,3)
having direction numbers 2, 3, 6

b) the line through the points (-2,-1,4)
and (3,2,2).

38. a) Determine whether the lines
L:7=(1,3,0) + t(-2,1,4) and
L,: 7= (4+3k2-k~-1 ﬁ) are skew,
or if they intersect.

b) If the lines in a) intersect, then find
their point of intersection. If the lines
are skew, then find the shortest
distance between the lines.

39, Find a vector equation of the line that is
perpendicular to the vector u= (m) and
also perpendlcular tot the line
r= (0,-2,5) + k(4,-2, 1) at the point
corresponding to the parameter value
k=2.

40. Find a vector equation of the line in
2-space that is perpendicular to the line
3x + 5y + 7 = 0, and passes through the
pomt of 1mersect10n of the lines

7=(45)+1(1,-3)and r = (4 + 2k,3 — 4k).

41. The line L passes through the point

A(1,3,2) and has direction vector (2,1,-2).
Find the coordinates of two points on L
that are 3 units from point A.
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42. a) Find a value of ¢ such that the lines

x=1+T7t x=3+ 21k
y=2+3t and §y=2+9k
z=1+ct z=5+ 8k

are parallel.

b) Show that there is no value of ¢ for
which the lines in part a) intersect.

43. Determine which of the following sets of
points are collinear.
a) A(0,5-3) B(3,~1,12) C(-2,9,-13)
b) P(5,1,9) Q(-1,5,0) R(8,-1,13)
c) L(4,2,3) M(2,-4,5) N(68,1)

44. a) A vector through the origin makes
equal angles of 60° with both the
positive x-axis and positive y-axis.
Find the angle the vector makes with
the z-axis.

b) A vector through the origin makes
equal angles of § with the positive
x-axis and with the positive y-axis.
What is the smallest possible value
for 6? What is the largest possible
value for 0?

45. a) For what values of ¢, if any, will the
line r = (3,0,5) + k(2,¢,1) intersect with
the line r = (1,2,-1) + s(-1,-4,2)?

b) If a point of intersection exists in a),
find its coordinates.

46. A line passes through the point A(2,1) and
makes an angle of 45° with the vector

u =3, 4)
a) Explain why there are two lines
satisfying these conditions.

b) Find vector equations of the two lines
of part a).

47. Find a vector equation of the plane that
contains the point A(-1,2,1) and is
perpendicular to the vector u = (-3,0,2).
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48.

49.

50.

51.

52.

53.

54.

Find a vector equation of the plane that

contains the line L: r = (1,2,3) + #(1,-2,2)
and is perpendicular to the plane
x+2y—-3z=8.

Find the point of intersection of the plane
2x + y — z = 2 and the line of intersection
of the two planes x — y + z= 3 and
x+2y—2z=-3.

Find a Cartesian equation of the plane,
containing the points 7(0,1,-2) and
$(1,-1,3), that is parallel to the

vector u = (-5,1,3).

Find a Cartesian equation of the plane,
containing the points W(1,0,—4) and
N(0,2,1), that is perpendicular to the plane
3x+2y—2z=>5.

Find the intersection of the line
r= (-3 +1t-6+ 2t,1 — t) and the plane

r=2+k-3m1+2k-3m1 -3k+2m).
Describe the intersection geometrically.

Show that the point of intersection of the
x+2

line =2z-3,y=3

with the plane x + 2y — 3z = 11
lies on the plane 2x —y + z = 98.

Given the three planes
x+ 2y + z= 0
(k+2)x+(k+2)y+(k+1)z=20
(k + 2)x+(2k + 3)y =-20
a) For what values of k will the planes
intersect in a point?
b) For what values of k will the planes
intersect in a line?

¢) For what values of k will the planes
form a triangular prism?

55.

56.

57.

58.

59.

Find a Cartesian equation of the plane
through the points K(3,2,1), R(0,-1,1),
and S(-4,-3,2).

Given the point M(1,-2,4).
a) Find the distance between the point M
and the plane 3x + 4y — z = 5.

b) Find the value of k so that the distance
between the point M and the line

r =(1,0,-1) + t(3,0,k) will be equal to
the distance found in part a).

Consider the set of real numbers as the
vector space V, of dimension 1.

a) Show that the function defined by
f ‘X — 5x is a linear transformation of
V.

b) Sh_cgw that the function defined by

g:x — 3x — 2 is not a linear
transformation of V,.

(9 is known as an affine transformation
of V,.) '

Determine the possible dimensions of the
matrices A and B if both the products AB
and BA are defined.
0] .
is
1

known as a vertical shear of factor k.
The properties of a shear will appear as
answers to the following questions.

a) Find the images of (0,1) and (0,b),
where b € R, and describe how any
point of the y-axis is transformed.

b) Find the images of (1,0) and (1,b), and
describe how any point on the line
x = 1is transformed.

c) Find the image of the point (a,0),
where a € R, and describe how any
point on the x-axis is transformed.

d) Find det(S), and describe the area and
orientation of a figure transformed
by a shear.

The transformation matrix S = [’1(



60.

61.

62.

63.

64.

65.

The line of equation y = (tan 6) x has
slope tan 6. Thus, the angle between this
line and the positive x-axis is ¢°. Consider
the transformation of matrix R that
reflects the plane in the line whose
equation is y = (tan 30:) X.

a) Find the image of i under R.

b) Find the image of j under R.

¢) Hence write the matrix R.

d) Write the matrix of the reflection in
the line of equation y = (tan 0) x.

Given that My represents a reflection in
the line y = (tan ¢°) x, compare My, and
M,4. Explain.

Given the conic C: 16x* + y* = 16.

a) Name the type of conic.

b) Find, in general form, an equation for
C’, the image of C, under the
translation (x,y) = (x — 3,y + 1).

c) Sketch a graph of the conic C and its
image C'.

Given the conic C: 16x* = y.

a) Name the type of conic.

b) Find, in general form, an equation for
C’, the image of C, under the
translation (x,y) = (x + 1,y + 5).

c) Sketch a graph of the conic C and its
image C'.

Given the conic C: 9x* — y* = 36.

a) Name the type of conic.

b) Find, in general form, an equation for
C’, the image of C, under the
translation (x,y) = (x + 2,y — 4).

c) Sketch a graph of the conic C and its
image C’.

Given the conic

C:8x*+y*+ 16x+8y+9=0.

a) Name the type of conic.

b) Determine the translation that

changes the equation into standard form.

c) State an equation for C’, the image of C.
d) Graph the image conic C’ and then the
given conic C.

66.

67.

68.

69.

70.

71.
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Given the conic C: x* + 4x + 8y + 12 = 0.

a) Name the type of conic.

b) Determine the translation that
changes the equation into standard
form.

¢) State an equation for C’, the image of C.

d) Graph the image conic C’ and then the
given conic C.

Given the conic
C:ax*-y*+32x -4y +64=0
a) Name the type of conic.
b) Determine the translation that
changes the equation into standard
form. )
c) State an equation for C’, the image of C.
d) Graph the image conic C’ and then the
given conic C.

Given the conic C: x* + 4y* = 16.

a) Find an equation for C’, the image of C
under a rotation of 30° about (0,0).

b) Sketch a graph of Cand C'.

Given the conic C: 4x* — 25y* = 100.

a) Find an equation for C’, the image of C
under a rotation of 70° about (0,0).

b) Sketch a graph of Cand C'.

Given the conic

C: 15x* + 34xy + 15y = 128.

a) Determine the type of conic.

b) Find an angle of rotation about (0,0)
that will eliminate the xy term.

c) Find an equation of the image curve C'.

d) Sketch the graph of the image curve
C’, then the graph of C, the original
curve.

Given the conic

C: 109x* + 236xy + 151y* = 1000

a) Determine the type of conic.

b) Find an angle of rotation about (0,0)
that will eliminate the xy term.

c) Find an equation of the image curve C'.

d) Sketch the graph of the image curve
C’, then the graph of C, the original
curve.
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72.

73.

74.

75.

76.

717.

78.

Prove using mathematical induction.
a) 1’+3*+5%+...+ 2n—1)?
_n@2n-1)Q2n+1)
3

" 2
b) T(ai*-3i+2) =ML
i=1

Prove by mathematical induction that

a) S k(k+ 1)=ﬂ"_+_13l(”_+_32’
k=1

for all n e N.
b) Evaluate (8)(9) + (9)(10) + (10)(11) +
(11)(12) +...+ (98)(99).

Use mathematical induction to prove

(6032

=(n+ 1)?

Prove by mathematical induction that

L 197 ~ 1 s a natural number.

Prove that a convex polygon of n sides has
g(n - 3) diagonals.

Prove that l! < (%)H for n any natural
number gr:ater than 2.

Prove by induction that x*" — y*" is
divisible by x + y, where n € N.

79.

80.

82.

Expand each of the following and
simplify.

a) (a+x)’°

b) (4a-3)

a) Show that the solution set of
2%+ 22 + 1 = 0 is a subset of the
solution set of z° — 1 = 0, and hence
find the solutions of z° + 2> + 1 = 0 in
polar form.

b) Deduce the values of 8 between 0 and
27 that satisfy the system of equations
{cos 60+ cos30+1=0

sin 60 + sin 360 =0

. The equation 2> + (a + bi)z + (c + di) = 0,

where a, b, ¢, and d are non-zero real
numbers, has exactly one real root.
Show that abd = b*c + d°.

w is one of the non-real cube roots of

unity.

a) Find the two possible values of the
expression 1 + w + w?,

b) Simplify each of the expressions
(1+w+3wh?and (1 + 3w + w?)%

c¢) Show that the product of the two
expressions in b) is 16, and that the
sum is —4.



83.

84.

The matrices A and B and the non-zero

A= [ 2 1], B = [3 _2] andf = [t‘].
-7 1 1 0 t,
a) i) Find the inverse of the matrix A.
ii) Use the inverse of the matrix A to
solve the simultaneous equations
{ 2x+y=17
—7x +y=-11, wherex, y € R.
b) Givenv= Bt,
i) express the components of vin
terms of ¢, and t,, and
ii) calculate the possible values of

the scalar A given that v = At also.
c¢) Given v= Btandw At

i) prove that v and w are not
perpendicular, and
ii) calculate the values of t, and t,
when ;—_v; = [ 7].
10

d) Given 1= [;] calculate the

vector t are given by

components of the vector z, where

z = ABt.
(85 SMS)

The position vectors ( of pomts A,Band C
are respectlvely a=i+ 2] + 3k
b= 31+]+k and ¢ = 2i - j - 2k with

_\_s_s

respect to an origin O. (i, j, k are mutually

perpendicular unit vectors.)

i) Show that O, A, B and C are coplanar
by proving the linear dependence of 2,
bandc.

ii) Prove that OABC is a parallelogram.

iii) Find angles ABC and ABO. Show that

0ABC is not a rhombus.
(80 S)

85.

86.
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The position vectors of four distinct

S

points A, B, Cand D are g, b, c and d

respectively.

a) The mid points of [AB], [CD], [BC],
[AD], [AC] and [BD] areE, F,G,H, L
and M respectlvely Find, in terms of

[N

a, b, cand d the position vectors of
the mid points of [EF], [GH] and [LM].
What does your result indicate about
the lines (EF), (GH) and (LM)?

b) (AB) is perpendicular to (CD). Show
that

NN NN

a-d+b-c=a- c+b-d

Given also that (AC) is perpendicular
to (BD), prove that (AD) is
perpendicular to (BC).

[N

(87 H)
Two lines L, and L, have equations
x+3=y+4=z_6and
3 2 -2
x-4 y+7 z+3 .
= = respectively.
T3 g oy respecively

a) Find the coordinates of a point P, on
the line L, and a point P, on the line L,
such that the line (P,P,) is
perpendicular to both the lines L,
and L,.

b) Show that the length of [P,P,] is 7.

¢) Find the equation of the plane which
contains the line L, and has no point
of intersection with the line L,. Give
your answer in the form
ax+by+cz=d.

(84 H)
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87. i)

The set of planes I, is given with

equations

x+2.y—2z=3k,k_:sR.

a) Find a vector n of unit length

perpendicular to the planes IT,.
b) i) Express the equations _?f _}he
planes I, in the form r-n =p,

b

where r = y | and where

Z
the value of p is to be found in
terms of k.
ii) What is the geometrical
significance of
a) the magnitude of k, and
b) the sign of k?

c) Show that the perpendicular
distance between the planes I1,
and ITs is 7 units (i.e. the planes
withk=-2and k=5
respectively).

d) Find the coordinates of the point
P of intersection of the line with

equation
b 2 1
y|=|-1]|+4 0| yeER
z 0 1

and the plane IT,.

e) Find the length of [OP], where O is
the origin, leaving your answer as
an irrational number.

The set of planes I, is given with

equations

x+ty—tz=3,1€R.

a) Prove that all planes of the set
contain a certain line, and

b) find its equation in parametric
form.

(86 S)

88.

89.

In a rectangular Cartesian coordinate
system with origin O and unit basis

vectors i, j and k, two straight lines / and
I’ have respective parametric equations:

andx 0

a)

b)

c)

x=6-1y=0,z=t

y= t,z=2t

u=Ai+ uk is the unit vector parallel to
I for which 4> 0.

Find 4 and 4.

Find also a unit vector #” which is
parallel to I'.

H is a point on / with parameter ¢t and
K is a point on I’ with parameter t'. If

HK is perpendicular to u show that
V=t-3.

If HK is also perpendicular to u’, find
the coordinates of H and K.

(81S)

In a rectangular Cartesian coordinate
system the points O, A, B and C have
coordinates (0,0), (4,2), (—4,2) and (2,-2)
respectively.

a)
b)

Prove that|0B| = |AC|.

i) Write in column vector form each
of the vectors & ﬁ and O_C"

ii) Hence, given that the vector
071 + kﬁ + 10_(,: is the zero-vector,

where k, | € R, find the values of k
and 1.

c) Given that v=0B+ nOC where neR.

i) If vis perpendicular to BC show
thatn = 1.6.

ii) If vis parallel to BC, find the
value of n.

d) Itis given that matrix M = [_g Z:I
where p € R, and that M (O_A) means the
product of M and 0A.

i) Given that M(04) = OC, find the
value of p.

ii) Prove that for all » and p:
M(OA) # OB + nOC, where n € R.

(86 SMS)



90. Using a rectangular Cartesian coordinate

91.

92.

system with origin O, a transformation
T: P - P’ is defined such that the
coordinates of the point P(x,y) are
transformed to the coordinates of the
point P’(x’,y") by means of the equation

-1 L]

y 1 Ly 2yl

a) Find the equation of the straight line I’
which is the image of the straight line
I whose equation is
2x + 3y =6.

b) Determine the coordinates of Q, the
point of intersection of the lines [
and .

c) Prove that the straight line (0Q)
consists of points that are their own
images.

d) Find the coordinates of the point R’
that is the image of a variable point R
on the line perpendicular to (0Q)
through 0.

e) Give a geometrical description of the
effect of the transformation T.

(85 S)

In a shear transformation parallel to the
line with equation y = x, the point A(1,1)
is its own image and the point B(-1,1) has
as its image the point B’(0,2). Find the

(2 x 2) matrix that represents this shear.
(84 S)

For each of the following assertions
concerning 2 X 2 matrices A and B state
whether it is true or false. Prove any
assertion that you consider true, and give
a counterexample for any assertion you
consider false.
a) Forall A and B,
(A - B)(A + 2B) = A’ + AB - 2B’
b) ForallA, (A-I(A+2l)=A>+A-2I,
where I is the unit 2 X 2 matrix.
c) Forall A and B, (AB)" = A"B" where A"
is the transpose of the matrix A.
d) If A>= A then A is a singular matrix.
(82 H)

93.

94.

Problem Supplement 481
The matrix M and non-zero vector ; are
given by

[l HJanas-[?]
2 -1 y

a) Find the components of the vector w
where w = Mv.
b) Itis given thatw = Av where Ais a
scalar, 1 € R.
i) Obtain two simultaneous
equations in x and y.
ii) Show that the condition for a

Non-zero vector v to exist is
2-9=0 ‘

iii) Solve the equation A* — 9 = 0. For
each value of 4 find the
corresponding set of vectors v and
give a unit vector in that set.

¢) Given the matrix N = [ ; ‘11] find

the components of the vector u where
u = Nv. Does there exist a value of the

scalar 4, u € R, such thatu uv’
(83 SMS)

It is given that

- [0.6 0. 8]
0.8 -0.6 L
a) Find vectors u and v such that Mu = u

and Mv = —v

b) A transformation T: P — P’ is defined
such that the coordinates of the point
P(x,y) are transformed to the
coordinates of the point P'(x’,y") by
means of the equation

-]

y y
By using the result of part a), or
otherwise, find the equations of the
lines through the origin that are
invariant under the transformation T.

c) Describe geometrically the effect of
the transformation T and by applying
the geometry of this result explain
whyT'=T

(84S)
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95. M is the (2 X 2) matrix given by

96.

97.

M= [Cf’s g —sin 6], 0 <6 <360°
sinf cos @
a) Show that M>= [COS 20 —sin 29].
sin 260 cos 26

b) Using the result of part a), or
otherwise, find a (2 X 2) matrix X
with real elements such that X* + I =0,
where I is the (2 X 2) unit matrix and
0 is the (2 X 2) zero matrix.

c¢) i) In the case when 0 = 60°, find the

matrices M?, M* and M®,
expressing your answers exactly in
numerical form.

ii) What do each of the three
matrices obtained in part c)i)
represent when considered a

linear transformations of a plane?
(87°S)

A point P is reflected in the line with
equation y = x, to give an image point P’
P’ is given a positive (anticlockwise)
quarter turn about the origin to give an
image point P”’. Find the matrix M
corresponding to the single reflection that

would map P to P”’ but keep the origin fixed.

(825)

GiventhatA=[5 z]and1=[1 0]
9 8 0 1

form the quadratic equation in A given by
det(A — AI) = 0. Find the roots 4,, 4, of this
equation, where A, < A,. Find a vector

S Ty N N
e = [ ‘] such that Ae, = A,¢,, and a vector

Y1
e, = [xz] Such [hatAez = Azez.
Y2

Using these results

a) find the equations of two distinct
lines which are mapped onto
themselves by the transformation
represented by the matrix A,

b) ifP= [x‘ x‘] find P"'AP and deduce
i Y2
that P"'A"P = [A‘ 0 ]
0 A
(83 H)

98.Givenz=x+iy,7' =x" +iy’ and
Z' = (2 + i)z find the (2 x 2) matrix M such

ol

(84 S)

99. The linear transformation L represents an
anti-clockwise rotation of 6 about the

origin, where 0 € [0,%], and the linear

transformation M represents a reflection
in the line with equation y = x tan ¢,

where o € [Og]

i) Show that
1 cos 0
0 o] nd]
b) M[l] _ [c?s Za]
0 sin 2«
. 0 0
and find L[ . ] and M[ . ]

ii) Hence, or otherwise, find the 2 x 2
matrices A and B which represent the
linear transformations L and M
respectively.

iii) Evaluate and simplify the matrices A*
and B?, giving a geometrical
interpretation of your results.

iv) Prove, by induction, that

., [cos nf —sin nﬂ]
an=|" .
sinnf  cos nf
(85 H)
100. a) Show that the value of the
determinant
1 a 1
1 1 alisa(@®-1).

a+1l a 1

b) Find such solutions as exist of the
simultaneous linear equations
x+ay+z =2a,
x+y +az=0,
(@+l)x+ay+z =a,
in the cases (i) 2 = 0 and (ii) a = —1.
Give a geometrical interpretation of
your answer in each case.
(83 S)



101. a)

b)

<)

Find, in terms of d, the value of the
determinant

d 5 -1
1 3 d|
1 4 7

Calculate the values of d for which the
value of the determinant is zero.
Find the solutions, if they exist, of the
simultaneous linear equations.
dx+5y—- z=0,

x+3y+dz=d,

x+4y+7z=6,
in each of the following cases:

i) d=2;
ii) d=0;
9
iii) d==
) 2
(86 S)

102. A is the (2 X 2) matrix given by

A=

a)
b)

<)

d)

e)

2 3]

Write down the value of the

determinant of A.

Write down the (2 X 2) matrix inverse

to A.

Using a matrix method, solve the

simultaneous equations

3x + 4y =12, 4x + 5y = 20.

Find the area of the closed region in

the first quadrant bounded by the axes

0x, Oy and the lines /, and [, whose
equations are 3x + 4y = 12 and

4x + 5y = 20 respectively.

i) Find a unit vector in the direction
of each of the lines I, and [,, both
considered in the sense of x
increasing, and

ii) hence, or otherwise, show that
the value of the acute angle
between these lines is 1.8°, correct
to the nearest tenth of a degree

(86 S)

Problem Supplement 483

103. In a two dimensional rectangular
Cartesian co-ordinate system the points A
and B are given such that

071=[3] andﬁ= [1]
2 4

a) The matrix L, where L = [(2) (2)], maps
the points A and B onto the points C

and D Especti_vsly.
Find OC and 0D, giving your answers
in column vector form.

b) The 2 X 2 matrix M represents the
transformation which reflects in the
line y = x all points of the plane.

i) Find the matrix M.

ii) Given that the transformation M
maps the points C and D onto the
pomts E and F respectively, find

OF and OF giving your answers
in column vector form.
iii) Given the matrix N =M X L show
that N = [0 2]
2 0
iv) a) Find the value of det N and
b) hence, or otherwise, compare
the areas of the triangles OAB
and OEF.

c) The 2 x 2 matrix R represents the
transformation which rotates through
180° about the origin O all points of
the plane.

i) Find the matrix R.
ii) The matrix S is given such that
S=RXN.
a) Find the matrix S.
b) Find the matrix S
c) The transformation
represented by the matrix S~
maps the points A and B onto
the points G and H
respectively.
i) Show that GH* = 2 and

ii) Calculate the angle between 0G

and OH, giving your answer
correct to the nearest degree.
(87 SMS)



ANSWER KEY

Generally, answer is not provided where
this is implied in the question.

Answers which will vary are also not
provided.

Some answers have been left in
unsimplified form, as a hint.

In general, numerical answers which are
approximations are given with

3 significant digit accuracy, and angles
to nearest degree, unless

otherwise specified in the question.

Chapter One
An Introduction to Vectors

1.1 Exercises, pages 9-10
1. a)o)i)k) 1)
2. a)b);none

3. a) lul=1

b) |w|=3
¢) |AB|=2.5
4. a)
b)
c) -
80N
. 100N .
5. AB=PQ
a) Yes; equal vectors have same
magnitude.
b) No; direction could be
different.

7. a) 245km,221°

b) 122.5km, 221°
8. a) no

b) vyes

c) no

d) no

e) yes

f) no

9. a) F 6. TM=5cm; TB =34 cm
b) ; 7. a) TB, AC (There are others.)
<) b) ABCD, TBC, TBA

10. a) same length, same direction 8
b) PM=MQ P

11. PB=u,QC=v ] ks

12. a) SR d) sp 1.7
b) none e) I NE— < Yi—

N iy y
c) IR f) none s v

13. a) 5 b) 4 ¢) 3 -

14. a=BD=EG=CF Ee
b=AD=FG = CE ) oH
¢=BE = DG = AF

R 9. +++, ++—, +—+, —++,

15. a) AA'=BB =CC’ =, ==, ——+, ———
b) PP'=QQ =RR =SS’ 10. a) y=z=0

Your sketches will be of b) x=z=0
three vectors equal to c) x=y=0
a) AA" b)PP’ 11. a) z=0

16. The plane would be entirely b) x=0

‘shaded’ in. c) y=0
. 12. aplane through the origin,

1.2 Exercises, page 16 containing the z-axis,

1. a) TW||UV||QR|PS equidistant from
b) WS||VR||UQ|ITP the x- and y-axes
c) PR||AB||TV .

2. a) TPLTWand WSLTwW
b) TWLWSand RSLWS
c¢) TPLABand UQLAB

(There are others.)

3. a) parallel
b) skew
c) intersecting
d) skew
e) intersecting
f) skew

4. No; use a different scale, or a In Search of, page 20
different direction for QR, and 1. a) a= 420
redraw. b) =53

5 c) y=26°

2. a) ¥A=59
b) 0=43°
c) ¢=53°
3. a) 0.6m
b) 13°
4. a) 8l.1m
b) 10°
5. 10.4 m; 27°%23°



1.3 Exercises, page 25

1.

a=(13)
b=(.0,

c=(1,-2)

laj=5,c|= 29,
b= V17,]d|=V2

11.
12.

14.

15.
16.

17.

18.

a)

b) Q(-1,7)
¢) R(0,2,-2)

a)

b) AC=(-2)
c) (xy)=(43)+(1,-5)
P'(5,3)

x=v21
a) V13
b) Vizor2y/3
a) 700m
b) 500m
x=—-6;,w=3
k=7,m=2,n=-1
poligo 10

3 3

a) G3) d) (40
b) (-3,2) e) (-6-1)
¢) (15 f) (-ad-b

Answer Key 485

1.4 Exercises, pages 30-31

1. a) ﬁ
b) PR

2. u+tv=v+u

3. a) a
b) b
c) ;+B
d) b+a
e) ?+Z
f) b+c

4. a) AC
b) AC
c) ECE
d) AG
e) DE
f) EF
(There are others.)

5. a) utw

b) u+w

c) viw

d) u+v+w
6. a) b))
7.

8. a) w=(-20)
b)

<
<

=}
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1.4 Exercises, pages 30-31,
continued
9. a) (18)
b) (5.-1)
) @)
d) 1)
10. a) (3,-2,5)
b) (-4-4,-1)
c) (-1,-8,38)
d) (-1,-88)

11. Vector addition is commutative.

12. a) (6,8)

o) lul=v29;|v|=5;
lu+v|=10
d) no (triangle inequality)
13. a) (3,9
b)

) |ul=10;|v|= 2V10;
lu+v|=3J10

d) |u+v|=|u|+|v|
(vectors in a line)

14. a) (7,6)
b) (7.6)
(;+;)+1;:;+(;+|;);
Vector addition is
associative.

15. p=4,9=-9
16. a=(1,0,0)
17. 100 g

240

A

[ﬁl = 260; bearing 023°
18. 8.26; bearing 226°
19. a) |p+4|=6.61
b) 0=25°
20. a) 4V10or12.6
b) 13
21. 12.6<12+4;
A, B, C collinear

1.5 Exercises, page 37
1. a) XZ‘
b) AC
2. a) AA
b) AC
c) AD
d) AE
e) AC
3. a) ;+;=;+;=(ﬁ)
Cc) asa)

a) ¢ (;+;)+;=

u+@W+w) = (3-0)

=

10.

11.

12.

commutative | associative
+ yes yes
X yes yes
no; no;
- 8-3+% B8-3)-1=%
3-8 8-3-1)
no; no;
+ 2+8+ 2+-8+4) =%
8+ 2 2+8)+4

a) nob) (2)*= 234

a) Af‘

b) Xz

c) AB

d)

a) A diagram gives sufficient
explanation.

b) PP

c) 0

d) no

V38
b) V38

V38

5

a) (3-1)
b) (5.5.0)

b) neither

a)\/@
b) V105

c) 23°




1.6 Exercises, page 42
1.a) F )T oT
2. RS=0QS- QR
3. a) RP
b) Xz
c) AE
d) 0
e) ;iC
4. a) PQ=0Q-OP
b) QR =OR-0Q
¢) RS=0S-OR
d) RP=0P-OR

7. a) (.-2)
b) (-4,9)
) @7
d) (17
8. a) (—73,1;46)
b) (7,2,6)
<) (-4-63)
d) (46,-3)
9. (r-p=—-(-1
10. a) (-2,12)
b) (6.-6)
¢) (C7.-1,-8)
d) (1,7,-6)
11. m=6,n=-2,k=9
12. a) (5.1)
b) (-8-3
c) (;,E)
13. 0 (by vector addition)
14. a) (1,2,16)
b) (5,-63)

c) (44,-13)
15. (3.1)
16. (-4,-4,-4)
17. (-3,-2)

d) F

18. a) [u+vl=Viuf+|vF

b)

plirlls_

p and r in same direction
5. a) R = Zﬁ

b) AB=1BC

2

c¢) same slope
6. a) BA=(-2.3)

b) AC=(6,-9)

c) CA=(-6,9)

10.
11.

12.

15.
16.

17.

18.

Answer Key 487

a) 0.0
b) (-3,-12,21)

2 (73
2 2

a) (TO,; S)
b) 0

¢) coplanar
a) 5V14

b) 0

Answers will vary.

a) v
b) 2u
c) ,;
d) o
a) ﬁ
b) 0
c) Bji
1

a) (2)
b) o

a) ﬁ = ~M§
b) M midpoint of AB

c) 6ﬁ=162+15§
2 2

a) 16

b) 16

c) 5
d) 8.73

1.8 Exercises, page 51

1.

AB = ;; CB= 2v - u;
parallelogram

rhombus
aB-1ocB=a-1c
2 2

trapezoid
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1.8 Exercises, page 51,
continued
4. a) OS 2p

OT 4q
QP p- q
TS Zp 4q
QR 3<p q)
OR 3p 2q
TR 3p 6q

_;3_.

b) ——TS
12. c¢) parallelogram

1.9 Exercises, page 56
1 a) (L1)
b) (5,1)
<) 0-2)
2. a) ;—21—7]
b) V—61+]
c) w——31
3. a) (1,2.3)
b) (4,0,-1)
) (©O-1-1)

4. a) u 21 4;‘+6;

b) v=—] k
c) ;;=107
5. a) 187 6]'
b) 21—2]+2k
c) 151—5k
d) 21+4]
6. a) —i+8j
b) -2i-11k
c) -8k

JEN

7. boodf

10.

11.

12.

13.

15.

a) PQ=(7,-5)
_ehth:L (ﬁ)

o
b) PQ=(-1,2,-5)

o= ——= (-1,2,-5)

(=2
-~
\.n""

l2)
-~
N[ =

A
e
e
|
N
R

AB=—i+4j

In Search of, page 59

2.

a) triangular shapes
b) Canadian families
c) the school’s classes
d) directions
(pointing either way)
e) lengths
f) integers,
e.g. (4,1) €3 but (1,4) ¢ -3
g) rational numbers,

2
.8 (4,6) €=
eg- (4,6) €3

Inventory, page 62

1.

oW N

10.

12.
13.

¥ ® N

direction
vector
scalar

directed; ordered pair;
ordered triple

length (or magnitude); direction
-3;2

points; non-skew

verticals; parallels

intersecting; parallel

@2,-3,4)

vi 3

©02)

—

FH

14. LK

15. (10,5,20)
16. parallel;|k|;|
17. PQ=(-2,-2)
18. unit

19. 4i-3;

20. unit; % (4,-3)

Review Exercises, page 63-65

1. a) equallengths AP=PM;
same direction
b) AP=PM=MQ=0QB
c) BM=MA=QP
2. a)
b)
c)
d)
e) AS=
3. ¢) ¥DON, XDOM, ¥xDOP
a) 60°
b) 55°
5. a) DBandAC (There are
others.)
b) DAB, DBC, DCA

|

7. P'(6,0,-1)

V11

6

9. 122

10. a) w=(8-2)
b)

8. *

u

¢) |wl=2V17



11.

12.
13.

14.

15.
16.

17.
18.

19.

20.

21.

22.

25.

a)
b)

c) v+;+;
d) E+§

A s

b<bmy

e) u+tv+w+z
k=-4,n=0,m=6

400 m

|ﬁ| =927 m, bearing 063°

a) FP

b) 0

LM = (-13,5,7)

a) Xé—ﬁ

b) AD - AC

c) —ﬁ

S-p-r

a) (3,-6,-7)

b) (.29

¢) (-6,8,-2)

d) (4-12,-18)

e) (6,0,-10)

=
272

a) QR=2PQ

b) collinear

P(3,0,-1)

Q(7,-1,1)

R(15,-3,5)

a) 12.5

b) 10

c) V29

a) DC

b) DB

c) 6

d) DC

e) 743

a) -15i+24j
b) 32i+16j - 47k

26.

27.

29.

30.

a)

b)

<)

b)
<)
d)

a)

b)

<)
d)

Answer Key

L @3

V29

1 —
L (1,-4,1)
32

i(d —a,e — b,f - c), where

K=YJ(@d-a)}*+(-b’+(f-c)

V2
V3
V10
V14

o[- o
OP=|0|0Q=]6
3 6
OP* = 45, 0Q* = 81
0Q* + OP* + PQ*

2
62

489
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Chapter Two 20.

Linear Dependence

2.1 Exercises, pages 71-72

1. a) ;H;
ek o L Lh— O 21.
b) a=sb,ma+kb=0
c) s € R, m, k not both zero 22
2. x—syormx+ky 0
3. The line segments can be parallel 23.
and distinct. 26.

4. ; and d are linearly dependent.

5. mllk .
6. a) a||PR
b) ak PT
7. uwrt
8. allclullw Ii7llt 2
b||lv
9. a) @6),(69), (1,15 >
b) same as a)
¢) (1,3) &
10. a) (82,6), (12,3,9), (2,0.5,1.5) N
b) sameas a)
c) (0,1,3)
11. ¢ e
12. a) akb 9.
b) yes 10.
13. a) r=v=0
b) no 11.
14. a)c)d)e)
15. a) DC
b) A5, EC 12
c) EC AC
d) BE, ED
16. None are parallel.
17. a) PQ=(-13) 13,
PR—( 26)
b) 2PQ=PR

c¢) collinear
18. a) }ﬁ_ (4.2,6)
AC = (- 2 ~l —3)
b) AB=-24C
c¢) collinear
19. a) m=k=0; no
b) 1fa—bthenm——k

1fa = —b, then m = k;
yes

d) z=3,k=-1

3
m=3,k=-5
d=-2,c=—
f=2a

Useﬁ = 3le§

2.2 Exercises, page 80

a) coplanar
b) a= sz + rz;

ma + kb + tc = 0
c) m,k, tnotall zero
kx + m; + t; =0
X= a; + b;
A vector can be represented by
many parallel line segments.
a) coplanar
b) notall zero

a) c=3a-2b

b) f=-d-3e
c) Z=—2§+5;
d) p=0q-2r
17

0

a) ;=3;

b) 1mpossnble

c) a—3u+0v

d) a—3u+0v+0w

a) impossible

b) impossible

c) a—2u—v

d) a—Zuv;+0w

a) a—0u+3v

b) a=0u+3v+0w

c) ;=Ou+3v+0w+07

14. a) impossible
b) a =71 u+v + ! v;
3 3

¢) a=Tu+v+iw+ror
3 3

16. m=2,k=0,p=1

2.3 Exercises, page 87

1. w=x=2z=0

2. abd

4. u=- + ‘;
2

6. a) dependent, coplanar
b) independent, not coplanar
c¢) independent, not coplanar

d) dependent, coplanar

e) dependent, coplanar

N\'—'

7. b) c—2a+b
d 5a~4b
e=3a+0b

8. a)b)

9. b) d 2a+b—3c
e—Oa—3b+4c

f=a—b+2c
12. a) w=3
b) w=+3

13. a) m=lorm=-1
b) m*landm=+-1

14. a) Atleastoneis alinear
combination of the other
three.

Making Connections, page 89
3. 5
4. 366 (377 in leap year)
5. 1096 (1099 in leap year)

2.4 Exercises, page 94
1. a)

2 5
P D R
b) 2~ 5
)
D P R
2. a) b)oD=20P+20R
7 7



10.

11.

12.

a) 2O0P+20R
8 8
b) Lor+2or
5 5
c) gb?ﬂo'ii
97 Ty
d) YLop+ 8 or
17 17
12 1

e) Lor+lor
2 2

a) b) OD = —30P + 40R

a) 5761;72(7)5
2 2

b) —Lop+20r
37073

) -2or+Tor
5 5

d)y YLor-Cor
5 5

e) 20P-OR
125 -7 00
5 5

a) between PR, closer to R
b) outside PR, closer to R
c¢) D=R

(H Zl)
10" 10

o (57)

v (15 5)
©) (; 123>
4) ( 6;'%)
) ?5,9,7})
N
(,2,,3 iy Ll)
6 3" 6

(31 34 17>
a) (T2 —
7" 7" 7

b (2,17,17)
18 4 8

c) (44,2)

0 (232)
e) (9,14,7)

£f) (7,10,5)
6
2

b) 5:6

13. 0T =

14. a)
b)
c)
d)
e)

104 +20r
5 5

(3,-1), (5,6), (1L,1)

(3:2)

3.2)

(3.2)

concurrent; divide each
other in ratio 2: 1

In Search of, page 96
a) (1,2,3)
b) (3,2,-2)

o) <g7”~£, 34+9t' t>,t€R

13 13

d) no solution

2.5 Exercises, page 101

1. a)

b)

Any two of }’6, EE 22} are
linearly dependem
Any two ofAB BC AC are
linearly dependent.

AB = —24C

PR = —2PQ

6. a)
b)
)
d)

collinear
not collinear
not collinear
collinear

7. Scalarssumto 1.

a)
b)
<)
d)

1
3
9. a)

b)

<)

10. a)

b)

11. PS=

13. a)

b) coplanar; WZ = WX + 2WY

<)

d) coplanar; KN = —2KM + OKL

2:1
3:4
4:-1
-7:8

m=>5

n=

oI

§= =
3

ﬁ, ﬁi, I?S are linearly
dependent.

XI;, /TC:, ﬁ are linearly
dependent.

2PQ + 3PR
coplanar; PS= 3176 - 2PR

not coplanar

14. KAB +pAC=0

15.

Answer Key 491

a) AB bvaAC—c~a,
AZ—76a+2b+3c
b) AZ=24B + 3AC

2.6 Exercises, page 105

1.

o

FS o ®Na M A W

2:1

— e DNV N e e e NN
+
—

N W N RN = =N
=)}
—_

Inventory, page 108

wopow

o o

10.

11.

12.
13.
14.

collinear; k;; th
coplanar; combination;
o+ 1b;

zero;

ma + kb + pc = 6
independent
independent

a) 0;0

b) 0;0;0

a) .(6, 10)

b) G, 0)

c) @62 6.2)

d) (2 3,0)
Answers may vary.
0;2m+4k=0
linearly dependent

linearly dependent

a) collinear
b) coplanar

linearly independent
two; independent

three; independent
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Review Exercises, pages 109-111
1.

)

10.

12.

13.

14.
15.
16.

18.

19.

20.

21.

22.

L .

a) parallel

b) a= kb ma +1th= 0

c) keR;
not both m, t can be zero,
m,teR

a) coplanar

b) a= kb + m?,
a +1b + pc= 0

c) k,m,s,t,pER,

not all of s, t, p can be zero.

a=b=0
s=t=r=0

12

24, -8b, -7d

a) x)fry,;kz,;#w,

o a

b) qy.2

abd

RGN

Z,h,w

a) (3,-5), (6,10) (1.5,2.5)

b) (.0)

Answers may vary.

a) (-7,-12), (1429
@21,3,-6)

b) (7,1,0), (7,0,-2)

Answers may vary.

12

b G- a5
¢) (9.3,6)=3(312)
3a + 4b

2a-b+3¢c

not coplanar
yes

a) a, b are linearly
independent

b) ;, b, c are linearly
independent

a) linearly independent,
not coplanar

b) linearly dependent,
coplanar

¢) linearly independent,
not coplanar

b) 4a+2b

b) 3:1+4Z+ ¢

N |

k=3 (c=-2a+3b)

23.

24.

25.
26.

27.

28.

29.

30.

31.
32.

34.

35.
36.
37.
38.
39.

41.

42.

43.

44.
45.

a)
b)
<)
d)
a)
b)

<)

1 5p
17 17
5

2 op+3L0r
16 16
L 0P+ 0R
12 12

10p + 1 0or
8

0P+—0R
304a-108
4 4
304+108
4 4

204 -%08
5 5

20P - 0Q

a)
b)

a)
b)

2:5

(-2.5,2,5.75)

(10, 21, 12)
3

PQ kPR

AB mAC + tAD
collinear, AC= 3AB

not collinear

coplanar, AB= 3AC - 24D
not coplanar

k=3, m=-1

a)

b)

AB b—a,
AC—c—-a,
AZ 3a+4b 7c

AZ 4AB 7AC

11:4

5:6
3:2

3:2;2:1

7:6

a)

b N

U;»unnoul.—nc-

AB=b-a
AC=c—a
AZ = -5a+ 2b + 3¢

AZ = 24B + 3AC

coplanar

N 13 >

i+ +2j- 2%
/ 3



Chapter Three
The Multiplication of
Vectors

3.1 Exercises, page 120
1. a) 56°
b) 0
c) 145°
2. a) 3.830;3.213
b) -2.394;6.578
c) 0,13
3. a) 1.50;1.50e,
b) 1.12;1.12e,
4. -0.342
5. a) 2i,-3j;2,-3
b) 7,0;1,0
c) -15i,3j:-15,3
6. a) i,—-4j,k1,-4,1
b) 21,0, 3k 2,0,3
¢) -2i,-2j,0;-2,-2,0
7. u=4i+5j+0k
v=-2i-3j+k

8 a) a by bj ¢ -ck

1 1
9. — b) —
a) NG )ﬁ
11. a) 2
2
b =
) >
c) 4j

PR
d) E(—3'4)

12. uLlv,orlul=0

13. a) |u|=|vioruLlv
b) u=vorulyv

14. land]l
15. \/ﬂ
5
16. a) 1
b) (—1,‘/3)
2 2
17. a) 13

b) -12j+2k

3.2 Exercises, page 124

1. a) 12
b) 18.7
c) O
d) 32
e) -3.14

2. a) 6
b) -0.5
c) 3

3. a)
b) 1
c) -1

4. a) vector
b) scalar
c) vector
d) vector
e) scalar-
f) scalar~
g) vector
h) vector
i) vector

10. No: u or v could be 0.
11. a) 50
b) -50
12. a) ©0°
b) 100°
c) 90°
13. b)e)f) are meaningful,
a) ¢) d) are not.
14. a) 4;4
b) no

3.3 Exercises, page 128
1. a) 14
b) -12
c) 0
d) 6
e) 0
perpendicular
1
a) 0
b) 1
4. t=2
5. a) 40°
b) 90°
c) 105°
d) 82°
6. a) 3

b) -2

7. a) k=-5o0rk=3
b) 6=88"or =285

10.

13.

15.

a)
b)
<)

a)

b)

a)
b)
<)
d)
e)

a)

b)

Answer Key 493

13

26

C+y 4+
p=(54

(or any multiple)
N 1 —
e,=——(5,4)

" Va1

-10
9
12
-2
38
7
1

- -
ﬁ(p q9)

k=2.566 or 0.234

3.4 Exercises, page 131

1.

10.

a)
b)
a)
b)
<)
d)
a)
b)
<)
d)

a)

b)

—_

BA
a)

b)

a=71°, =61°y=144"
2,3,-5

81°

40°

40°

.BC<0

XP=123°,
¥Q=129°,
¥R =28°
XP = 154°,
xQ=16°,
¥XR=10°

U=4i+5]+0k
v=-2i-3j+k

a)

a)

b)

a)
b)

(L L) b) (L L)
V2 V2 V2 V2
Either the vectors have the
same magnitude, or they are
perpendicular.

Either the vectors are equal,
or they are perpendicular.
-7.21

-2(-3,-2) = (6,4)
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3.4 Exercises, page 131,
continued

1. (C23)= % 1)+ % 1)

12. a) vyes
b) no
c) yes

13. a) OP=-r
b) RC=c-rPC=c+r
c) 0,since|7|=|?|
d) Elﬁ:{Carightangle

1
14. cos XABD = —— = cos XACD
V10
£B = xC = A, B, C, D concyclic

3.5 Exercises, page 135

5e; u, v, e RH system,
withe Luande L v

b) 42;; as in part a)

1. a)

c) 16.le; asin parta)
d) 17.3;; as in part a)
e) 33i
f) -33i

2. a) 0
b) i
c) -k

3. 26.8
74.8

5. b)c)e) are meaningful,
a) d) f) are not.

11. b) no

c) no

15. a) No, bul;, E, ;must be

coplanar,

with|Z| sin 0 = I:l sin ¢.
b) Yes, since = and

;, B ,;, in same RH system

asa,c, e

-

16. Both sides equal 7 -J.

3.6 Exercises, page 145
1. a) k
b) 34,-1,-1)
c) (-46,-11,-14)
d) o

10.

11.
13.

15.

a) =k

b) + @-1-1)

3

c) !
2433
d) any vector
1
va* +b* + ¢
such thata - 3b+2c=0
a) pxq
b)
c) O
d) pxreq
64.8
a) 9.76
b) 61.0
2
32
3
a) a=24
b) p=17°
c) a=28
d) 60=81°

(46,11,14)

(a,b,c),

o

No; sin 0= % gives two angles

in [0°, 180°]

a) (@xv)xw=(-28,-14,-14)
u X (vXw) = (-30,-20,-4)

b) notassociative

ix(uxk)=(0,0-1) + 0

axc= —S(ZXZ), and if

normals collinear

then ;, Z, ¢ coplanar

4(3,3,1)

Inventory, page 147

1.

bt
- O

¥ ® N owm ok wN

tail

2i

-3
resolving
scalar
vector
Cross

vonu

parallelogram; u; v
cross
1

12.
13.
14.
15.

16.
17.

N

0

0

negative

triple scalar product

a-bxc

perpendicular

Review Exercises, pages 148-151

1.

12.

13.

14.
15.

a) 6i,-5j,-3k; 6,5, -3
b) —V2i,j,V3k —2,1,V3
¢) -3i,3j,—6k;-3,3,-6
a) 1.147;1.638

b) -3,782;1.302

c) =50
a) ;, v collinear, same
direction
b) ;, v collinear, opposite
direction
a) 5.73
b) -5
c) -92.1
a) 5.73
b) -1
c) -9.21
a) 2
b) 2
c) 2
d) 4
e) 0
f) 8
a) 12
b) -39
c) 0
d) o
k=
=1 (a-b)
5+2V2
a) '97°
1
b) N
G —
) -~ 273
1
d) NG
1—
e) —5@-1)
2.24 or -3.57
c) 3



16.

17.

18.
19.

20.

21.
22.
23.

25.

26.

27.
29.

30.

33.

a) xP=4°
¥Q=29°
XR =147°

b) ¥P=90°
xQ=35°,
¥R =55°

—_ (RN

a) AN=lb—a;
2

BN=1a-p
2
uZF+2nF

a) 2.54 e, u, v, ¢ RH system
with eiu and eJ_v

b) 3.76 e; as in part a)

c) 29.6 ;; as in part a)

d) (412—3)

e = (-14,37,-26)
224

=- (-14,37,-26)
J2241

54.2
no
a) yes
b) no
c) no
d) yes
e) yes
a) p=(5-412)
(or any multiple)
N |
b) e,= ios (5,-4,12)
a) 60=0°
b) 0=180°
0 not defined
c) v must be perpendlcular
touand tow

o a

b) O+p><q+pxr—0
c) qxp+0+qxr—6

rxp+r><q+0 0
a) y=109.5°

b) 0A=v3,0B=V3,4B=18

y=109.5, a=f =35
c¢) eachside Vs,

each angle 60°
d) 53..?

OE ]

OF k

Volume = % units?

34.

35.
36.

37.

a)
b)
c)
d)
e)
f)

ii)
i)

ii)

a)
b)

sketch not provided

[} 3]0

E(0,10); F(—4,2)
Area OAEF = 40
Area OBDC = 40

AG:GL=2:1

p=4,9=3

D(-3,-3)

o(22)(-22)
8 8 4 4

8

5

495
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Chapter Four
Applications of Vectors

4.1 Exercises, page 160

° @ N

10.

11.

12.
13.

a) | b)| o |d]| e
IR| 13 | 17 |17.7]40.3 | 424
resultant
bearing 067° | 107° | 316° | 358° | 179°
equilibrant
bearing 247°|287° | 136°| 178° | 359°

73.7 N, 52° between P and R
(or 23° between Q and R)

295 N; 24° to horizontal
(or 66° to vertical)

90° between 10 and 24
157° between 24 and 26
113° between 26 and 10

56° between 15 and 11
147° between 11 and 23
157° between 23 and 15

57.2 N, bearing 061°
70.7 N
49.7N

63.0 N for 40° string
75.1 N for 50° string

78.7 N for 29° string
91.2 N for 41° string

30.0 N for 80 cm cord
35.5 N for 70 cm cord

5N
bearing 125°

4.2 Exercises, pages 168-170

1.

© ® 3o

10.

a) 10;bearing 037°

b) 91.2; bearing 351°

a) 11.0

b) a=63",=35,y=69°

a) 17.3¢, + 10,

b) 98.5¢, + 17.4¢,

c) 17.4¢, +98.5¢,

d) -32.1¢ + 38.3¢

73.7 N, 52° between P and R
(or 23° between Q and R)

57.2 N, bearing 061°

20.3, bearing 021°

52.1 N, bearing 070°

-8.94i - 49.1)

a) 26.2i-236j+183k
b) a=85",=142°,y=52°

11.

12.

13.

14.
15.

16.
17.
18.

19.

20.

21.

252 000 N;

a=83°,=37,y=53°

a) (18,0,-6)

b) (-3,-4,2)

a) 180°-0

b) |7l|F|sinfe,
where ;, 1?, ¢ form
a RH system,
and|e|=1

¢) maximum at 0 =90°;
minumum at 6 = 0° or 180°

7.07¢, + 7.07¢,

4.30e, + 6.45¢;;

0=34°

843 N

bearing 125°

52N

a) IN|=176N
|F|=85.9 N

b) 0.488

c) 772N

a) |Kll=myc050
|F|= mg sin 0

b) u=tanf

c¢) mgsin 0 cos 0
(or % mgsin 20)

a) 56.6 N (horizontal); 113 N
b) 117 N (horizontal); 152 N

4.3 Exercises, page 174

1.

a) 140

b) 15

c) 294

a) 743e¢, + 669¢,

b) 223007

1360 000

507 J

0; situation ‘impossible’, since
force acts perpendicularly on
intended direction of motion.
421

a) 384J

b) 697J

a) 25m

b) 6.26 m/s

a) 1.47J

b) 5.42m/s



4.4 Exercises, pagel81
1. a) 47 km/h, bearing 058°
b) 106 km/h, bearing 261°
c¢) 888 km/h, bearing 093°
d) 13 km/h, bearing 030°
2. a) 105 km/h, westward
b) 85 km/h, westward
¢) 101 km/h, bearing 263°
3. 206 km/h, bearing 104°
4 h 10 min
5. a) bearing239°
b) 28 min
6. a) atan angle of 70°to AB,
upstream
b) 5min
7. a) atanangleof ¢ to AB,
upstream

b) min

v sin 20
8. a) 50 km/h, bearing 287°
b) 50 km/h, bearing 107°

9. 23km/h

4.5 Exercises, pages 186-187

1. a) (1,6);6.08
b) (-4,-5,7); 9.49
c) (-12,4,4);13.3

2. a) 340km/h, bearing 115°
b) 340 km/h, bearing 295°
(43,45,~2); 62.3 km/h

4. a) (~21,47,0);51.5
b) (-22,48,-2);52.8
c) (-20,46,-1);50.2

5. 206 km/h, bearing 104°

6. a) bearing 239°
b) 28 min
7. a) 3
b) -20i
¢) -9.33)
d) -20i - 9.33);22.1 m/s
8. a) 50 km/h, bearing 287°
b) 50 km/h, bearing 107°
9. 15.017 km/h, bearing 070°

10.

11.
12.

a) 547 km/h, bearing 106°
b) 547 km/h, bearing 106°

(Wind makes no difference,
here)

613 km/h, bearing 072°

53.3 km/h, wind from bearing
214°

In Search of, page 191

2.

v*sin’ «
29
2v* cos & sin & (or v? sin 2a>
9 9

a) describes a circle

b) Wtj= —asin ti +a cos t;
perpendicular to Ei,
with same magnitude a

)
centripetal

a) describes an ellipse

b) ;(_t): —asin ti+b cos tf

c) -r()

centripetal

Inventory, pages 192-193

vector

particle

newtons

9.8 N

added

resultant
equilibrant
equilibrium

space (or position)
;= cos 0[1:+ sin a}:
V= cos ai + cos ﬂf+ cos y_lz
components
parallel

JEGNENEN

direction; i, j,k
magnitude; displacement
scalar

. joules

dot product
zero
relative

- -

Vac: Vass Vac

Answer Key 497

Review Exercises, pages 194-195

1.
2.

10.

11.

12.
13.

14.

16.

17.

18.
19.
20.

21.

22.

112 N, at an angle of 23° 10;

a) 739N, at an angle of
51° to horizontal
b) 51°below horizontal; 739 N

158° between 85 and 40
39° between 40 and 50
163° between 50 and 85

No; no possible triangle

a) |P|=83.6N;[Q|=334N;
b) |P|=24.6N;|Q|=49.2N;
161°

|T\|=47.3 N
IT,|= 65.7 N
a) 813N

b) a=36,8=1167=112°

. |_f| = 2253, bearing 340°

F=22.81 - 76] + 60.8k
100> 100> | 100~
—eat—et+t—e
V3 V3 V3
526 N, up slope
N=416N
F=260N
a) 328N for 45° string
268 N for 60° string
b) tension 80.6 N
thrust 63.2 N

a) 12707
b) 4957
a) Fzl1lle +792¢,
b) 1110J
1830J
98.5 km/h, bearing 294°
a) 088°
b) 1hr56 min
a) 55.7 km/h, bearing 351°
b) 55.7 km/h, bearing 171°
s 95 -
27

F=

Ves =241 - 27—k

|Ves| = 53.2 km/h
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Chapter Five
Equations of Lines
in 2- and 3-Space

5.1 Exercises, page 202

1. a)
b)
c)
d)

2. a)
b)
)
d)
e)
f)

3. a)
b)

4. a)

°® N

10. b)

11. a)

@-1); (4,2)

(8-3); (5,-4)

(3,-1,4); (5,-2,1)
(-4,7,5); (1,0,-8)
(Answers will vary.)
r=037 3.7) +K(1L5)
r=(-2,0 -2,0)+ k(-9,-2)
= (69) +k(-24 24)

r= (ﬁ?) +k(1,5,3)
7=(0,-2,0) + k(~9,-2,5)
7_ <m> + k<m>
7= (,-6) + k(-2,13)
r_(m>+k< -5,8,5)
r=(-52) +k@3 3)

r= (m) +k(2 3,6)
r=G,1) +k(-3,2)

r=(3,-1,-5) +k(0,-3,2)

3,-1) + k(2,3)

(
(3.0,2) + k(3,14,1)
(

3,-1,2) + k(11,19,1)

12

13

3

between P, and P,

k> 1 = outside segment
P,P,, closer to P,

k < 0 = outside segment
P,P,, closer to P,

r=(8)+k10)
r=(381)+k(010)
r=(3,81) +k(0,0,1)

l

2l

5.2 Exercises, pages 206-207

1. a)
b)
<)
d)
e)
f)
g)
h)

2. a)

(5,2) (2 4)

(-3,1) (8 -5)
(-2,0) (1,3)
(-4,1) (6,0)
(5,2,2) (2,4,—5)
(-3,1,-2) (8,-5,5)
(-2,0,4) (1,3,2)
(-4,1,0) (6,0,-7)
2,4

b)
c)
d)
e)
f)
g)
h)

a)
b)

a)
b)

a)

b)

c)

d)

e)

f)

b)

o -
|
| wvi

‘ $
| » O w
N

[V RV

~

®

~

mpw
|
~

~

:3) (=2,1) (2,-1)
=-2+4k
y=1-2k
x=2+4s
y=-1-2s
x=-6+ 8t
y=3-4t

f—hr—‘%f—"—x"\ N =

x=-6+ 8k
y=3 -4k
z=5-2k
x=-2+4s
y=1-2s
z=4-5
x=-10+ 4t
y=5-2t
zZ=6-t

= (34) +kG,1)
x=-3+5k

f—“ﬂr—‘—\f—*ﬁ"

<
]
.;:.
+
x

=3,4) + 1(10,-2)
-3+ 10t
4-2t

b—t— N —— |
[ TR
—_ 1 uA
W
&
+
2
(=)
N
&

x=-3+ 6s

y= 4 2s
(72)+a(4 -5)

x=7+4a

y= 2—5a
=(8 3)+m(10)

x=8+m

<
[
I
u

LI—‘—\‘LI—H‘LI—M\‘

r—(8 3)+k(01)
x=8
y=-3+k
r=(,-3,4) + k(-6,2,1)
x=5-6k
y=-3+2k
z—4+k
= (5,-3,4) + 1(2,5,-5)
x=5+2t
y=-3+5t
z=4-5¢

-6,3,5) (~2,1,4) (~10,5,6)

13.

14.

15.

16.

<)

d)

e)

f)

8)

yes:

no:

yes:

no:
a)
b)
c)

a)

b)

b)

<)

a)

b)

r=(5,-3,4) +5(6,7,-2)
xX=5+6s

y=-3+7s
\z=4-2s
r=(7,2,-1) + m(4,-5,1)
x=7+4m
y=2-5m
\z=-1+m
r=( —34)+k(100)
x=8+k
y=-3
\z=4
r=(8,-3,4) +s(0,1,0)
x=8
y=-3+s
z=4
r=(8,-3,4) +1(0,0,1)




5.3 Exercises, pages 213-214

1.

11.

N oW

a) (3.2);56

b) (-1,4);2,-7

c) (2,0)-8,3

d) (3.3);2.5 -4

e) (241,);3,85

£f) (-3,2,1);-3,3.5,-9
g) (247):3,50

h) (1,2,-2);-3,0,4

a) r=(32)+k(,6)

b) r=(-1,4)+k2-7)
<) 7—(20)+k( ~8,3)

d) r=(3)+k@2.5-4)
e) r=(@241)+k385)
f) r=(-3,2,1) +k(-3,3.5,-9)
g) r=(247) +k(3,50)
h) 7=(1,2-2)+k(-3,0,4)

_y-4

a) x-3

5
b) x—6=2+3

<)

d) **>-
e) none exists
f) x _y+l

a)

b) x—4_z

<)

5
x—=17 -2 _z+1
d) =N

e) f) g) none exist

7=(1,-3,5) + k(4,2,-3)

)

-0.5

3

a) 3,4

b) 5,-2

c) 1,-5

d) 2,0

e) 0,1

a) —4x+y+13=0
b) 6x+4y+20=0
c) 2x-3y+29=0
d) -2x-4=0

12.

13.
14.

15.
16.
17.

18.

19.

parallel: a) d) e)
perpendicular: b) ¢) f)
b) r=(35)+k(-2)
a) r=(1,-3)+174)
b) 7=(1,-3) +k(@&-7)
7
-7.5
6x-5y—-8=0
x=1_y-1

7 -4
b) no

5.4 Exercises, page 217

1.

® N ow e

a) -3,-2,4,6,4,-815,1, -2
(Answers may vary.)

b) 0.5571,0.3714, —0.7428

c) 56° 68° 138°
(or 124°, 112°, 42°)

a) -—0.1690,0.5071, 0.8452
100°, 60°, 32°

b) 0,-0.5300, 0.8480;
90°, 122°, 32°

c) 0.9370,-0.3123, —-0.1562;
20°, 108°, 99°

d) -0.4472,0,0.8944;
117°,90°, 27°

a) > -2 1
V30 V30 V30
b) -0, _ 8
Jes 65
) 24 5
Jas Jas Va5
d) 8 5 5
J112 V114 V114
e) 3 8 5
Jog V98 Vo8
f) -3 3.5 -9
V10225 V102.25 V102.25
3 1
NN
+0.8660

69° (or 111°)
r = k(+ 0.6855,0.7071,0.1736)
60°

63°
312
V14 V12’ Via
4 22 5
J525 V525 525

11.

13.

1.

10.

11.

® 3 a0

Answer Key 499

12 6 7

V229’

V229 V229

(L 1 L)
G5

5.5 Exercises, page 221

a)

b)
<)

a)
b)
c)
d)
a)
b)
c)
d)
a)
b)
<)
d)

Lines do not intersect:

no solutions.

Lines are identical:

an infinity of solutions.
Lines intersect in a point:
one solution.

intersect at (3,—2)

parallel and distinct
parallel and identical
intersect at (1.2,1.4)
consistent and independent
inconsistent

consistent and dependent
consistent and independent
(-1,5)

4,-2)

parallel and distinct

3.-1)

(-2,-1)
(5,15)
(-1 2)

a)
b)
<)
d)
a)

b)
a)

b)

<)

= k(z,z)
84

r = (1,4) +k@2) 2,2)
1= (58 +105)

N

r=(3,-2) +s(5-7)

18
(53)
r= k(8 4);
7=(50) + t(-2,4)
42)
7= (3,10) + 1(4,3)
(5%)
2525
13
5

—_

5.6 Exercises, pages 227-228

1.

a)
b)
<)
d)
e)
f)

(-1,5,4)
(5,-2,4)
skew
parallel
(3,-1,-4)
skew
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5.6 Exercises, pages 227-228,
continued
2. consistent and
independent: a) b) e)
inconsistent: c) d) f)

3. (2,-1,5)
(5,2,15)
5. (3,-1,2)
. 4 126
V1466 V405
7 by 2
V390
8. b) Vaa

c) Pi(2,3,-2); P(4,-3,-4)
9. a) (4,-1,3)
b) cos™ 35 _40°
1470

10. The lines intersect at (-2,4,—1).

11. a) L,at(6,11,1)
68

V326

c) (2-1,3), (41,-3)

12. a) ?:k(s 1, 4‘)
7

b

7
b) (§,1,1‘)
7 7
1
13. —d
V2
15. a) yes b) no

16. a) (5-3,-1)

d) ForL,leta=0andb=-

For L,, letp=1andg = —%.

(Answers may vary.)
5.7 Exercises, page 233
See answers to 2.6 Exercises
Inventory, pages 237-238

1. position vector of
any point on the line;
position vector of
a given point on the line;

a direction vector of the line;

a parameter
2. (L4 (35 k
3. (5,-1,0); (-2,3,-6);t
4. (-4,2); 3,-5);s; —g
5. (0,-1,4); (-6,1,0); ¢t
6. (3,-2); (4,-3)

c) no

10.
11.
12.
13.

14.
15.
16.

17.

(-1,0,3); (4,4,1)
4
_5' (4'3)

L;

the angle between the line and
the x-axis direction;

the angle between the line and
the y-axis direction;

the angle between the line and
the z-axis direction

1

parallel

parallel (or) skew

an infinite number of;

an infinity of

one; one

no; no

the shortest distance between
two skew lines L, and L,;
apointon L,;, a point on L,;
myxm,

(2,4,7)

Review Exercises, pages 239-243

1.

a) r=(@2,-5) +k(3,2)

{x 2+ 3k

y=-5+2k

b) r=(-5-4)+(6-2)
{x=—5+6t
Ay=—4 2t

c) r=(-7 0)+s(2 -5)
{x=—7+2s
Ayz_

d) r=(21)+k(3 -2)
{x 2 -3k
_‘y—1—2k

e) r= (41)+k(10)
{x=—4+k
)y=

f) r=(-4 )+t(01)
(o,

yes: A, B

no:C, D

a) x-1_y-3
-2 -4

b) x=3_y=-1
-2 1

) x:2=3_f+_4

10.

11.
12.

b) 8 -2y-32=0
c) 4y+20=0

a) perpendicular
b) parallel

c¢) perpendicular

r—( 3,6, l)+kc,wherec1s
any lmear combination
ofaand b
b) r = k(b + d)
c) r=b+ t(d b)
c) r= (3,4) + k(7,2)
a) x+4_y-3
-3 -1
x+4_y-3

p) Xr2-¥Y=2
) 1 -3

a) r=(230)+k(42,-2)
x=2+4k
y=3+2k

b)

c¢) r=(1,0,10) +s(1,2,-4)
x=1+s
y=2s
z=10—4s
x-1_y_z=-10
1 2 -4
d) r=(5,6,10) + m(-2,1,3)
x=5-2m
y=6+m
z=10+3m
X=5_y-6_z-10
213
e) r=(-4,3,6)+k(1,0,0)
x=—-4+k
y=3
=6
none exists
f) r=(-4,3,6)+100,])
x=-4
y=3
z=6+t
none exists




13.

14.
15.
16.
17.

18.

19.
20.
21.

22.

24.

25.

26.

27.
28.

29.

30.

31.

32.
33.

34.

a) yes

b) no

c) yes

a) r=0(,-21)+k(1,26)
= (-1,-2,4) +5(-3,1,9)
T= @1,5) + k(-25,14,2)
= G-13) +k(85,-1)

a), d)

a) r=(1,-23)+k(1,3.2)

b) r=(1,-2,3)+k(1,3,-2)
k —2m

V14k? + 2km + 5m?

2k

V14k?* + 2km + 5m*
3k+m

V14k* + 2km + 5m?

k, m € R with k and m

not both zero

’

a)

&
2|~ 8~
2~ 8

g

b)

2 1 3

V12’ V14 Via
57°
7 = k(0.9063,0.0839,0.4135)
a) intersectat (2,1)
b) parallel and distinct
c) parallel and identical

a) consistent and independent
b) inconsistent

c) consistent and dependent
a) intersectat (6,—1)

b) intersectat (17,5)

c) parallel and distinct

a) (-2,14)

b) 27°

F=d+kd-b)

a) 5(0,4,0), T(0,0,3), U(2,0,3)
b) A(0,0,1.5), B(2,4,1.5)

a) intersectat(2,9,1)

b) skew

c) the same line

d) skew

35.

36.
37.

38.

39.

40.

41.

42.

43.

44.
45.
46.
47.
48.
49.

50.

51.

52.
53.
54.

\'».,
Answer Key

a) consistent and independent
b) inconsistent
c) consistent and dependent
d) inconsistent
(4,6,2)
(3,-4,3)

35
b) N
a) (1,7,-5)
b) 38
intersect at (—7,-2,0); direction
vectors are linearly dependent
intersect at (8,3,5); direction
vectors are linearly independent
a) 7

b) r=(1,1,-3) +k(2,3,6)

3:2

3:2;2:1

7:6

Q(3,5,7)

Q:(-1,-3,-1)

a) P,(3,0,2)
P,(1,-3,-4)

i) (1,1,-1);
2x-2y+z=1

(i) 1 '
3

r=(-1,21)

E

a) 2y—-x=18

b) 3y-4x=-3

c) H(12,15)

e) The three altitudes are

concurrent at H.
f) S(1,2)

501
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Chapter Six
Equations of Planes

6.1 Exercises, pages 249-250

1.

10.

11.
12.
13.

14.
15.

16.
17.

plane: a) b) d)

line: ¢)

a) (3.45), (0,-4,6)(2,1,5)
b) (0,1,9), (2,3,-4)(-1,-2,9)
<) (4-20), (3,4-1)(20,5)

a) r=
(3.2,7) + k(4,6,2) + 5(0,-2,5)
x=3+ 4k
y=2+6k—2s
\z=7+2k+5s
b) r=

2-3,1) +k(5-3-1) +5(2,3,1)
x=2+5k+2s
y=-3—3k+3s

Lz=1-k+s

c) r=

(3.2-7) + k(1,5,-8) + 5(5,-3,-1)
x=3+k+5s
y=2+5k—-3s
z2=-7-8k -5

a) (5,-9,17)

-
(,0,5) + k(-1,2,4) +5(3,2,-6)
;=

(3.2.1) + k(2,-3,0) + 5(0,5,-2)
1,0,5) + k(2,0,-1)

r=(67)+ 1(

P

2,-3,1) + k(3,4,-8) + 5(5,-2,4)

a) ;z . . o
(},5,1) + k(3,-6,2) + 5(4,-2,1)

b) r= B L L
(1,2,-3) + k(3,6,2) + 5(4,-2,1)

7 =(3,0,0) + k(3,2,0) + 5(3,0,—7)

r=(23,1) +kB3,-7,1) + 5(0,0,1)

a) lla o

b) r= (3,5:8) +7l<7(7:2‘,2,5) +sa,

where a [ (-2,2,5)
r=(2,3,1) + k(6,3,0) + 5(0,4,6)

r=
(1,3,2) + k(2,1,-2) + 5(2,-5,10)
none

All sets are coplanar.

6.2 Exercises, pages 256-257

1.

o

N

18.

20.

21.
22.

24.

25.
26.
27.

28.

29.
30.
31.
32.
33.

a) (m)

b) linein plane

¢) (1,-54)

d) (1,-2,-3)

e) (?,62)

f) (025

8) (-6,10,-8)

h) (2,-4,-6)

parallel and distinct: a) g)
parallel and identical: d) h)
3x+6y+z—-21=0

4x — 2y + 7z =-46

a) A+4B-6C+D=0
b) 3A+5C+D=0

¢) (ABO)-(3-42)=0
d) 36x+29y+4z7-128=0

8x-y+4z=0
x—56y—20z+103=0
2x—y+z=3

2y —z=0
z2=0,x=0,y=0
8x—33y-7z+47=0
x+2z=4
2x+8y+13z=5
r=(1,0-1) + k(0,3,1) + 5(4,8,-1)
25x+3y+6z=15
Tx—-2y—-132+49=0
4

7

14

-

x—4y+3z=16

26°

x—-y—-2z-7=0

a) 62°

b) 66°

xX-z=-3

14x + 16y + 3z +47=0
14x — 19y —4z+ 58 =0

k=2,m=—2
7 7
19x — 7y — 227 = 26

6

5x -2y +11z=0

b) 6x-7y+2z+11=0
2x-y=0

34. 4y+2z-7=0
35. 2x-y+z=6
36. a) A=B
b) B=0
c) -7A+18B+11C+D
d) A=B=0
e) 4A-B+3C=0
£y A_B_C
4 -1 3
cos 0 =
AA; + BB, + C,C,

V@Al + Bl + C) (AL + B3 + C))

37. a)

6.3 Exercises, page 262
1. a) point (1,10,4)
b) seed)
c¢) point(2,2,-7.5)
d) infinity of solutions:
line lies in plane
e) point(3,5,—-1)
f) g) no solution: line parallel
to, but not in, plane
3. b) (13,5
c) V14
4. 2x+3y-z=3
5. -1
6
. 7=(4,0,0) + k(0,2,0)
7. a) x=2+3k
y=3-k
z=2k
b) (5.2,2)
c) V14
8. (-6,4,1)
10. (2,-3,0)

6.4 Exercises, page 266

1. a) intersect
b) parallel, distinct
c) parallel, distinct
d) parallel, identical
e) intersect
f) intersect



13.
14.

6.5 Exercises, page 274

1. @ @ parallel, and distinct

a)

e)

f)

41—t

Y=

7=t
V21

X=—

7

14

Lz=t

4 -50t+25

a) 20 _1y-l4_

e)

f)

-19 14

5x-5_3y-1_

-1 -1

4

1

7x+1_14y-25 _z

14 -350

13x+4y-10z+21=0
—6x -5y -4z+13=0

a)v

b)

x=2t+1

y=t-3

z=>5t
(0,-3.5,-2.5),
(7,0,15),
(1,-3,0)

7=(-3,0,1) + 1(2,4,-3)

a)
b)

k=4
k=-2.5

k=17

a)

<)

a)
b)

<)
d)

x=2t+1
y=-t-3
z=3t+2
k=3, m=11

23x — 26y —14z+17=0

@ not parallel
@ @ identical,

(® parallel and distinct

identical

parallel and distinct

7

z
1

10.

1.

a)
b)
<)
d)

e)
f)
a)
b)
c)
d)
e)

point (2,1,-1)
intersect in a line
point (3,-2,-1)
intersect as a triangular
prism

. 1
point (—2,1,2)
intersect in a line
consistent, independent
consistent, dependent
consistent, independent
inconsistent
consistent, independent
consistent, independent

69

k+——

8
3

19

Ax+By+Cz+D=0,

where B=-2A,C=3A,D # -5A

a)
b)
<)
a)
b)
c)
a)
b)
<)

a)

b)

<)

a)

b)

line

triangular prism
point

m+ *1

m=-1

m=1

linearly independent

6.6 Exercises, pages 278-279

&l‘\l
v

1 3]
(]
/

ﬁlmﬁl
° 0

— | | N
o O~
v}

o N
® O
(=}

§| ’
w
(=]

3.

10.

11.

12.

13.

14.

15.

16.

Answer Key 503

ay V15
V14
b) \/6550
o Y932
V38
329
da) 322
V13
7
b) L
V29
2 10
V21
7
b) ——
V38
) 9
Vaa
p) Y200
V18
ay VDI
V70
4418
b)
Veé6
—20r—3
3
3or-15
10
V2
3
NG
(3 + 4V6,0,0)
) 1
18
b) (ﬁ,ﬂ, 1°3)
918" 18
a) r=(-4,1,0)+k(4,0,5)
by /210
41
o 210
2
a) 5x—13y-4z+33=0
33
b) 22
V210
11
c) 2
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Inventory, page 282

1.

bt i
Y

14.

L
o0 ® N W W N

the position vector of any point
on the plane;

the position vector of a given
point on the plane;

vectors parallel to the plane;
parallel to;

parameters

(1,-2,6), (2,5,-7), (3,-4,1)
(3.0,-3), 2,5.9), (-4.2.2)
two; line

(345)

parallel

in a point

in a line

a triangular prism
3A+2B+4C=0

a point

the line itself

the distance from a point P to a
plane IT;

a pointon IT;

anormal to I1

the distance from the point P to a

line L;
a pointon L;
a direction vector of L

Review Exercises, pages 283-287

1.

a) _;=
(1,3,6) + k(0,2.2) + 5(1,6,5)
x=1+s
y=3+2k+6s
Lz=6+2k+5s
b) r=

(5.-1,4) + k(2,2,4) + 5(4,-1,2)

(x=5+2k+4s

y=-1+2k-s

Lz=4+4k+2s
c) r=

(1,2,3) + k(0,3,3) + s(1,-5,=7)

x=1+s
y=2+3k—5s
z2=3+3k-1T7s

7=(0,1,4) + k(-3,4,2) + 5(2,-5,1)

r=
(=1,0,1) + k(2,0,—4) + 5(0,2,-1)
7=(0,6,1) + k(1,2,5) + 5(3,2,-1)

20.

22.

24.
25.

26.
27.
28.

30.
31.

N

r=

0,3,-1) + k(4,8,-3) + s(2,-1,5)
parallel and distinct: a) f)
parallel and identical: b) d)

x+3y+5z=1

(3
3 3

2x — 26y —19z2+5=0
x+ 17y +13z=5
6x+y—-2=5
y—2z=0
xX=-y+2z+9=0
7=(0,1,0) + k(2,3,0) +5(0,1,2)
21°

25°

4x+3y=0

z=3

a) point (-5,3,2)
b) point(2,3,0)

c) line lies in plane

a) Each line has the same
normal (ﬁ). Different
values of C give different
lines.

b) Each plane has the same
normal (m). Different
values of D give different
planes.

2x -2y —-2z=3

x+2=0;

5x —4y - 3z=0

7= (4,0,0) +k(0,2,0)

(4,8,3)

a) parallel and distinct

b) parallel and identical

C
) x=1—1—3t
11
14
=—t
v 11
Z=
d) 4 3
x==-=t
5 5
y=t
z=1-3t
2x+3y—-2z-6=0
xX—-y-2=-6

32.

33.

34.

35.

36.

37.

39.

40.

a) -30
15
b =
) 7

a) parallel and distinct
b) parallel and identical
a) point (4,0,-2)
3t+13
xX=—=
b) line 5
y=8t=9
5

z=1
c) atriangular prism
d) point(3,0,-3)
a) consistent and independent
b) consistent and dependent
c) inconsistent
d) consistent and independent
a) k+-3,k+-1
b) k=-3
c) k=-1
a=2
b=8
c=17.5
deR,d+4.5andd +2.25

-
~

£ 85 A
s &1

b)

-9
=)

(point in plane)

—
S
IS
W

[
~

gelgainais

27a-7b=0
co19+5y

S =
wl o
(=] o~

3



45.

46.

47.

48.

49.

50.

51.
52.
55.

56.

57.

58.

59.

“20r-2 60. a)
3 b)
a) a=2
b) a+2
. c)
¢) noaexists
7

3
r=(1,0,1) + k(7,1,-5)
_11p-79+ 6w
X =
33
_13p-29-3w
Y 33
- 3p-3qg+w
11
a) any plane that passes
through (2,1,-2),
for examplex —y +z=-1
b) x+y+z+k@x-3y+2)=1+3k
for all k,
for example 3x — 2y + 2z=4
c) x+y+z+k@x-3y+2) =t
wheret 1 + 3k,
for example 3x — 2y + 2z=1
(14,6,0)
a-2b+10=0
a) x+y+z=1
b) x-y-z=-1
c) 71°

d)

Sl

e)

1
3
a) [(x=2-T7t
{y=1+5t
b) ¢=
c) 9x+16y—17z+17=0

b) 3?+ 3;'+ 4k

¢) x=p+1,y=3,z=3p-2
(Answers will vary.)

a) P(-1,2,1)

b) (7,-3,-5)
7x -3y —-5z+18=0

c) 1.98 units

a) 42°

b) £=y—;tz—§
2 1 -5

c) OB=i+4j+2k

(6,-1,3)
x=1+6t,y=—t,z=2-3t
H(-5,1,5)

5

fl=§

Answer Key 505
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Chapter Seven
Matrices and Linear
Transformations

7.1 Exercises, page 294
1. A2x4
B3 Xx2
C4x1
2. a) a,=3,a,=1,a,=5,
a;; =8
b) a;3=0,a;,,=0
3. a) x=4,y=2,w=0,z=3
b) x=3,y=-2,w=8,z=8
4. a) x=1,y=9,w=5,z=1
b) a=16,b=-3,c=0,

=-12
c) a=17,b=—3,c=§,
3 3
d=-29
d) x=3,y=2,z2=0
5. a) -2 3
L 1 1]
b) -15 0
L 9 ol
[-17 —3]
c)
L 10 1
d) 4 12
L-2 5.
%f ~18
e)
Y 2
| 2
f) 18 24]
-10 10
g) [ 18 24]
-10 10
-30 0

h)

\.lu»—
o ®
o o

i)

—
o
(=4

b)

c)

d)

7. x=2,y=5
contradicts
x—-y=4

8. Answers will vary.

7.2 Exercises, page 301

1. F, G, T:yes
H, R, S: no

5. a) x=-—
b) x =
c) x=y=0
d) x=1%3,y==%]1,
z

can have any value
6. X’+y'=0=>x=y=0

contradicts
3x+5y=-1

el
[

M;=[11]
-2

10.

> [52]

» [17]

o [ec]

o [ 5]

0 M(Nv) + N(Mv)
ey
b) M7=[i]
o uj-[]]
so MO0 =0

Mi = first column of M
Mj = second column of M

a) A_;o= [1;]

o[ ]

b)

2

For example,

a) A(0,1) B(1,3)

b) A’(5,0) B'(12,2)
2 10

) y="x-°

7 7
d) L



12.

a)
b)

C(=2,3)
A'(-5,3)
B'(2,12)

C'(7,9)

0'(0,0)

a parallelogram

<)

7.3 Exercises, pages 306-307

2.

a)

b)

c)

5.

I leaves plane unchanged

0,,, maps plane to O

(3 0
a) 0 ]
L0 3
b) 1 o]
[0 -1
[0 1
9 0]
d) -1 o]
[ 0 -1
e) 0 o]
[0 1
[0 -1
f
» [97)
Ve Q
R Q
=2 |,
[o) X
y y
R Q Q'
| 1p A
o] P «x o|p P x
Rl |
y f) y
R Q R Q
e - i
[e] R x ’ X

same transformation

6. A: projection onto y-axis

8.
9.

B: dilation x %

C: shear||x-axis of factor 3

D: dilatation x —2

E: stretch|| x-axis of factor 4
F: shear||y-axis of factor 4

G: maps to liney = x

H: dilatation X —3 and

reflection in y = x
I: identity

J: projection onto x-axis and

reflection in y-axis

a
y F y
A o
Q1A
R Q
o|FFP x rRlL.Q
P
B Y G Y
Rl_a P
rEt o RQ
O P x Rlo P
H y
R——lO
R o P x
Q' P
1 y
R'H_]OO’
of ppP
y E J y
RIR' Q Q' R Q
ol ~F P X Ol
B
o
a) (1,0) > (1,0)

(a,0) - (a,0)

b) remains unchanged

c) (0,1)— (2,1)
(@l)—> (a+2,1)

d) moves 2 to the right

e) (0,b) > (2b,b)
f)

by a factor of 2b
if b < 0: moves to the left, by
a factor of 2b

if b > 0: moves to the right,

Answer Key 507

10. counterclockwise rotation by

11.

b)

c)

d)

30°, about 0 };/\O'O
o
(o] P x
a) 5 0]
[0 1
1,
b) | 4
o 1
| 4
2 0]
c)
L0 3
11
2 2
d)
11
2 2
L
1 -1
[
o 7l
-
1 0
f
NHN
g) [-4 o]
L 0 4
y e) y
il Q@  RAQa
Ale 1 R
o[ P P’ o[ PP x
4 n oy
R Q
Rl_a P
o[ PP x
R'R Q
y olP P «x
R’ Q'
a)
" Yo
R Q Q R
-
of PP x
RL_Q
1«
y P’ ol P
Rl_QQ'
Fn"/z :P’
ol P X
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7.3 Exercises, pages 306-307,

continued
[cos 45° —sin 45"]
sin 45°  cos 45°
11
V2o 2
11
V2 V2

14. a) slope AB =slope DC = —%

AB||DC

c) slopeA’B’ =slopeD'C’ = 1—53

A'B'||D'C’

15. a) direction vectors collinear

Y

10

L

by | ‘1]

HHEH

c¢) new direction vectors

8] and[ _8]
L10 -10

1r

WNWN W
|
-
[ —

T
X

16.

1.

3.

a)

b)

a)

b)

a)
b)
<)
d)
e)
f)
a)
b)

c)
b)

b)

dilatated by k
o
R Q
° e
ol P

HERRE

c) entire plane dilatated by k

R
0]

L]-[ara]-]

c) entire plane mapped to line

y=3x

7.4 Exercises, pages 313-314

[0.77 —0.64]
L0.64 0.77
[0.17 —0.98]
098 0.17
[0 —1]
L1 0
[-0.34 —0.94]
[ 0.94 -0.34
[-0.94 0.34]
| -0.34 -0.94
[ 0.95 0.31]
[ -0.31 0.95

[0.77 0.64]
L0.64 -0.77
K 1]

L1 0

[-0.94 —0.34]
|-0.34 0.94
det(la)) =1
det(2a)) = -1
det(le)) =1
det(2¢)) = ~1

10.

1 1
Tl o
| V2 V2
1.3
b) 2 2
Vi1
2 2
1B
<) 2 2
Vi1
2 2
= N 0 =
a) V2o 2
1 1
| V2 V2
13
b) 2 2
Vi1
2 2
1.3
) 2 2
IER—
2 2
13
2 2
R3p0 = =R_¢0
31
2 2
143
M;, = 2 2 =My
Vi o1
2 2
det() = 1
same area and orientation
det(0,;) = 0
zero area, orientation not
defined
det. a.s.f. orientation
A 0 0 undefined
B 0.25 0.25 same
C 1 1 same
D 4 4 same
E 4 4 same
F 1 1 same
G 0 0 undefined
H -9 9 reversed
I 1 1 same
J 0 0 undefined




11.

12.

13.

14.

15.

17.

a) k=4
b) k=1
3
C) k= i
det(S) =1
same area and orientation
det(M) =0
area zero

18. K:rotation through 37°
L: rotation through - 60° (or
300°)
M: reflection in line
1
= |tan —9)x,
v ( 2
where 6=-37°
that is, liney = —%x

N: rotation through 67° + 180°,
that is, 247°

7.5 Exercises, page 318

Answer Key 509

a)
b)

<)
d)

b)

c)

b)

<)

3

0'(0,0)

P'(-12,15)

Q'(6,-4)

21

OPQ and O'P’'Q’ have reverse
orientation

0P.0Q=0

0P .0Q =-132
¥P'O'Q = 162°
no

cos(9=é,sin0=%

I

Vb wIlw wulh wijw W

I
1

VW vk wiw W

|

1. A,G
2. B =2 0]
[0 2
C_1='1 —3]
LO 1
1,
D! = 2
o -1
| 2
1
E' = 4
[ 0 1
ol o]
-4 1
o -1
H'=
1,
3
r‘=[1 0]
0 1
J-l=[ cos 30° sin 30"]
—sin 30° cos 30°
4 3
K= 5 5
304
5 5
L-'=i[4 —3]
2503 4

L
-1
F YIrm Q
X
RAS
Q P _37° P
P o X
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7.5 Exercises, page 318,

continued
4. . .
a.s.f orientation
B! 4 same
c! 1 same
. 1
D Z same
-1 1
E Z same
F! 1 same
1
H' Py reversed
r' 1 same
J! 1 same
K! 1 same
. 1
25 same
5. a) JandK
_ 6 sin0
b) R 1:[ cos ]
) Ro —sin 6 cos 6
the transpose of R
6. a) R= [cos 0 -sin 0]
sinf cos 0
~ 6 sinf
b) R'= [ cos ]=
) —sin 0 cos 0
[cos(—ﬂ) —sin(—O)]
sin(-0)  cos(-6)
7. k=2
2
8. I''=1
9. §'= [1 _2]
0 1
horizontal shear of factor —2
10. a) M =[ 3 ‘“’]
-2 7
b) n{‘=[13]
4
c) MY = [_1]
2
11. a) M'= i[ 2 1]
17L-5 6
b) Mv= [‘8]
-1
c) MY = [_1]
2
13. 1
5o [ 23]
12x — 4y 4a
b) y=4x

c¢) mno,det(S)=0

7.6 Exercises, pages 324~325

L. LM=[14 12
32 25
o[}
26 38
w-[2 7
10 15
NL:[ZI 32
-2 4]
MN:[zs 20]
16 25
NM=[49 29]
-8 2
2. a) AG
b) I
c) B
d) ¢
e) J K
f) CLJK
3. a) IB=B,IC=CIK=K
4. a) CE=[4 3]
0 1
EC=[4 12]
0 1

b) CE: stretch, then shear
EC: shear, then stretch

y

RLQ R &
—_—

olr F x

y

RLQ R_Q
al =
o|lpP P X

c) 4, for both

5. a) BJ=
1 cos 30° - sin 30°
2 2
Lsin3oe  Lcos3o
2 2
=JB

b) rotation then dilatation =
dilatation then rotation

JK=[0 _1]=KJ
1 o

b) rotation 30° then rotation 60° =
rotation 60° then rotation 30° =

rotation 90°

10.

a)

b)
a)

b)

a)

b)

a)

b)

<)

k=[]
sin 60° cos 60
KA - [o —sin 60:]
0  cos 60
0, for both; both singular
P=1
A*=A
identity then identity =
identity
projection to y-axis then
projection to y-axis =
projection to y-axis

0
B’=

S b

1

o [16 0]
0 16
B*: dilatation X i

E%: stretch X 16

y

Rl Q Q'
AR

(@]

P P X

y
R,’_.‘, P Q
o|rP P x
1 V3
J= 2 2
Bl
2 2
p[0 —1]
1 o0
goo[-1 0]
L 0 -1

rotation 30° then rotation 30° =
rotation 60°

rotation 30°, then 30°, then 30° =
rotation 90°

rotation 30°, six times, =
rotation 180°

M"=|: 3 —s]
-1 2

MM'=M'M=

1 0
=1,
[0 1] 2x2

M and M™' commute.
Their product is
the 2 x 2 identity matrix.



14.

15.

16.

17.

18.

19.

20.

21.

22.

AB=BA=1
1 0 0
AB=BA=|0 1 0 |=Dhs
0 0 1

KL = [ap +br aq+ bs]

cp+dr cq+ds
LM:[PW+‘IY pX+qZ]

rw+sy rx+sz
(KL)M =
[apw +brw +aqy + bsy apx + brx + aqz + bsz]

cpw +drw + cqy +dsy  cpx + drx + cqz + dsz

= K(LM)
det(K) =ad - bc
det(L) =ps—gqr
det(KL) = adps — adqr —

beps + beqr
= (ad — bc)(ps — qr)

1 d -b
k'=—L ]
a) ad — bc[

w7 )

(rotation 180°)

M,=[ 0 1]
-1 0

(rotation 270°)
M =1
(rotation 360°)
a) back to original
b) T*=1I
a) rotation through 20
cos 20 _gin 20
b) R*=| . =
[sln 20 cos 20]
cos’ 0 ~sin* 0 _2 gin 0 cos 6
[ 2sin 0 cos 0 cos? O — sin? 0]

23.

2. B'A'=A"'B"'=

(ana--2)
3

Answer Key

a) P:rotation through @ = -53°

Q: rotation through a = 53°

(ana-2)
3

b) PQ=1I
c) P'=QQ'=pP

24. a) AB=[7 3]BA=[1
4 2 3

b) A= [_3 ‘5]

12
B_1=1[ 1 1]
2l-1 1
c) A'B'= 4 -1
BER
22
ig- 24
d) (A"'B')(4B) =
) )(AB) 17
2

(A"'B)(BA) =1
e) (A'B")'=BA

7.7 Exercises, pages 331-332

1. a) L“=[_2 ‘3]

1 2
w-[} 1]
b =[] 7]

o[ ]
w3 7]
o w3 7]
d) MM 'L =1
IMY(L'M™") +1
1

- 0
2

o !
2
reflection in x-axis then
dilatation X 2 =
dilatation X 2 then
reflection in x-axis

5N
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7.7 Exercises, pages 331-332,
continued

3.

10.

7
a) x=4,y= 2
b) no solution
2k—-4
7

c) x=ky=

d) none
e) x=k,y=u

4
3 3
f X=—"—,y="=
) 17y 17

a) (only possible)x=4,y= %

a) none

b) [2kk— 4]
2 [

d) none

.
[ bri]-[a]

a) L+M=[p+w q+x]
r+y s+z

KL - [ap +br aq+ bs]
cp+dr cq+ds
M___[aw+by ax+bz]
aw+dy cx+dz
K(L+M) =

[ap+br+aw+by aq + bs + ax + bz
p+dr+cw+dy cq+ds+cx+dz

LK:[pa+qc pb+qd]
ra+sc rb+sd
MK:[wa+xc wb+xd]

ya+z yb+zd
(L + M)K =

[pa+qc+wa+xc pb + qd + wb + xd
ratsc+ya+z rb+sd+yb+zd

o [0
0 0
b) no; a) is a counterexample
a) PQ=RQ= (PQQ"'=
(RQ)Q™
=PQQ") =
R(QQ™)
= P=R
b) If det(Q) = 0, P does not
have to equal R.

no, in general

11.

12.

13.

14.

18.

19.

,x,yeER, y+0

y
a) AIl-A)=I=1-A=A"
b) A’=A%A=(A - I)(4)
=A’-A
=-I
c) p=2,9g=-1

a) =[2a+4b 5b+a]
4a + 20b 19b + 5a
=QP
0 1
b) Q_[4 3]
a) =[c050 —sin()]
sinf cos @

u-[7 ]
1 0
b) RM = MR = sin 0 = —sin 6
=2sinf0=0
= 0 €{0°,180°)
b) x=99,y=-52,z=-36

c) y=%x,andy=-—x

In Search of, page 335

1.

oM AW

a) 5,-1
b) [l]and[ 2]
1 -1
c) y=xandy=—%x
a) 3
1
» ]
c) y=-x
a) i
b) none
c) none

b) a=bandh=0

a) sveu=su-v

b) pu-v=gqv-u
c) Sincep*gq,u-v=0

Inventory, page 338
1.

4

pxq

nn

6;3;2

Tu + Tv; k(Tv)
the origin



10.
11.
12.
13.

14.
15.
16.
17.
18.

Review Exercises, pages 339-341

1.

parallelism

by M;

image of j by M

[05 —as]
0.8 0.6

B; A

commutative

N

q=r;pxs
det(M) + 0;

1 [ d —b]
detM)L— a
det(M) =0
reversed

singular transformation
det(M)
det(M) > 0; det(M) < 0

» [ 7]

b) [18 o]
-6 -9
[—1 15]
c)
12 3
d) [12 2]
-4 4
-19 7]
e)
18 -28
n 1
f) 2 2
-3 2
) 24 —6]
£ |-22 39
h) -8 —24]
-16 0
i) [ -8 -24]
-16 0
a) 2 0
2,
| 3
b) 2 6]
4 0
[-4 4]
c)
L 6 -7
3 3
4 4
d
: 13
| 2 2

a)

b)

|
—
<
J—

o

N

1
1
c
) 0]
d) 1 o]
LO O
(0 1
e
A
y d y
a R Q )
Rl_Q
il 1ok gl lp
o[P  Px o[ Py
b)) ¥ e) ¥ _
R'|R Pl o
oo e
P O| P X O PR' X
c) y
R Q
ol [ x
Pl

Answer Key 513

8. A:null transformation

B: stretch||y-axis
of factor 3, and
reflection in x-axis

C: reflection in y = x and
dilatation X 2

D: reflection in origin and
dilatation x 5

E: mapping toy = x

F: counterclockwise rotation of
65° about origin

9.
o PR *x o F *
10. a) a.s.f. orientation
A 0 undefined
B 3 reversed
G 4 reversed
D 25 same
E 0 undefined
F 1 same
b) AandE
¢) B'= ! OT
O
—] 3 -
o 1
Cl= 2
1
| 2
1,
D' = 5
o 1
| 5

- =[ cos 65°  sin 65°]
—sin 65° cos 65°
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Review Exercises, pages 339-341,

continued
11. a) 0 0]
L0 0
b) [ o —10]
L-10 0
[-5 -5
s —s]
-
d) 2 2]
2 2
12. a) 0.64 —o.77]
10.77 0.64
b) -0.57 —o.sz]
| 0.82 -0.57
-1 o
C
[ 2]
13. a) -0.77 0.64]
L 0.64 0.77
b) -0.10 ~0.99]
[-0.99  0.10
(-1 0
C
%0
14. R,;s = R_,35, same rotation

16.

a)

(1.-9)

(-1,-26),

17.

22.

23.

24.

25.

27.

28.

M: rotation through o,

tana=x
X

N: reflection iny = ( tan% a)x,

tanar =Y
x
_[cos 26  sin 26
a) Mo= [sin 20 —cos 20]
1 _[cos20  sin 20]
b) M [sin 20 —cos 26
C) M;l = Mg

2y 2k
(e %D
a) A'=A,B'=B,C'=C
b) Reflections are self-inverses.
a) Plane is brought back to
original status.
b) I

a) AB= [ ! '3]
~-10 -6
BA= [ 8 ]
17 -13
b) det(A)=-3
det(B) = 12
det(AB) = —36 = det(BA)
no, for example

5 oalb al-[o o
[‘: fil[i ol-La o]

b) no (sometimes many,
sometimes none)

[ 0 bt]
-t 0
1

I
4-4pl-a 2
p=1

€) p=-2,4=-1
d) p=-lorp=3
a) sketch not provided

b) i=33 ,-16

o e

|BA| = V17,|BC| = =
e) A'(3,-4) B'(-2,5)

(2) (27
2 2

=-2

3V17

29. ¢

30. [7
0

31.

a)
d)

e)

]

0'(0,0) A’(1,2) B'(4,3)
c'(3,1)

shear with invariant line

y = 2x; of factor 1

image of A under T™": (1,2)
image of C under T™": (1,-3)
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Chapter Eight 3. a) y b) y
Transformations of Conics \2-/
i X —_T 1T
8.1 Exercises, page 348 4 2
1. a) y 1T
1
b)
_ / 0 \]
2
X -1 T
b) % / \2
y_
2

d)

<)

d)

>
GE; c)

= 0

d) Y
- e)
M
T X . b X f)
e) 1
-1 : X
i X
2. Circles as follows g=f=0foreach
centre radius
a) (0,0) 4 al| b c
g=f=0foreach
b) (0,0) 3 f a) 9|-16|-144
c) (0,0 2 a|b| ¢ b) 9|-16| 144
d) (0,0) Vs a) 9| 16|-144 c) 4 1 4
e) (0,0) 2 b) 25| 4|-100 d) -8| 2 8
f) (0,0) V2 c) 4| 25|-100 e) -1 1| 9
g=f=0 for each d) -4 -9| 36 f) 3| -5 -30
e) -32(-18| 144
alb]c f) -2| -3| 18
a) 1| 1]{-16
b) 1| 1| -9
c) 4| 4|-16
d) 3| 3|-15
e) -2|-2 8
f) -5|-5| 10
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8.1 Exercises, page 348, alvlelgl £ 2. a) 25x*+9y*—150x - 18y+9=0
continued b)
Y
5. 1
a) , a) 1/olofo|—; 3
: b alofofo -1 X
] ) 2
" 1
c) 3{olojo|
10X 2
d) -1{ofofof 1
: o _|alp| ¢ |5y
b) e) ol4alol=]| o
y 2 25/9(-225| 0| 0,ab>0
1 1 E’'|25 9|-75|-9, 0
| f) olslolo - 9 5 ab >
1: 3. a) 9x*+16y* —54x - 192y +513=0
6. a) circle Y]
1 X b) hyperbola

c) parabola

c) d) hyperbola E 47
— Y — e) circle <
M\ f) ellipse 12

E g) hyperbola
] h) parabola

circles .a’b\ c lg ‘ f
a) (0,0),5
e) (0,0)' 4 E |9 -144 0 0,ab>0
d) . E'|9|16| 513|-27|-96,ab>0
ellipses
f) (0,0), (+3,0), x-axis
g) (0,0), (0,£4), y-axis b) x*+4y*+2x-56y +181=0
hyperbolas
b) (0,0), (£3,0), x-axis
d) (0,0), (0,£2), y-axis
e) parabolas
c) (0,0), (positive) y-axis
h) (0,0), (negative) x-axis \j'—’/
7. a) ellipse
b) hyperbola
c) parabola a c ’ g \ f
d) circle E|1|4f-16 0| 0,ab>0
) :)) gs;‘gz:a E'|1|4181] 1 |-28,ab>0
g) ellipse
h) circle c) 8x*+200y* + 48x + 800y — 728 =0
i) hyperbola
j) ellipse y
8.2 Exercises, pages 354-355 E 4
1. a) (6,11) ‘T\Jl\l«—ﬂu_u/\/v X
b) (-3,11) 1
c) (5-2)
d) (0,0)
Ia [o] e sl
8/200{-1600| O 0,ab>0
E'|8(200| —728(24(400,ab>0




d) 4x*+9y*—32x-90y+253=0

o
E
lafe] e | o] s
E |4|9]-36| 0 | 0,ab>0
E'|4|9|253(-16|-45,ab> 0

4. a) X -16*+6x+64y—71=0

b)

y

/

—
17—

la| & | ¢ |o] s
H|1|-16|-16|0| 0,ab<0
H |1{-16|-71|3|32,ab<0

5. a) 9x*—16y*+ 54x+ 160y + 463 =0

y
>H\-
]
H
2-
/'

v
<

| o [ e |s]7s
H |9 -16'44«‘ 0| 0,ab<0
H'|9|-16 46327|80,ab <0

b) x*—4y*-2x+56y—179=0

/N

le| o] e |s]s

H
7%

1
1

-4
-4

-16

-179

0
-1

0,ab<0
28,ab<0

c) 8x*—-50y*+ 48x — 200y — 928 =0

la| o | < |s] s

H
H

8
8

=50
=50

-800
-928

0
24

0,ab<0
-100,ab<0

d) xX*-y*'-8x-6y—-29=0

6. a)
b)

|

y|f

H
H

-36
-29

0| 0,ab<0
-4(-3,ab<0

4x* - 24x-y+37=0

y

Answer Key 517

lalol el s | s
P |4]o| o 0—%,ab=0
) 1
P'|4]0[37|-12| =5, ab=0

a) xX*+2x—-y+7=0
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8.2 Exercises, pages 354-355,
continued

d) 4x*+8x+y+1=0

8. a) X*+y*+6x—-2y-15=0

b)

0,ab>0
-1,ab>0

X+y'—6x+2y—134=0
C: centre (0,0) radius 12
C’: centre (3,~-1) radius 12

lalp] ¢ |a]s

1{1|-144| 0|0,ab>0
1{1|-134|-3|1,ab>0

C
c

X+y'+10x+4y+4=0
C: centre (0,0) radius 5
C': centre (-5,-2) radius 5

d)

11. a)
b)
<)

12. a)

b)

<)

8x* + 8y —48x+ 32y +88=0
C: centre (0,0) radius V2
C': centre (3,~2) radius V2

b| ¢ g\|f

c|8/8(-16/ O| O0,ab>0
C'|8| 8| 88(-24(16,ab>0

—4x* — 4y’ + 32x + 40y — 148 =0

C: centre (0,0) radius 2

C’: centre (4,5) radius 2
[alo] c [o]s

-4|-4 16| 0

—-4|-4(-148|16

4x*-y=0

parabola

C
c

Vel o

X*+yt—-25=0

C’: circle centre (0,0)
radius 5

C: circle centre (-2,-3)
radius 5

2x*+y=0
parabola

9x* +4y* ~144=0
ellipse

0,ab>0
20,ab>0

14.

15.
17.

18.

d) ax*-y*-4=0
hyperbola

)

a) 2x-y=0,2x+y=0
b) 4x*—y*—40x+4y +96=0
)

| <

d) two lines, rather than a
circle, ellipse, parabola, or
hyperbola

a) ax’+ by* — 2ahx + 2bky
+ah* +bk* +1t=0

*xy) = (x+2,y+3)

b) (hk)

c) 2a;2b(ifa>b)
2b; 2a (if b > a)

(x—h? (y-k>*_
a) Z b =1

b) y-k=akx-h)

8.3 Exercises, page 360

1.

ellipse: a) e)
circle: d)
hyperbola: b) f)
parabola: c)

a) ellipse
b) xy)—=> (x+1y-3)
c) 4x*+y*=4
d) y
c




3. a) hyperbola

xy)—>(x-1y+1)
4x* - 9y* =36

y

T

b) circle

<)

(xy) > (x-3,y+5)

X +y* =36

C: circle centre (3,-5)
radius 6

C’: circle centre (0,0)
radius 6

ellipse
xy) > (x-6y+4)
4x* + 25y* = 100

d) parabola
xy)—> (x+4y-1)
x*-16y=0

e)

ellipse
(xy) > (x+ 1,y =3)
Ixt+y'=9

f) hyperbola
xy)—> (x+1y+2)
4’ - 4y*=-25

g) circle
xy)—=> (x+2,y+3)
2x* + 2y =25
C: circle centre (-2,-3)

radius 25
2

C’: circle centre (0,0)

radius 25
2

h) parabola
xy) > (x -8y - 6)
Y +4x=0

4. a) (xy)—=>(x-1ly+2)

b) 4x*-y*=0;
2x-y=0,2x+y=0

c) 2x+y=0,2x-y-4=0

d) ab <0, but graph is two
lines

b) #+f<c

c) F+f=c

a) parabola

8.4 Exercises, page 364

1.

a) [46 52]

v 3]

a) Tx*+16xy+9y* =k
b) 6x*-y*=k

c) 4x*—10xy+2y*=k
d) -2x*-8xy+ 3y =k

e)
f)

b)
<)
d)
e)

f)

. a)

b)
<)
d)
e)

f)

. a)

b)

<)

. a)

<)

Answer Key 519

12x* + 20xy + 2y* =k
—2x*+ 18xy + y =k

(4 3
4 5], B3]

2 S

L
_—:.5 :;5] 18]

k —1(1)]' ]

0
1 -0.5
’ ] B3]

-0.5

ot 3o

o2 4

A3 o]
s
Y

1 -05]x]|_
kvl s o [y]-m

-

—

(11 4]
19 8

(11 19]
L 4 8

[2 4] [1 3] [11 19]
13 5)[2 ol 4 s

(AB)‘=B‘A‘=[ 3 4]

10 17
(AB)'=B'A' = [_15 ‘2]
-8 8
(AB)'=B'A' = [14 8]
21 8
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8.4 Exercises, page 364,

continued
8. a) [0.87 —0.50]
0.50  0.87
b) 0.94 —0.34]
10.34  0.94
[—0.77 —0.64]
c)
0.64 —0.77
[0 -1
d
2
V3o
9. a) 2 2
1 V3
[ 2 2
1 1
L
2z 2
1 3]
<) 2 2
NERE
10. [3.06 —179]
2.57  6.89
1. a) 2.10 -1.63
12.37  4.83]
b) -0.10 —0.23]
| 5.83  3.60
[~ =
33 1 V35
12. a) 2 2 2 2
3+ﬁ 1+5_\/§
| 2 2 2 2 |
5,33 3_5
b) 2 2 2
5V3,3 33,
2 2 2 |

13. b) RR=R'R=1

8.5 Exercises, page 369

o)

1

0
1

-1

1oa) ]
|

8 -13
3 3.3

|

x
y

]=[41

c) 1.8x*—2.6xy+3.3y'=4

d)

T

y
E £
71| 3 30°
™ T - \I T

X

2. a) 2.5x"+3xy+2.5*=16

b)

b) 22.5x* - 13.5xy + 6.5y* = 100
2

7\\

c) 18.4x* — 15.8xy + 15.6y* = 200
vy
4 -40°

[

5., 5,

=x"+3xy+=y' =16
) 3 v+

See 2b) for sketch.

b) 3x*-4V3xy+ 72 =9
See 3a) for sketch.

c) %xz+\/§xy+§y2=4
See 3d) for sketch.

6. a) 6.5x*+8.6xy — 1.5y’ =9
b)

7. a) -0.3x*+4.3xy — 2.8y’ =-4

b) -14.8x* — 35.5xy + 5.8y* = 400

c) -0.2x* —2.0xy + 0.2y* = -1




d)

b)

<)

10. a)
b)
<)

12. a)

c)

13. a)
b)
<)

-2x* + 3.5xy = -3

13 , 3.,
Zx+5V3xy ~ 2y =9
2 Ty

See 6b) for sketch.
—%xl - ——‘“\/Sxy +23
See 7b) for sketch.
—2x* + 2V3xy = 3
See 7d) for sketch.

9x* + 4y* = 36
-9x*+y'=9

X+ 4y* =16

ellipse

9x? + 25y* = 225

? =400
4Y

R

hyperbola
2% — 27 = -1

T

X

14. Sincef+ O0andg + 0, the
equation cannot be written
ax* + 2hxy + by* = k

8.6 Exercises, page 378

1. a)
b)
2. a)

ellipse
67.5°

hyperbola, 13.3°

a)

b)

ellipse, 45°
ellipse, —38.0°
hyperbola, —41.8°
hyperbola, 39.2°
ellipse, 35.8°

ellipse

45°

X*+ayt=4
Iz
2_

S, A N
gg.{—45° :

ellipse, —20°
4x* + 9y* =36

hyperbola, 30.0°
16x* -y = -5

xz-y2=—l

d)

Answer Key 521

ellipse, 20.1°
25x% + 4y* = 100

hyperbola, 30.0°
3x*-y*=3

ellipse, 40.0°
25x% + 9% = 200

ellipse
45°
9x* + 25y% = 225
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8.6 Exercises, page 378,
continued

6. a) hyperbola 30°
X2 — yz =1

b) ellipse, 45°
4x* +9y* =4

c) ellipse, —60°
X +3y2=18

8. a) ellipse
b) 45°

c) 4x*+9y*+16x+18y=0

d) (xy)=> x+2y+1)
A +9y*=25
e) f) g)

9.

10.
11.

a) ellipse

b) 45°

c) 4x*+y*+8x-4y+4=0

d) (xy)—>&+1y-2)
4x*+y* =4

e) f) g)

same answers as 9

100 REMPROGRAM TO
ELIMINATE XY

TERM FROM AXA2+2XY+BY A2=K
110 PRINT "STATE THE VALUE

OF A"
120 INPUTA

130 PRINT "STATE VALUE OF

H"
140 INPUTH

150 PRINT "STATE VALUE OF

B"
1.0 INPUTB

170 PRINT "STATE VALUE OF

Kﬂ
180 INPUTK

184 IF A< >BTHENGOTO 190

185 IF A=BGOTO 18k
186k T=3.1415925/4
188 GOTO 200

190 T=0.5%ATN
(2%H/(B-A))

200 PRINT "ANGLE OF
ROTATION IS
"T*180/3. 141.582L5"
DEGREES™

210 Al=(A+B)/2+(A-B)/2*

COS(2*T)-H* SIN(2*T)

220 Bl=(A+B)/2-(A-B)/2*

COS(2XT)+H* SIN(2*T)

230 HL=(A-B)/2* SIN(2*T)

+HX COS(2*T)
240 PRINT "H="H1

250 PRINT "AN EQUATION OF

THE CONIC IN STANDARD
POSITION IS"

b0 PRINT
AL"XA2+"B1"YA2="K
2?0 STOP

whwNh

11.

12.

13.

14.

15.

Inventory, page 381
1.

circle; centre; radius

ellipse; centre; +2; +3
hyperbola; centre; +2; not real
hyperbola; centre; not real; +3
parabola; vertex;

(positive) y-axis

parabola; vertex;

(positive) x-axis

translation; square; 6x; 9x*
3;9

(x-2y-3)

ab — h*; greater than;

ab — h*; less than

rotation; xy

20; %; not equal to;

equals; 135°
[cos @ —sin 0]
Lsin@ cos @

[ cos 6 sin 9]
[ —sin @ cos 6

w8 2

[cos 20° —sin 20"] [5 3]
[sin 20° cos20°)' |3 7

’




Review Exercises, pages 382-383
1. a) circle centre (0,0) radius 2

b) ¥
o
N T T T | 1I L T T IX
c)
——
d)
—
e)
T T |X
f) 1y
1
N T T l— ; T T T ‘X

g) circle centre (0,0) radius ;

h)

b)

<)

b)
c)
d)
e)

+y'+4x-6y-3=0

C: circle centre (0,0) radius 4
C': circle centre (-2,3) radius 4
4 +24x -y +34=0

y]
P 1/P
1 -
U Ivl T ] ; T T T T X
hyperbola
circle
parabola
ellipse

hyperbola

Answer Key 523

5. a) ellipse
b) xy)—=>(x+4y-1)
c) xX*+8y’=15
d) yj
C ]
S =
AN I-vt-—é/l LR
6. a) circle
xy) —> (x+3,y+6)
x*+yt =47
C: circle centre (—3,—6)
radius V47
C’: circle centre (0,0)
radius V47
b) parabola
xy) > (x—6,y — 8)
X +4y=0
1 e
T T 2I T T L T X
c) hyperbola
xy)—=>(x-1y+1)
9x> — 4y = 36
Y4 c
. Cc
4_
R B T T | 2 T T T IX
d) ellipse
xy)—> (x+1,y-5)
@ +y' =16
y




e) hyperbola
*xy)—> (x+2,y+1)

4x* — 4y* = -1
v
2 c
c \>Z
‘ﬁ]x T é T T IX
f) ellipse

xy) > (x-2y-4)
x* + 25y* = 400

vy
c
4] 4
X
o

g) parabola
xy) = (x+5,y+2)
y*—-8x=0

y—/
/A
A
.
h) circle \

x,y) > (x—4,y +3)
X +y =26

C: circle centre (4,-3)
radius V26

C’: circle centre (0,0)

radius V26

_[5 -31._
a) M—__3 4],K—[7]

3 -3
3 3)x-m

<) M=[2 1.5]}K=[9]

b) M=

_1.5 -1
a) m=|3 _1],K=[8]

e) M=

f)y M= [_5 ‘2],K= [13]

8. [x yl M["] =K,
y
using M, K from question 7.
9. a) 4x* —6xy+9y*=k
b) 4ax*-y*=k
c) -7x*—8xy+3y*=k
d) 17x*+20xy + 7y* =k

10. a) [: _;]
» 7]

v [

12. a) [x y][9 °]B]=[36]

13. a) 2.8x*—3.0xy +2.2y*=9

b) -8.6x* — 4.4xy + 3.6y* = 36

14.

15.

17.

18.

<)

d)

a)

b)
a)
b)
a)
b)
a)
b)
c)
d)
e)
f)
a)
b)
<)

1.9x* — 5.1xy — 8.0y* = 36

E
[V 200
E

IS

3.5xy + 2y* =

H Y

31, sJ_
4

See sketch for 12d)

The circle maps to itself.
no

——xy + =36
y 4Y

ellipse

13.3°
hyperbola, -
ellipse, 22.5°
ellipse, —22.5°
ellipse, 45°
hyperbola, —41.4°
ellipse, 18.4°
ellipse

45°

x>+ 16y* =16




20. a) ellipse, 45°

I +yt=4

4C

1
uiy T T
"4 -45°

b) hyperbola, 30.0°
.9y = 600

149.9x* — 49

c¢) hyperbola, 2

9.9°

39.9x* - 39.9y* = 40

d) ellipse, —20.4°

26.8x* + 53.2y* = 360

e) ellipse, —-18.4°

3x+2y0 =1

f) ellipse, 33.7°
2t +y*=5
Y4

T

g) hyperbola, 45°
—4.0x* + 14y* = 26

h) ellipse, 26.6°
x>+ 5y*=10

c

i) ellipse, 33.7°
3x + 5y =15

{0 s

N\
~.\l.. L
A ) -33.7°

j) hyperbola, 26.6°

x*-3y'=-6

-26.6°

No—

21.

22.

k) hyperbola, 36.9°
3% - 2% =6

1)

a)
b)

a)
b)
c)
d)

Answer Key 525

ellipse, 45°
3x* + 5y* =15

See answer 19.
See answer 4b,
8.6 Exercises.
45°

yr=2x
parabola
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Chapter Nine
Mathematical Induction

9.1 Exercises pages 390-391
1
on
2. a) 2™ -2

b) 2"-1
3. a) 1,3,6,10

b) 2,3,4,5

nn+1

<)

1.

c) 1-—

6. a) 3
b) 4
c) 5
d) 6
e) n+1

7. a)

b) (n+1)*
8. a) 2,8,20,40
b) allneN
9. allneN
10. a) all
b) all
c) all
d) all
e) evenneW
f) evenneW
11. n>4
12. a) n>7
b) n=2
c) alln
13. a) 1,936,100, 225, 441,784
b) 1,3,6,10,15,21,28
<) [n!n+12:|2
2
14. a) 3
b) 6
c) 10
d) nn—1)
15. a) 2
b) 5
c) 9

d) ngnz— 3)

16. a) 4
b) 7
c) 11
2
d) n+n+2
2

9.2 Exercises, page 395

1. Step 1Show the statement is true
forn=1.

Step 2Assume the statement is
true for n = k.

Step 3Prove the statement is true
forn =k + 1, using result
of step 2.
5. a) 43,47,53,61
b) 41°+41+41=
41(41+1+1) =41x 43
c) steps2and 3
6. a) stepl
b) no

9.3 Exercises, page 398
No answers provided.

9.4 Exercises, page 405

1. a)
11
121
1331
14641
15101051
1615201561
172135352171
18 28 56 70 56 28 8 1

b) 24,720

c) 35

d) 1,5,10,10,5,1

2. a) C(4,0)a*x° + C4,1)a’x" +
C(4,2)a*x* + C(4,3)a'x> +
C(4,4)a’x*

b) C(5,0)a’x" + C(5,1)a*x" +
C(5,2)a’x* + C(5,3)a*s* +
C(5,4)a'x* + C(5,5)a’% +

c) C(6,0)a’x" + C(6,1)a’x* +
C(6,2)a’x* + C(6,3)a’x> +
C(6,4)a’x* + C(6,5)a'x’ +
C(6,6)a’"

d) C(7,0)a’x" + C(7,1)a’" +
C(7,2)a’x* + C(7,3)a*x> +
C(7,4)a’x* + C(7,5)a*s* +
C(7,6)a'x® + C(7,7)a’’

e)

f)

a)
b)

<)
d)

e)

f)

a)

b)

<)

C(8,0)a*x° + C(8,1)a’x" +
C(8,2)a’x* + C(8,3)a’x’> +
C(8,4)a*x" + C(8,5)a’x” +
C(8,6)a’x® + C(8,7)a'x” +
C(8,8)a%*

C(9,0)a’x° + C(9,1)a’x" +
C(9,2)a’x* + C(9,3)a’s* +
C(9,4)a’x* + C(9,5)a’x’ +
C(9,6)a’x® + C(9,7)a*x” +
C(9,8)a'x® + C(9,9)a’%’

a* + 4a’x + 6a*x* + dax® + x*
@+ 5a'x + 102°x* + 10a*® +
Sax* + x°

a®+ 6a’x + 15a*x* + 20a%x* +
15a°* + 6ax® + x*

a’ +7a° + 21a°x* + 35a% +
354°x* + 21 + 7ax® + x7
a®+ 8a’x + 28a°%* + 56a°x> +
70a’x* + 56a’x® + 28a%° +
8ax” + x*

a’ +9a®x + 36a’x + 84a°x® +
126a°x* + 126a*x’ + 84a%x® +
36a’x” + 9ax® + x°

a' +4a’y + 6a*y* + 4ay’ + y*
b* — 4b’c + 6b*c* — 4bc® + ¢*
m’ +3m’z+3mz* + 2

32 + 80x + 80x* + 40x° + 10x*
+x°

a®+ 8a’ + 28a° + 564° + 70a*
+56a’+28a+ 8a + 1

81 — 108b + 54b* — 12b° + b*
a*+ 8a’h + 24a’h* + 32ab’ +
16b*

81a* +4324°b + 864a*h* +
768ab’ + 256b*

27 - 54m + 36m* - 8m®
64a® — 2404 + 300a — 125
32x° + 240x*a + 720x°a* +
1080x%a’ + 810xa* + 2434°
1-6m*+15m* — 20m° +
15m® — 6m' + m"
C(40,0)a*p° +

C(40,1)a*b' +

C(40,2)a”p* +

C(40,3)a’’p’?

C(34,0)m*(—k)° +

C(34,1)m> (k)" +
C(34,2)m**(—k)* +

C(34,3)m* (-k)’

€(23,0)32x° +

C(23,1)3%% +

C(23,2)3%%% +

€(23,3)3%%°



11.
14.

d)

e)

f)

a)

b)

a)
b)
c)
4

a)

b)

C(85,0)4%(2a)° + 7.
C(85,1)4%(2a)" +

C(85,2)4%(2a)* +

C(85,3)4%(2a)’ 8.
C(25,0)(2m)>(-31)° +
C(25,1)(2m)*(-31)" +
C(25,2)2m)»(-31)* +
€(25,3)(2m)*(-31)
C(36,0)1%*(b)° +
C(36,1) 1Y) +
C(36,2) (b)) +
C(36,3)1%(b?)’

9.

1.

X +4x*+ 6+ iz + ~1;
x

X - 10+ 20 _ §—?
x

80 32

T T

C(6,k)x””"
6x° 10.
15 13.
15.

1-2x+3x - 4x’

P
2 8 4

Inventory, page 409

1.
2.
3.

1

k; in step 3 prove; k + 1

a)
b)

a)
b)

<)

a)

b)

<)

a)

b)

<)

16.

sometimes 21

sometimes

1;1
1+3+5+...+2k-1);
kl
1+3+5+...+@2k+1);
(k + 1)?

2;2

23.

is a natural number
kK + 3k* + 2k

fig = =2

is a natural number

f(k+l)=(k+1)’+3(k+1)1+2(k+1)

3
is a natural number

Answer Key 527

a) 2'<4!

b) 2*<k!

c) 2" < (k+ 1)

6;

C(5,0)a’x° + C(5,1)a’x' +
C(5,2)a’x* + C(5,3)a*x> +
C(5,4)a'x* + C(5,5)a’x
1,9,36,84,126,84,36,9, 1

Review Exercises, pages 410-411

Step 1Show the statement is true
forn=1.

Step 2Assume the statement is
true for n = k.

Step 3Prove the statement is true
for n = k + 1, using result

of step 2.

n}

step 1

b) nottrueforn=1

a) a*+4a’x + 6a*x* + 4ax’® + x*

b) 243 + 405b + 270b* + 90b° +
15b* + b’

c) 8+ 12X+ 6x*+x°

d) 64k® - 960k’m + 6000k*m*
— 20 000k*m’ + 37 500k*m*
— 37 500km’® + 15 625m°®

not true forn =4

7

i) %n(n+ 1)

fii) %(n +)(n+2)2n+3) -5
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Chapter Ten
Complex Numbers

10.1 Exercises, page 418
1. a) 9+3i

b) 1

c) 17+7i

d) 10

e) -3+4i

f) -3-4i

g) —-4+6i

h) -11-2i

7+5i

7. 4+3))+@4-3)=8
(4 +3i)(4 - 3i)= 25
order does not matter

b 4
8. sum ——; product —
a a

9. a) Oor4i
b) 4ior-i
0 '.(1 + \/E)
2
d) 2iorl-i
10. a) 4,6
b) 0,7
c) 97
d) 26,0
e) 0,2
f) 7-24
11. z+w=(a+c)+i(b+d)
=w+7zZ
= commutative
12. z+w)+u=(@+c+e)
+i(b+d+f)
=z+WwW+u)
= associative
13. zw = (ac — bd) + i(ad + bc)
=wz
= commutative
14. (zw)u = (ace — bde — adf — bcf)
+ i(ade + bce + acf — bdf)
= z(wu)
= associative

15. zw + zu = (ac — bd + ae — bf)
+i(ad — bc + af — be)
=z(w+ u)
= distributive over addition

10.2 Exercises, page 422
1. a) —i
b) 1
c) i
d) -1
e) —i
f) -1
g) 1
h) i
i -1
2. a) 1-4i
b) -2+2i
c) 6i
d) -2+16i
e) 52-8i
3. a) 4-1

b) —+-i
c) 3+7
d) —=+=—i

e) —-——i
f) —+—i

S)E

355 _ 245,
3721 3721
5. c¢) Yes.
4224,

13 13

9 _L_'_i\hlac—bz
o 2a” 2a

= conjugates
10. a) x=17,y=0

h)

8. b)

b) x=—,y=-——

11. a) Re(?)= 7
Im(z) =1
b) Re(z)=-4
Im(z) =0
12. Re(2) =3,Im(z) =3
Re(z?) = 0, Im(z%) = 18
13. 10000

35 3Js5

14. ——+5ior—+7i
2 2

15. cosatisina

10.3 Exercises, page 429

1. a) I

10/

RS
L]

Q|

Al

Q

b) 1-3i
12 + 51
—6i
-4 +i
-3 -2
2. a) |z|=V10
lw|=13
lpl=6
lql=17
lul=v13
b) argz=72°
argw = -23°
argp =90°
arg q = -166°
arg u = 146°
3. a) |zl=V10,|w|=13
b) argz=-72°,argw=23°
c¢) same modulus,
opposite argument,

RIS g NI
]

4. a) impossible

b) lzl<|ul<|ql<|pl<|w|
5. a) z+w=13-2i

b)

c¢) numbers represented by
vectors, as shown



6. a) z+z=2
z-2=6i
72z=10

b)

IfaeR,

|a|=\/?=ia

arga =0°or 180°

a=a

b) Ifbel,

b= V-
arg b = +90°
b=-b

8. |z|=1,|w|=3

9. a)

7. a)

d
i,

b)
<)
d)

10. a)

3+1

! +2i

2

M midpoint of AB,

N divides AB inratio 1:3
L= —\/E +1i

Z;=-1- i\/g

3= \/'5 —i

<)

d)

11. a)

b)

lzl=lzl=lzl=lzl=2
arg z = 60°

arg z, = 150°

arg z, = 240°

arg z; = 330°

rotates counterclockwise
about 0, by 90°
2=-2+2i3

2=-8

<)

12. a)

It is true that

(1 +iV3)’ = -8, but
(-2)’ = -8 also!
lz]=3V2

arg z = 45°

10.4 Exercises, page 433

1. a) 2or-3
b) 1+i
1 .
C —or x1
) 4
d) 00r—2i0r2+2i
a) b) ¢
a) 2-(2+5i)z-4+8i=0
b) Z2-2pz+p*+4' =0
5. a) 2-(+2)Z+(13+7i)z

b)

201 +1)=0
2-2p22+ (PP +q)z=0

7. a) w=1
b
) I
w 1i
o) TR
7 11
8. x=—",y=——
34y 34
9 _ _lac_+bd) _bc—ad,
’ a*+ b a+ b’
yes

11.

12.

13.

14.

15.

16.
17.

Answer Key

3+3\/3+i(1+3\/5)0r
2 2

3—3\/E+1.g1 —23\/52

a)

b)

true in R, but

inC, z = tiw

true in R only;

inC,z=wor

_—w= iwV3
2

4

3or—lor2ti
3 2

real coefficients, so
root2 +i=root2 —i
root -2 +i = root -2 —i

z = r is the only real root.

a)
b)

r=4,s=-5
5
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10.5 Exercises, page 439
1. a) a=2.57+3.06i
b =2.57-3.06i

c=-1.64 + 1.15{

2. d=4+4iV3
e=—i—ii
V2 2
f=-i
I d
17 4
e ",1

r
2
b) |zl=4,argz=0
¢) |zl=17,argz=n

3. a) |z|=3,argz=

d) |z|]=1,argz= —f

4. a) |z]= 3,argZ=—§

b) |z|= 4arg§
c) |z|=17,argz

d) IE|=1,argE=§

5. a) 115°
b) 65°

c) -=—

d) -

6.

11.

12.

13.

14.

s =5(cos 37° + i sin 37°) o) 8(cos 57, isin E)
t=5(cos 117° + i sin 117°) 6 6
u = 5(cos 90° + i sin 90°) d) 2(cos T _isin 1)
v = 2(cos 180° + i sin 180°) 2 2
z=17(cos 152° — i sin 152°) . T
15. a) li|=1,argi==
w=V97(cos 66° — i sin 66°) ) il 8 2
b) length unchanged;
If rotates about origin, by g
) 16. a) arg(z’) =20
qu
N 10.6 Exercises, page 443
12
ST — 1. a) -0.766 — 0.643i
1 2 b) -365-631i
] c) -928 — 433i
W2 » 2. a) 65536
% ° b) 4096
c) -1
V3
d) —E !7
3n
a) ‘/—(°°S 3 Tisin I) 3. a) -0.766 + 0.643i
.. x b) —-0.000 686 + 0.001 19i
b) 2(°°s PR g) ) —0.000 885 +0.000 413
c) 4\/3<cos5 —isin Z) 4. a) L
3 3 2'¢
d) ZJ—(COS—-ISIHE) b) lu
6 2
Oorm c) -1
a) r=5,0=30°o d) _l+,"/_;
b) r=6,0=-32 2 2
n 5. a) -1024
=1,0=-=
©r 8 b) -32i
a) 50(cos 105° + i sin 105°) 6. a) -1
b) 2(cos 37° + i sin 37°) b) 1
¢) L(cos 37° - isin 37) 7. cos4f=
2 cos* 0 — 6 cos? 0 sin® 0 + sin* 0
a) z=141(cos 51° - i sin 51°) sin 40 =

w =V 13(cos 124° + i sin 124°)

b) zw =v533(cos 73° - i sin 73°) 8.

9.

z_ ‘l*—;(cos 175° — i sin 175°) 10.

4 cos 0 sin O(cos’ 0 — sin® )

d)
b)
c)

cos 30 =4 cos’ 0 — 3 cos 0
sin 30 = 3 sin 0 — 4 sin’ 0
cos 40 =
8cos* 0 —8cos*0+1

w
Y o\ (cos 175° + i sin 175%) )
z 41 10.7 Exercises, page 448

1§

|z]=2,argz =

[wi=4,argw =

ENERR

a) 4(cos an + i sin ﬂ)
3 3

b) 16(cos T 4 isin E)
3 3

2. a) wy=1

w, =1
w; = -1
w; = —i

I
i



b) we=1
w, =0.309 + 0.951i
w, = —0.809 + 0.588i
w; = —0.809 — 0.588i
w, = 0.309 — 0.951i

c) wo=1
w, = 0.809 + 0.588i
w; =0.309 + 0.951i
w; =-0.309 + 0.951i
w, = —0.809 + 0.588i
ws =-—1
we = —0.809 — 0.5881

w,=-0.309 - 0.951i

wg = 0.309 — 0.951i
wy = 0.809 — 0.588i

1 i

a) Wo_ﬁ+ﬁ

S S

BN RN
is

b) wo=‘/7§+i
w= V340
2 2

w,=—i

1 i
C) Wo=—"2+—
V2 2
w1 i
=
V2 V2
I
i
;1 M
d) wo=2.74+ 1.22i
w, = —2.43 + 1.76i
w,=-0.314 - 2.98i
e) wo=2.85+0.927i
wy = —0.927 + 2.85i
w, = —2.85 - 0.927i
ws = 0.927 - 2.85i

f) w,=1.91-0.585i
w, = 1.46 + 1.36i
w, = 0.450 + 1.951
=-1.91 + 0.585i
wy=-1.46 — 1.36i
ws = 0.450 — 1.95i

2(cos 2 isin 2——") or
5 5
2(c0s an _ isin 47[) or2
5 5

a) ze€
{1 cosz—"+1smﬂ,cos4—n+lsmﬂ}
5 5 5 5
b) Z2-1=
7]

(- 1)(z [cos == +isin -

(
(
(

27 ]

z- cos——zsm

A

[COS—— +1isin —
5

N

4ar]

- COS —isin — 5

L L
\/V\_/\_/

<)

a)

b)

<)

b)

a)

Answer Key 531

-1=

(z—l)(z’—lcosz—snz+ 1)
(Z —2cos4—5nz+1)

(z+1)

(Z —2cos—z+1)

(¢-2e0s 22 1)
)

-1
(z —2cos—z+1

(Z —2c0s—z+1)

(Z‘—Zcos—z+ 1)
(z+1)
(-1
(22—2cos§z+ 1)

<z’—2cos2—3nz+l)

other roots are
V3+i,—V3+i,—/3-i
The arguments of the
non-real roots of unity are

the multiples of 2775’

with coefficients in
$=(1,2,3,4,5,6}

Téking any one of these,
and multiplying by

the numbers 1-6

yields results as follows.
(This is known as
multiplication modulo 7.)

x|l 2 3 4 5 6
111 2 3 4 5 6
2|12 4 6 1 3 5
313 6 2 5 1 4
414 1 5 2 6 3
5[5 3 1 6 4 2
6|6 5 4 3 2 1
Each row yields all the

members of S.
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10.7 Exercises, page 448,
continued

b)

<)

b)

10. a)

b)

Let

1+w+w +w+w +w +uw
=2

If w is a non-real 7th root,

w+w+w +wt+w +wl+w

=2zw,
or
wHwW+w+wi+w +uf+ 1
=w

=7=27Iw

=>2z(1-w)=0

=27z=0

(sincew # 1)

No: a multiplication table as
above holds only if # is prime.

w .

—1 = cos 72° + i sin 72°
Wi

Each root is the previous

root, rotated by 72°.
(z+1)

(z’—2cos gz+ 1)

'(22—2cos¥z+ 1)

(ZZ—ZCOS%Z*- l)=0

On expansion all powers of

z have zero coefficients,

except z’; the coefficient of 7 is
3n

(I—ZCOSE—ZCOS——ZCOS
7 7

which equals zero.
Thus,

<:os£+coss—”+cosz=l
7 7 2

11. z= ﬁ(cos km + i sin km),

k

157
9°9"9

10.8 Exercises, page 453

1. a)

b)

I

2i

3

3

51

7)

c) big
i3]
d) -
2:': O
ﬂ—r—l——é—v—v—m
e) 4
—r—v—l—-—vﬁ—l—m
f) .
5n
6 -
i3]
]
g) e
h) -
N
a) |z|=6

b) |z+1-3i|=5

c) |z-u|l=a

a) (x+4)}+(y+3)7=4

b) x’+(y+§>z=—9—
4 16

z=—Q2+1i) +pi

X+y*=lorx=0

y=—\/§x+2+4\/§andx<4

9.
10.

12.

13.
14.

15.

16.

17.

x=0o0ry=0
y=0o0rx’+y*=2

a) [z-2[=|z+6|

b) |z-2-i|=|z-3+ 2i|

9
a) x=-
) 2

8\’ 4\’ _80
b (-3 (-3 =%
) (x+1)’+(@y-12=2
d) (x+l>z+(y— 1)y =2
2 4
xy =1
a) interior of circle:
centre O, radius 5
b) interior of circle
and circumference:
centre 5 — 37, radius 3
c) ‘exterior’ of hyperbola
xX-yr=2
d) annulus:
centre 2{, radii 2 and 3
a) parabola
b) y*=4x
a) circle: centre 2 + 3i
radius 4
b) line segment
a) |z|=7.61
b) |z|=4

10.9 Exercises, page 461

1.

a) re¥
b) re¥
) 1,

r
d) re
a) z=2.24¢"
b) w=3.16¢"*"
a) u= 10e3
b) v=3V2eF
a) 4
b) 32

1 2z
c) Ee 5
d) 1%

4
e) V2et
f) -4V2
eMm=1,kel
An infinite number of
different arguments
give the same number.



10.

11.

16.

17.

real axis of
z plane

a) km

b) (k+ %)n

z%=r§eig_= W, OF

Zé:—réez:wl

[ =ie’
=i(cos 0 + i sin 0)
=icos O —sin0

or

f(0) =-sin 0 + i cos 0

imaginary axis
of z plane

/ ..,.m,m..

Inventory, page 466

1.

10.
11.
12.
13.

14.
15.
16.
17.
18.
19.
20.
21.
22.

® N wm R W

-1

imaginary
a+ibora+ bi
RCC

real; imaginary
non-real
a=c¢b=d

a; b; a - bi;

Va* + b

tan(arg z) = b
a

reflections;
real axis

z

Complex

r(cos 0 + i sin 0)
equal;

any multiple of 2IT
product

difference
r'(cos n 0 + i sin n 0)
-1=0

n

two
|z-wlor|w—z2|
ey

-1

Review Exercises, pages 467-471

1.

10.

a)
b)
c)
d)
e)
f)

g)
h)
i)

i)

k)
a)
b)
c)

d)
e)
f)
g)
h)

a)

b)

c)

10

25 - 8i
120 — 22i
-2+ 2
—i

267 24 .
e |
962 481
_688 _ 134,
7225 7225
4bi
2b i
a+ b
2 2
a@ +b* + 12+
a*+ b
ib@ +b*-1)

at+ b

5%2i

a)
b)

<)

6+i
-2+4i
3+iVll

2

4ori
3570125

k=+J46

a)

n
ol
N

4
< 4 )

11.

12.

13.

14.

15.

b)

<)

d)

b)
<)
a)
b)

a)
b)

Answer Key 533

ST N RISINg A
T ooy
Il Y RV
w =~
v 2T
~ e

lql=V37
[ul=4

argz =27°
argw = -53°
argp = -90°
argq=-171°
argu=0°
Z=a-bi
z+z=2a€R
z=a*+b"eR
180°

rotate by 180°; yes

b)
1

I Wl
|z|
|z+w ]
i
T T T T T T
1 R
Jis
2i
z-w| z

-

|
i
Wi

| |
T T T T
La"1 :| ]
One side of a triangle is
shorter than the sum of the
other two sides.
One side of a triangle is

greater than the difference
between the other two sides.

midpoint between z and w
divides segment from z tow,
inration:m
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Review Exercises, pages 467-471,

continued

16. a) Z2-(5-2)z+(-1-5)=0

17.
18.

19.

20.

21.

22.

24.

25.

b) Z2-[a+c+ (b-d)i]
+ [ac + bd + i(bc — ad)] = 0
b) 0,2,4...0orn

—~2+iV2orV2-iV2

T
V2i

o V2
a) =1
b)
I
1i z (0.7,0.7)

c) Itis true that

1, iV
R
V2 V2

but there is

another ‘root of #’.
X+ yr= (x +iy)(x — iy)
(only in C)
a) 1=+3i, E

2

b)

a) w=1
b) w? = cos 2 4 i sin 47
3 3

=cosﬁ—isinH
3
W)’ =1
Yes;e.g.z=1lorz=1
are roots of
Z2-(1+i)z+i=0
a) i
b) i
c) cos 45° +isin 45°or
cos 135° — i sin 135°
d) -1

26.

28.

29.

30.

31.

32.

33.

34.

35.
36.

b)

a)
b)

b)
<)
d)

e)

f)

a)
b)

<)

a)
b)

a)
b)
<)
d)

e)

f)

z=2(cos 0 + i sin ) or
z=cos 0 —isin 0

|z|=y, arg z = 90°

|z]=x, arg z=180°
Z=3(cos 67° — i sin 67°)

w = 2(cos 123° + i sin 123°)
Zw = 6(cos 56° — i sin 56°)
Zw = 6(cos 56° + i sin 56°)

é(cos 190° + i sin 190°) or
2

%(cos 170° — i sin 170°)
%(cos 190° — i sin 190°) or
%(cos 170° + i sin 170°)

Z=V101(cos 6° + i sin 6°)
w =V 65(cos 60° — i sin 60°)
w =V 6565(cos 54° — i sin 54°)

EAS E(cos 66° + i sin 66°)
w 65
LA 2(cos 66° — i sin 66°)
z 101

|z|=2, arg z = 120°

|lw|= V2, argw = —135°

=8

wh=-4

Zﬁ(cos 15° — i sin 15°)

V2(cos 255° + i sin 255°) or

V2(cos 105° — i sin 105%)
1 oy ss o
\E(cos 105° + i sin 105°)
30

cos 30 =

cos® 0 — 3 cos 0 sin? 0

sin 30 =
3 cos® 0 sin 0 — sin’ 0

i

cos O +isin 0

modulus 1
argument 20

39. cos(n + 31;1) +1i sin(n + M),

2km 2kn

38. b) cos == +isin ==,
6 6

k €{0,1,2,3,4,5}
That is,

13, 1,0,
2 2 2 2

V3.1 V3.

1 .1
-1, -= — =i, = -2
2 272 2

5
k€{0,1,2,3,4)
that is,
~-1,-0.31 + 0.95/,
0.81 + 0.59{

a) |z-3-4i|=5

b) Ifz=0,
L.S.=|-3 — 4i|=5=R.S.

a) (x—1)2+@y+3)P=1

2
PN

. 1 2.
circle: centre — — =i
’ 3 3

V20

radius T =1.49

a) 4%
b) sV2e%

. . .1
S | z=1+1i,1-14,—
) 2

ii) centre —4 + 3i, radius 5
3x -4y +24=0

i) z=V2+iV3, -2 - i3,

V2 -iv3, V2 +i3

ii) 0=+48.6°orf0=+131.4°

1, .v3

a) z=-+i—

) 2 2
b) cos T +isinZ
3 3



49.

50.

51.

d) All three roots have
modulus 1.

n T
Arguments are 7, 3 =3

i) z=2,-1+3i,-1-3i
XA =90°, ¥B =45°, xC=45°
argof —1 + 3i is 1.89
argof -1 — 3iis —1.89

ii) 6=15°75°195°, 255°

iii) 0 =167° or 300°

a) Z2=(-y)+2xy

b) x=15y=%4;
z=5+4iorz=-5-4i

c)
]Iﬂ R

d) oP=0Q=V41
e) ¥XPOX=39°
f) %POR = 39°

i) z=1+2
w=3-1

ii) 2 has modulus L,

22 \/E

argument 2q
12

lﬁ has modulus L,
22 64
argument 7

52. i) z=
2| cos 137!)_'_,51“(_13_7:)]
18
z=1+2,z=1-2i
ii)

53. i

~

(2,0> radius 4
3 3

ii) cos54° = i\/ 10 - 25

Answer Key

535
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Problem Supplement, 29. 5km/h 48. 7=
30. a) (6,6,0)-(1,-1,2)=0 (1,2,3) + k(1,-2,2) + 5(1,2,-3)
pages 472-483 = diagonals perpendicular 49. (1,1,3)
4. a) no;notcoplanar V78 . 50. 11x+ 28y + 97 = 10
b) vyes; coplanar b) —=4.42
¢) no; not coplanar 51. 14x- 13y +8z=-18

a=32°,8=148

N 52. (1,2,-3)
33. |F|=70.7N

5. b) a-0.5b

L : 54. a) k+#-3,k+-1
b+2c+3d 0=135 b) k=-3
7. 8.5 34. a) 3.91 km/h; ¢) k=-1
5—  3— bearing 040° 55. x—y+3z=3
8. a) 20A+0B b) 208m y14
5 112 ¢) 5min 56. a) ——
b) _60A " 6 o8 35. a) bearing 304° V26
9. a) R, K, M collinear; b) 1.66 km/h b) +\ ’@
R divides KM externally ¢) 9min 46
in ratio 5:3; 36. a) lvl = 375 km/h 58. One matrix being m x n,
the four points are b) bearing 173° the other is n x m.
coplanar 59. a) (0,1) > (0,1)
b) (11,4.5,-1) 37. a) 1= (2253)2: k@23.,6) (0,6) — (0,b)
— —— —_ X . .
10. AD =3AB + 5AC s +3k Points on y-axis
11. 13:5 y= remain invariant.
T N Z‘3+6k b) (1,0) > (1,k)
12. b) any vector ka + mb, x-2_y-5_2z-3 (1,b) > (L,b + k)
where 21k — 69m = 0 2 3 6 Pointsonx =1
13. b) (3,0,1) b) r=(2,-14) +1(53,-2) move upward by k.
46 67 x=-2+5t c) (a,0) - (aka)
14. k=_ﬁ’m=ﬁ y=-1+3t Points on x-axis
W s 7= 4 -2t ‘dilated’ by k, upward.
16. 2a-b+c—-3d x+2 _y+1_z-4 d) det(s)=1
20. OD=m(b — c) + k(c — a) 5 3 -2 same area,
21. BM 1 (a A) 38. a) skew same orientation
. =—(@+c N o
2 b) = 60. a) i—»[c?s 60‘,]
aM=1c-a) V222 sin 60
o 39. r=(8,-6,7) + 1(8,11,-10) b) j— [ sin 600]
AM? = BM? BN N — —cos 60
o 40. r=(6,-1) +k(3,5) ) R= [cos 60°  sin 60°]
23. AB=b-a 2 1 .. 2 sin 60° —cos 60°
— 41, (11—, 3+—,25F— .
BC=c-b NS 3 Ny d) =I:cos 20 sin 20]
OB-AC=0 8 sin 20 —cos 20
25. 42, a) 3 61. My = M,y (same line)
43. a)o) 62. a) ellipse
v N 44. a) 45° b) 16x*+y*+96x—2y+129=0
z b) 45%90° <)
45. a) 3
— b) (-1,-6,3)
‘ w 46. a) Line can be on either
side of AQ = u.
26. (-23)=2(L1) + 2(-11) b) 7= @)+ k(1L 7)
2 2 r=(2,1)+7,1)
27. uw, + U, + usv N
11 2v2 3 3 47. r=

N V2 N N .
Wi+ i+ )+ i+ ) (-1,2,1) + k(2,0,3) +5(0,1,0)



63. a) parabola

b) 16x*-32x-y+21=0

<)

64. a) hyperbola
b) 9x* —y* —36x
-8y -34=0

65. a) ellipse
b) (xy)—=> (x+1,y+4)
c) 8x*+y*=15

66. a) parabola
b) (xy)—=> (x+2,y+1)
c) X*+8y=0

67.

68.

69.

70.

71.

a) hyperbola

b) (xy) > &x-4y+2)
c) 4x-y'=-4

d)

a) L7x*-2.6xy +3.3y*=16

a) hyperbola

b) 45°

c) 16x* —y*=64
d)

a) ellipse
b) 40.0°
c) x*+25y*=100

d)~

73.

79.

80.

82.

83.

84.

85.

86.

87.

b)

b)

a)

b)

a)

b)

a)

b)

<)

d)

i)
iii)

a)

a)

<)

ii)

Answer Key 537

323 160

a’ + 5a*x + 10a°x* +
10a*c + 5ax* + x°
256a* — 768a> + 864a*
—432a + 18

2km | . . 2km

cos — + i sin —,

9 9
ke{1,2,4,5,7,8}
g 2kn

9
k€{2,4,57,8}
Oor3
4w; or 4w?

¥ABC = 48°
¥ABO = 23°
Adjacent sides have length

V14 and 3,

= 0ABC not a rhombus
midpoint of

[EF] =i(§+3+?+2);
midpoints of [GH]

and [LM]

have same position vector;
the lines are concurrent
P.(3,0,2); Py(1,-3,~4)
2x+3y+62=18

(12 2)
a) |\ 33
3373

b) p=k
|k|is the
perpendicular
distance from O to
plane IT;; IT, and I,
are on different sides

of the origin
d) (-1,-1,-3)
e) V11 units
b) (xy.9) =

(3,0,0) +5(0,1,1)
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88.

89.

90.

91.

92.

93.

94.

a)

b)

c)

b)

<)

a)

b)

<)

1 0 -1 01
A== b
2 °5. b) [1 O]OI[—I 0]
- 1 V3
J2 o m=| 2 2
u':i( ! }+ 2 ;) ﬁ -
Js© s | 2 2
. 1
B 4 2 2
H (1,0,5) M =
K (0,2,4) V31
2 2

o= [t}os-[ 3] e[ ]
[ s

about the orgin, of 120°,

k=3,1=4
n=-—1 240°, and 0° (identity)
p=-1 or M:[fl 0]
x+4y=18 01
Q(-6,6) 97. A=2,=11
R'(3b,3b), if R(b,b) - [ z] - [1]
. € = , €=
T is a one-way stretch, -3 3

by a factor of 3,
in the direction x = y

a) 3x+2y=0and
y=3x

d) counterclockwise rotations

100. b) Fora=0:
(x:y,2) = k(1,-1,-1)
Two coincident planes
meet the planex +y =0
in a line.
fora=-1:
(x,y,2) = (-1,1,0) + 5(0,1,1)
Three planes intersect
in a line.

101. a) -4d*+ 26d - 36
b) d=20rd=">
2

c) Ford=2:
(—10,4,0) +s(13,-5,1)

Ford:0:<—1,l,§)
266

Ford = g: no solution
102. a) -1
b) [—s 4]
4 -3
c) x=20,y=-12
d) 4 unit

e) S(4-3)

o g [}

11 b) piar-[2 ¢
B 98. M=[2 -1]
2 2 1 2]
F b)T ¢) F d)F 09, i) L[O}z[fsinG]
> [x+4y ' 1 cos 0
W=[2X_y] M[0]=' sinZa]
(1-Ax+ 4 =0 1 L —cos 2x
2x— (1+dy=0 ii) A=[c050 —sinO]
2 sinf)  cos 0
N 2a¢ sin 2«
) 2 /s B [cos ]
For 4 =3: [ i] and 1 sin 2a -sin 2«
- 20 —sin 20
iii) 4% = [“’S ]
Vs ) sin 20  cos 20
1 i.e. a rotation of 20
For/ﬁz—}:[ X]and V2 Bl=[l 0]
-x 1 0 1
7\73 i.e. the identity matrix
;= [ x + 4y ]
-2x -y
No.
u=(2,1)
v=(-1,2)

corresponding tou: y = %x

corresponding to v: y = —2x
T is the reflection

in the liney = ix.

8
e[ ]
(1] -[1]
det(N) = -4
OEF = 4(0AB)

<)

<[
=3 7

XGOH = 42°
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NOTATION

General
(...}
{x|]...}

emOoNZNOANY

Arithmetic

3.204...
Algebra
C(n,r)

2t

r=1

|x]|
fix—>yor{(xy)|y=/[(x)}
Matrices
a,j

I

(U9

M-l
det(M)
M!

*within given restrictions, = may be written =

set notation

set of all x such that

empty set

belongs to

is a subset of

natural numbers

integers

rational numbers

real numbers

complex numbers
two-dimensional vector space
three-dimensional vector space
vector space of 2 X 2 matrices
implies or therefore

is equivalent to or if and only if
is parallel to

is perpendicular to

equals approximately *
(more decimals exist)

n!

(n choose r) = ————
(n—r)!r!

seriest, +t, + 13 +...+t,

absolute value of x
function f maps x onto y

element in the ith row, jth column
unit matrix

zero matrix (of dimension 2 by 2)
inverse of M

determinant of M

transpose of M
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Vectors
v vector
AB vector defined by two points
|v|, |AB| length or magnitude of a vector
— x .
(x,y) or [ ] vector as ordered pair
y
_— x
xyz)or|y vector as ordered triple
z
i,j, k standard basis vectors
e, unit vector in the direction of v
Uu-v dot product
uxv cross product
Vpq velocity of P relative to Q
Complex Numbers
Re(2) real part of z
Im(z) imaginary part of z
z conjugate of z
|z|=r modulus or absolute value of z
argz argument of z

The notation used in the International Baccalaureate questions is not
always the same as the notation given above. The context of any ‘different’
notation should make the meaning obvious. '

FORMULAS IN TRIGONOMETRY

i hyp
sin 6 = PP C0$0=ﬂ tan 0 = PP opp
hy hyp adj
c0s(90° — ) = sin 0 0
sin(90° - 6) = cos . adj

Angles in All Quadrants

The position vector OP = (x,y), where |OP| = r, defines an angle 6 with the
positive x-axis such that

sin0=¥ P xy)
cos =%

r
tan 6 =2

The diagram on the right indicates where the ratios are positive.
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Special Angles
sin 45° = p cos 45° V2 1

V2 /)
tan 45° = 1 . L
sin 30° = % = cos 60°
sin 60° = g = cos 30°

1 5 30°

tan 30" = \/—; V3
tan 60" = \/5 60° |
Pythagorean Formulas 1

sin?A +cos’A=1
sec’A=1+tan’ A

csc’A=1+cot* A

Compound Angles

sin(4 + B) = sin A cos B + sin B cos A
sin(A — B) = sin A cos B — sin B cos A
c0s(A + B) = cos A cos B — sin A sin B
cos(A — B) = cos A cos B + sin A sin B

tan A + tan B

tan(A + By = —————
1 —tan A tan B

tan A — tan B
1+ tan A tan B

sin2A =2 sin A cos A

tan(A — B) =

€0os 2A = cos’A —sin? A =2cos’A—-1=1-2sin*A

2tan A

tan2A=——2—
1-tan“ A

Solution of Triangles
The cosine law
a’=b*+c*— 2bc cos A

The sine law

isosceles right triangle

semi-equilateral triangle

a_ _ b __¢c
sinA sinB sinC




Appendix 543
6 sin @ cos 0 tan 6
degree radian/approx.value
30 T .0.52 1 V3 L
6 2 2 V3
n 1 1
45 -==0.79 — — 1
4 V2 V2
T V3 1
60 Z=z1.0 V3 1
3 2 2 V3
. .
20 E = 1.6 1 0 undefined
27 . V3 1
120 22221 v3 1 B
3 2 2 \[;
37 1 1
135 2T=z24 — -— -1
4 V2 V2
150 .6 L e L
6 2 2 \/—5
180 m=3.1 0 -1 0
210 .37 _ 3 L
6 2 2 \/3
51 1 1
225 =£z39 -— —_— 1
4 V2 V2
4n V3 1
240 == z42 V3 1
3 2 2 \/3
270 % =4.7 -1 0 undefined
51 V3 1
300 ==z5.2 N3 = _
3 2 2 \/;
7n 1 1
315 — =55 e — -1
4 V2 V2
330 Uz, 58 - \E! L
6 2 2 V3
360 27 = 6.3 0 1 0

The values of the other ratios can be obtained from the identities

csc 0=

1
——,sec 0=
sin c

os 0

,and cot 0 =

tan 0



GLOSSARY

This abbreviated glossary provides definitions for
mathematical terms as they are used in this text.
Consult a mathematics dictionary for more complete
or alternative definitions.

Acceleration. The rate at which a speed or velocity is
changing.

Angle between a line and a plane. The acute angle
between a line and its perpendicular projection in
the plane.

Angle between planes. Either the angle between
normals to the planes, or the supplement of that
angle.

Angle between vectors. The angle between two
vectors is the angle between them when they are
drawn with a common tail.

Argand diagram. See Complex plane.

Argument. If P is the point representing the
complex number z in the complex plane, then the
argument of z is the angle between OP and the
positive real axis.

Associativity. The operation * in the set S has the
associative property if, foralla, b, c € S,

a*(b*c) = (a*b)*c.

Basis. A set of vectors forms a basis for a
vector space V if:

1. it is a linearly independent set and

2. it generates the space; that is, every vector
of V can be expressed as a linear combination
of the vectors of the set.

Basis vectors for V. Any two linearly independent
vectors a and b form a basis for V,.

Basis vectors for V;. Any three linearly independent
vectors a, b, and ¢ form a basis for V;.

Bearing. Direction expressed in degrees measured
clockwise from north.

Binary operation. Given a set S, a binary operation

* in S combines any two elements of S to give an
element of S; thatis, ifa,be s, thena*b€eSs.

Commutativity. The operation * in the set S has the
commutative property if, foralla, b € S, a*b = b*a.
Complex plane. Complex numbers can be
represented geometrically in a complex plane,
determined by a real axis (representing all the real
numbers) and an imaginary axis. (It is also known as
an Argand diagram.)

Complex number. A number that can be expressed
as z=x + iy, where x, y € R, and i* = -1. The real
numbers form a subset of complex numbers.

Component. The component of the vector u in the
direction of v, where the angle between u and v is 0,
is the scalar |u|cos 6.

Components. If a vector v is expressed as

v =xe, + ye,, where ¢, and e, are unit vectors, then
the scalars x and y are the components of vin the
directions of e, and e, respectively.

Composition of transformations. The composition
of two transformations is the result of applying one
transformation after the other.

Conic. A curve such as a circle, parabola, ellipse, or
hyperbola that can be obtained from the intersection
of a cone and a plane.

Conic, general form.

ax*+ 2hxy + by* + 2gx + 2fy +c=0

For a central conicg = f=0.

If axes are parallel to x-axis and to y-axis, then k = 0.
Coordinates. Numbers that locate a point in 2-space
or 3-space.

Coplanar vectors. Three vectors are coplanar if
directed line segments that represent them can be
translated so that all three segments lie in the same
plane.

Cross product. The cross product of vectors u and v,
making an angle 0, is the vector |u||v|sin Oe, where e

is a unit vector normal to # and v, such thatu, v, e
form a right-handed system.

Degenerate conic. A point, a straight line, or part of
a line formed by the intersection of a cone and a
plane.

Determinant. The determinant of a 2 X 2 matrix

[a Z] is the real number ad — bc.
c

The value of the 2 X 2 determinant ‘a l‘j =ad - bc.
4
The value of the 3 X 3 determinant
m n p
q r s|= m(rv — su) — n(qv — st) + p(qu — rt).
t u v
Direction. A set of parallel lines with arrows
pointing the same way.

Direction cosines of a line. The numbers
m m m
cos o = —, cos f= =2, cos y = —, where @, 8, and y

|m| |m| |m|
are the angles made with the x, y, and z axes

respectively and m = (m,,m,,m;) is parallel to the line.



Direction vector of a line. A vector that is collinear
with, or parallel to, a line.

Displacement. A directed distance (which can
hence be represented by a vector).

Distributivity. In the set S, the operation * is
distributive over the operation # if, foralla, b,c€ S,
a*(b#c) = (a*b)#(a*c) and (b#c)*a = (b*a)#(c*a).

Dot product. The dot product of vectors uand ;,
making an angle 0, is the scalar |u||vicos 0.

Dynamics. The study of how objects change their
motion under the action of forces.

Equilibrant. Given that Ris the resultant of a
number of force vectors, then the equilibrant of the
force vectors is —R.

Equilibrium. A particle is said to be in equilibrium

when the vector sum of all forces acting upon it is
zZero.

Gravitational force. A particle of mass m kilograms
has a gravitational force of mg newtons acting upon
it, where g is the acceleration due to gravity. (On
earth, g = 9.8 m/s%.)

Identity. See Neutral element.

Image. Given a transformation T and a vector v, the
vector v = Tv is the image of v.

Imaginary number. The name describing any
number ki where k € R, and #* = —1. Imaginary
numbers form a subset of complex numbers.
Invariant lines. Lines that are their own images
under a particular transformation are known as
invariant for that transformation.

Inverse element. a’ € S is the inverse of element

a € S for the operation * if a’*a = a*a’ = ¢, wheree € S
is the neutral element for *.

Isometry. A transformation that maps a line
segment into a congruent line segment.

Linear dependence of two vectors. Two vectors a4

and b are linearly dependent if and only if a and b
are collinear.

Linear dgpendence of three vectors. Three vectors
a, b, and c are linearly dependent if and only if m, k,
and p exist, not all equal to 0, such that
ma+kb+pc=0,m,k,peR.

Linear independence of vectors. Vectors that are
not linearly dependent are linearly independent.
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Linear transformation. A linear transformation T
of a vector space is such that, for any vectors u, v, and
any scalar k:

L T@+v)=Tu+Tv

2. T(ku) = k(Tu)

Magnitude. The length or norm of a vector.

Matrix. A rectangular array of numbers. A square
matrix can be used as an operator to effect
transformations of a vector space.

Modulus. The modulus of the complex number

z=x+ iy is Vx* + y. (It can also be called the length,
magnitude, or absolute value of z.)

Natural measure. Angles are commonly measured .
in degrees. However, the “‘natural measure’’ of an
angle is defined as the ratio of the arc subtended by
the angle and the radius of the circle. (Natural
measure is in radians.)

Neutral element. The set S has an neutral element or
identity element e with respect to the operation * if
forallx € S, e*x = x*e = x.

Norm. See Magnitude.

Normal vector. A normal vector to a plane (or a line)
is a vector that is perpendicular to the plane (or the
line).

Orthogonal. Perpendicular.

Orthonormal set. A set of unit vectors that are
mutually orthogonal.

Parameter. An arbitrary constant or a variable in a
mathematical expression that distinguishes various
specific cases. In the parametric equation of a line a
parameter determines a point in the line.
Parametric equations of a line.
in 2-space: x = xo + km,

Yy =Yo+km,
where (x,,y,) is a point on the line, (m,,m,) is parallel
to the line, and k is a parameter.
in 3-space: x = x, + km,

y=Yo+km,

72=20+ km,
where (xo,¥0,20) is a point on the line, (m,,m,,m;) is
parallel to the line, and k is a parameter.
Parametric equations of a plane.
in 3-space: x = xo + km, + su,

Yy =Yo+ kmy+ su,

Z=20+ km; + su;
where (Xo,)0,20) is a point on the plane,
m = (my,my,m;) and u = (uy,uz,us) are vectors parallel
to the plane, m } u, and k and s are parameters.
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Particle. An object that is modelled by a single point.
Position vector. If O is the origin and A is any point,
then OA is called the position vector of A.

Projection. The projection of the vector # in the
direction of v, where the angle between u and v is 6,

is the vector (]ZIcos 0~

vl
Projections. If a vector v is expressed as
v=xe, + yey, where e and e, are unit vectors, then
the vectors xe, and ye, are the projections of v in the
directions of e, and e,.

Radian. See Natural measure.

Relative velocity. The relative velocity of A from B
is the velocity of A as perceived by the observer B.

Resultant. Given two vectors a and b, then the vector
a + b is called the resultant of @ and b.

Right-handed system. Three vectors 4, v, and w
form a right-handed system if their directions are
such that they could be represented respectively by
the thumb, the first finger, and the second finger of a
right hand. (See diagram, page 11.)

Roots. The roots of an equation in a single variable
are the values of the variable that satisfy the
equation.

Scalar. A term used to describe real numbers, to
distinguish them from vectors.

Singularity. A singular transformation is one that
destroys one or more dimensions by its action. Its
matrix is also known as singular, and the
determinant of this matrix is zero.

Skew lines. Lines in 3-space that are neither parallel
nor intersecting.

Statics. The study of forces acting upon objects that
are stationary in a given frame of reference.

Supplement. The supplement of an angle of €° is
180° — 6°.

Tension. The pulling force in a taut string.
Thrust. The pushing force exerted by a strut.

Transformation. Any action that changes vectors,
points, or figures is a transformation of those
vectors, points, or figures.

Translation. A transformation in which the image
of a figure is obtained by sliding or displacing the
original figure without rotation. It can be defined by

the vector (h,k) which maps the point (x,y)
to the point (x + h,y + k).
Triangle law of vector addition. 0S + ST = OT

Triangle law of vector subtraction. ST =0T - 0S

Triangle inequality. Given any three points P, Q,
and R, the lengths PQ + QR =PR.

Unit vector. A vector whose length is 1.

Vector. A mathematical entity that can be
represented by a directed line segment, or by an
ordered n-tuple of numbers, and that obeys a law of
addition.

Vector equation of a line. ;= ?o + k;, whe_§e ; is
the position vector of any point on the line, ry is the
position vector of a given point on the line, m is a
vector parallel to the line, and k is a parameter.
Vector equation of a plane. r= 70 +km + s;, where
r is the direction vector of any point on the plane,

ro is the direction vector of a given point on the
plane, m and u are vectors parallel to the plane,

m { u, and k and s are parameters.

Vector space. A set of vectors, together with the
operations of vector addition and multiplication by a
scalar.

Work. The product of the component of a force along
a distance moved and of the distance moved.



ab — h* invariant under rotation, proof of, 368

Abel, Niels Hendrik, 443

Absolute value, 43

Absolute value of a complex number, 426
Addition of matrices, 291

Affine transformation, 476

Airspeed, 152, 177

Algebra, fundamental theorem of, 430
Algebra of matrices, 291

Angle, cross product and, 144

Angle between a line and a plane, 18
Angle between two planes, 18

Angle between two vectors, 114

Angle of elevation, 19

Angles, cross product and, 142

Area scale factor, 311

Argand, Jean, 415, 424

Argand diagram, 424

Argand plane, 424

Argument, principal, 427

Argument of a complex number, 426, 434
Arrowgraph, 57

Associativity of matrix addition, 292
Associativity of matrix multiplication, 321
Associativity of vector addition, 35
Augmented matrix, 95

ax® + by* + 2gx + 2fy + ¢ = 0, graph of, 380
ax® + 2hxy + by* = k, graph of, 373, 381

Basis, orthornormal, 53

Basis, orthonormal, dot product and, 127
Basis, standard, 52

Basis, V,, 82, 83, 107

Basis, V;, 84

Bearing, 4, 19, 156, 167, 177

Binary operation, 132

Binomial expansion, infinite, 456
Binomial theorem, 401, 408

Binomial theorem, for n € N, 404
Binomial theorem, proof by induction, 403
Bombelli, Raffaello, 419

C, 416
C(n,r), 393
Calculus of vector functions, 189

Cardan, Jerome, 413
Cardano, Girolamo, 413, 415
Cartesian equation of a line in 3-space, 210

Cartesian equation of a line in 2-space, 198, 210, 211

Cartesian equation of a plane, 251
Cartesian form of a complex number, 434
Cartesian graph, 57

Cayley-Hamilton theorem, 335

Centre of mass, 472

Centripetal acceleration, 190

Centroid, 472

Characteristic equation, 334
Characteristic equation of a matrix, 334
Characteristic values, 332, 334, 367
Characteristic vectors, 332, 334, 367
Circle, 344

Circle, imaginary, 360

Circle, point, 360

Circle in the complex plane, 450
Circular functions, 460

Class of equivalence relation, 58
Coefficient matrix, 95

Coincident lines, 217

Collinear points, 46, 97, 98

Collinear vectors, 68, 106

Column vector, 21, 295

Columns of a matrix, 290

Columns of a matrix as an operator, 303
Commutativity of matrix addition, 292
Commutativity of vector addition, 34
Completing the square, 356, 380, 414
Complex conjugates, 420

Complex number, 412, 416

Complex number, absolute value of, 426
Complex number, argument of, 426, 434
Complex number, Cartesian form of, 434
Complex number, exponential form of, 456
Complex number, length of, 426
Complex number, magnitude of, 426
Complex number, modulus of, 426

Complex number, modulus-argument form of, 429, 434

Complex number, natural logarithm of, 461
Complex number, polar form of, 429, 434

Complex numbers, geometric representation of, 423

Complex numbers, properties of, 421
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Complex numbers and graphing, 449
Complex numbers and trigonometry, 436
Complex numbers and vectors, 425, 450
Complex numbers as a vector space, 425
Complex plane, 424

Complex plane, distance in the, 449
Component, 116, 129, 161

Components, 21, 82, 184, 290
Components, rectangular, 118
Components and vector addition, 28
Composite transformation, determinant of, 323
Composition of transformations, 319, 320
Composition of transformations, properties of, 323
Composition of translations, 26
Compound angle identities, 130, 542
Concurrent lines, 474

Concyclic points, 131

Conics in standard positions, 344
Conjecture, 386, 408

Conjugates, complex, 420

Conjugates, geometric representation of, 423
Conjugates, polar form of, 437

Conjugates, properties of, 421

Consistent system of equations, 219, 237
Convergent series, 456

Coordinates, 21

Coplanar points, 97, 100

Coplanar vectors, 75, 106

Cosine defined in exponential form, 459
Cosine law, 17,130, 156

Counterexample, 37, 149

Cramer’s rule, 329

Cross product, 132

Cross product, component form of, 139
Cross product, properties of, 138

Cyclic points, 131

Cyclic property of triple scalar product, 149

Degenerate conics, 355

De Moivre, Abraham, 441

De Moivre’s theorem, 441

De Moivre’s theorem in exponential form, 458
Dependent system, 219, 237

Desargues, Girard, 233

Desargues, theorem, 234

Determinant, 310

Determinant, cross product and, 140
Determinant of a composite transformation, 323
Diagonalized matrix, 375

Diagonalizing a symmetric matrix, 375
Diagram, position, 156

Diagram, space, 156, 176

Diagram, vector, 156, 176

Dilatation, 304

Dimension of a matrix, 290

Dimensions, 11

Directed line segment, 5

Direction, 6, 154, 175

Direction, cross product and, 133

Direction, wind, 177

Direction cosines, 214, 236

Direction in 3-space, 167

Direction of motion, 171

Direction numbers of a line, 203, 211, 215, 236

Direction vector of a line, 199, 236

Displacement, 4, 27, 171, 175

Displacements and vector addition, 27

Distance, 175

Distance, speed and time and, 179

Distance from point to line, 271, 276

Distance from point to plane, 271, 276

Distance in the complex plane, 449

Distributivity of cross product over vector
addition, 139

Distributivity of matrix multiplication over matrix
addition, 328

Divergent series, 456

Division of complex numbers, 437

Dot product, 121, 132

Dot product, commutativity of, 125

Dot product, component form of, 126

Dot product, distributivity of, 125

Dot product, properties of, 125, 126

Drawing, scale 159

Dynamics, 154

e, 456

Eigenvalues, 334
Eigenvectors, 334
Element, 290
Elimination, 73, 267
Ellipse, 344

Ellipse, graph of, 346
Ellipse, property of, 452
Ellipse in the complex plane, 452
Enlargement, 304
Entries, 290

Equality of matrices, 291
Equality of vectors, 8
Equations, matrix, 329
Equilibrant, 155
Equilibrium, 155
Equivalence class, 58
Equivalence relation, 57
Equivalent matrices, 96
Euler, Leonhard, 456



Euler’s formulas, 457

Exponential form of a complex number, 456
Exponential form of De Moivre’s theorem, 458
External line division, 90

Factor theorem, 430
Factoring in C, 444
Fermat’s last theorem, 387
Fixed vector, 156

Force, 154

Four-colour problem, 386
Free vector, 156

Friction, 164

Frictional force, 166
Function, vector, 188
Fundamental theorem of algebra, 430

9,154

Gauss, Karl Friedrich, 424

Geometric representation of complex numbers, 423
General form of conics, 345
Generalized pigeonhole principle, 89
Gibbs, Josiah Willard, 2

Graphing and complex numbers, 449
Grassmann, Hermann, 2
Gravitational force, 154

Gravity, acceleration due to, 154
Grid lines, 22

Groundspeed, 152, 177

Hamilton, Sir William, 2, 425

Harriott, Thomas, 413

Heaviside, Oliver, 2

Height, 138

Hyperbola, 344

Hyperbolic functions, 460

Q 415

i, 52

Identity element, 41

Identity matrix, 324

Identity transformation, 304

Image, 289

Image figure, size and orientation of, 310

Image of 7 and j by a matrix, 303

Image of parallel lines by a linear
transfoimation, 302

Image of 0 by a linear transformation, 302
Imaginary axis, 424

Imaginary circle, 360

Imaginary number, 412, 416

Imaginary part of a complex number, 416
Inconsistent system, 219, 237
Independent system, 219, 237

Inductive property of N, 392, 408

Infinite series, 404

Index 549

Infinity of solutions: matrices, 96

Internal/external division of a line property, 92

Internal line division, 90

Intersection of lines, 15

Intersection of lines in 3-space, 222

Intersection of lines in 2-space, 212

Intersection of planes, 14

Intersection of three planes, solving by
elimination, 270

Intersection of three planes, solving by matrices, 271

Intersection of three planes in a line, 269

Intersection of three planes in a point, 268, 269

Intersection of three planes in a prism, 269

Invariant lines, 332, 327

Inverse, 41

Inverse of a matrix, 315

Inverse of a transformation, 315

Inverse of a translation, 356, 357

Invertible matrix, 315

Isometry, 349

j, 52

k53
Koenigsberg bridge problem, 387
Kinetic energy, 174

Length, 8

Length of a complex number, 426

Length of a vector, 23, 43

Line, Cartesian equation of, 198, 210, 211
Line, image under a linear transformation, 298
Line, parametric equations of, 205

Line, symmetric equation of, 210

Line, vector equation of, 199, 203

Line of intersection of three planes, 268

Line of intersection of two planes, 263, 264
Linear combination, cross product and, 149
Linear combination of three vectors, 77, 79, 83
Linear combination of two vectors, 81, 106
Linear dependence, cross product and, 141
Linear dependence of three vectors, 74, 75, 106
Linear dependence of two vectors, 67, 68
Linear equation, 198

Linear independence of three vectors, 81, 106
Linear independence of two vectors, 70, 81, 106
Linear systems and matrix equations, 329
Linear transformation of a line, 298

Linear transformation of a plane, 302

Linear transformation of a vector space, 302
Linear transformations, 295

Linear transformations, examples of, 304, 305
Linear transformations, properties of, 303
Locus, 449
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Maclaurin, Colin, 456

Magnitude, 154, 175

Magnitude of a complex number, 426

Magnitude of a vector, 5 )

Mapping, 295

Mass, 154

Mathematical induction, principle of, 392, 408

Mathematical induction, proof by, 392, 408

Mathematical induction to prove De Moivre's
theorem, 441

Mathematical induction to prove the binomial
theorem, 403

Matrices, multiplication of, 321

Matrices, properties of, 293

Matrices as operators, 290

Matrix, 290

Matrix, 3 X 3, 332

Matrix, augmented, 95

Matrix, coefficient, 95

Matrix, columns of, 290

Matrix, components of, 290

Matrix, determinant of, 310

Matrix, dimension of, 290

Matrix, elements of, 290

Matrix, entries of, 290

Matrix, equivalent, 96

Matrix, identity, 325

Matrix, inverse of, 315

Matrix, leading diagonal of, 316

Matrix, multiplication by a scalar, 292

Matrix, negative, 292

Matrix, non-invertible, 316

Matrix, null, 291

Matrix, order of, 290, 291

Matrix, orthogonal, 332

Matrix, reading a, 303

Matrix, rotation, 363

Matrix, row-reduced form, 96

Matrix, rows of, 290

Matrix, shape of, 290

Matrix, singular, 316

Matrix, square, 291

Matrix, symmetric, 375

Matrix, transpose, 362, 380

Matrix, unit, 325

Matrix, writing a, 303

Matrix, zero, 291

Matrix addition, 291

Matrix algebra, 291

Matrix equality, 291

Matrix equations, 329

Matrix multiplication, properties of, 322, 328

Matrix subtraction, 291

Median, 149

Midpoint formula, 50

Midpoint theorem, 50

Modulus of a complex number, 426, 434

Modulus-argument form of a complex number,
426, 429, 434

Moment, 169

Multiplication of a matrix by a scalar, 292

Multiplication of complex numbers, 437

Multiplication of matrices, 321

N, 154

Natural logarithm of a complex number, 461
Natural measure of angles, 456

Neutral element, 41

Neutral element of matrix addition, 291
Newton metres, 171

Newtons, 154

Non-intersection of line and plane, 260
Non-invertible matrix, 316

Non-parallel planes, 263

Non-real numbers, 416, 424

Normal reaction, 166

Normal vector, 142, 236

Normal vector to a plane, 251, 252, 253, 280
Normalizing, 54

Null matrix, 291

Null transformation, 305

Number sets, 423

Octants, 13

Operations in C, 419

Operator, matrix as an, 290
Opposite directions, 38
Opposite vectors, 38

Order of a square matrix, 290
Ordered pairs, 21

Ordered triples, 21

Orientation of image figure, 310
Origin, 12

Origin, choice of, 39
Orthogonal, 53, 367

Orthogonal matrix, 332
Orthogonal projection, 114
Orthonormal basis, 53, 127
Orthonormal basis, cross product and, 139

Parabola, 344

Parallel, 15

Parallel lines, 253, 263, 280

Parallel lines, image by a linear transformation, 302
Parallel planes, 14

Parallel vectors, 43



Parallelepiped, 30, 138

Parallelepiped, volume of, 138
Parallelogram, property of, 48
Parallelogram area, cross product and, 134
Parallelogram law, 34

Parameter, 188, 199, 236, 247

Parametric equations, 188, 203, 205, 236, 247
Particle, 154, 188

Partition, 58

Pascal’s triangle, 402, 408

Perpendicular vectors, cross product and, 140
Perpendicular vectors, dot product and, 123
Pigeonhole principle, 88

Plane, 14, 143

Plane, Cartesian equation of, 251

Plane, complex, 424

Plane, parametric equations of, 247

Plane, vector equation of, 247

Point circle, 352

Point intersection of three planes, 268, 269
Points, 21, 40

Polar form, multiplication and division in, 437

Polar form of a complex number, 429, 434
Polar form of conjugates, 434

Polygon law, 36

Polynomial equation in C, 430

Position vector, 21, 22, 40

Principal argument, 427, 435

Principal root, 447

Principal square root, 432

Projectile, 191

Projection, 19, 115, 129, 161, 305
Properties of complex numbers, 421
Properties of conjugates, 421

Properties of linear transformations, 302
Properties of matrix multiplication, 322, 328
Pyramid, 16, 142

Pyramid, volume of, 145

Pythagoras, theorem of, 23, 157

Q, 423
Quadrants, 13
Quadratic equation, 413, 430

R, 416

Radian measure, 427, 456

Rate of climb, 185

Rational power of a complex number, 446
Ray, 451

Reaction, normal, 166

Real axis, 424

Real part of a complex number, 416

Real number line, 424

Index

Real numbers, 416

Reduced matrix, 96, 269
Reflection, 304, 308, 309
Reflexive, 57

Relation, 57

Relative velocity, 175

Resolution of a vector, 118
Resolution of forces, 161, 184
Resolving a vector, 118

Resultant, 26, 28, 154

Rhombus, 474

Right-handed system, 11, 132, 138
Roots of unity, 446

Roots in C, 445

Roots of equations, 430

Rotation, 305, 308

Rotation matrix, 363

Rotation of central conics, 365
Rotation through 6, 366
Rotations that eliminate xy-terms, 372, 373
Row-reduced form of a matrix, 96
Rows of a matrix, 290

Scalar, 6
Scalar, multiplication of a matrix by, 292
Scalar, multiplication of a vector by, 43
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Scalar, multiplication of a vector by, properties of, 55

Scalar equations, 211

Scalar product, 121

Scalar product, triple, 138

Scale drawing, 159

Semi-circle, angle inscribed in, 131

Series, convergent, 456

Series, divergent, 456

Series, geometric, 456

Series, infinite, 456

Set, 57

Sets of numbers, 423

Shear, 299

Shortest distance between two lines, 226, 237

Sigma (Z), properties of, 402

Significant digits, 160

Sine defined in exponential form, 459

Sine law, 17, 157

Singular matrix, 316

Singular transformation, 316

Size of an image figure, 310

Skew polygon, 36

Skew lines, 15, 197, 223

Slope, 167

Slope of normal, 212

Solution for a system with three variables:
elimination, 73
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Solution for a system with three variables:
matrices, 95

Space diagram, 180

Speed, 175, 180

Speed, distance and time and, 179

Speed, vertical, 185

Square, completing the, 356, 480, 415

Square matrix, 291

Square root, principal, 432

Standard basis vectors, 53

Standard basis vectors and cross product, 134

Standard basis vectors and matrices, 303
Standard form of conics, 345
Standard position of conics, 345
Statics, 154

Stifel, Michael, 413

Straight line in the complex plane, 451
Stretch, 305

Subtraction of matrices, 290
Supplement, 158

Symmetric equation of a line, 210, 236
Symmetric form, 57, 210

Symmetric matrix, 375

Symmetric matrix, characteristic values of, 335
System of three equations, geometric description,

269, 281

System of three equations, number of solutions,

269, 281

Tail, 27

Taylor, Brook, 456

Tensions, 158

Tetrahedron, 51

Tetrahedron, regular, 63

Thrust, 170

Time, distance and speed and, 179
Tip, 27

Tower of Hanoi, 399

Trajectory, 191

Transformation, inverse, 315
Transformation, linear, 295, 302
Transformation, singular, 316
Transformation matrix, 297
Transformations, composition of, 319
Transitive, 57

Translation, inverse, 356, 357
Translation, special property of, 349
Translation and vector addition, 26
Translation of conics, 349
Translations, 7

Transpose of a matrix, 362, 380
Trapezoid, 49

2-space, 11
3-space, 11

Triangle area, cross product and, 135
Triangle inequality, 31

Triangle law, subtraction form of, 39
Triangle law of vector addition, 27
Triangles, solution of, 17

Trigonometry, 17

Trigonometry and complex numbers, 434

Triple scalar product, properties of, 138, 139

Triple vector product, 146

Unit matrix, 325
Unit square, 300
Unit vector, 25, 52, 132
Unity, nth roots of, 446

V,, 23

V,, 23

Values, characteristic, 332, 334
Vector, 6, 40

Vector, column, 295

Vector, definition as class of an equivalence

relation, 59
Vector, fixed, 156
Vector, free, 156
Vector, norm of, 23
Vector addition, 26
Vector addition, properties of, 55
Vector diagram, 156, 176
Vector equation of a circle, 264
Vector equation of a line, 199, 205, 236
Vector equation of a plane, 246, 247, 280
Vector equation of a sphere, 267
Vector functions, 189
Vector product, 132
Vector space, 55
Vector space of complex numbers, 425
Vector space of 2 X 2 matrices, 293
Vectors, 4
Vectors, characteristic, 332, 334
Vectors and complex numbers, 449
Vectors and points, distinction between, 21
Vectors as complex numbers, 425
Velocity, 175, 180
Velocity, relative, 175
Vertical speed, 185

Weight, 154, 165
Wessel, Caspar, 424
Wind direction, 177
Wind velocity, 177
Work, 171

Z,423
Zero matrix, 291
Zero vector, 38

Zero vector, image by invertible matrix, 318





